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AHHOTAIUA

Kuura siBnsercs yueGHbIM moco6HeM MO KYPCY TeopHH
BepOSITHOCTEN, YHTAEMOMY B Psiie BTY30B, H COOTBETCTBYET
yTBepxKAeHHOH mnporpamme. OHa 3anojHseT HMeloWHiAcS
B Halledl JuTepaType npoGes MeXAY YHHBePCHTETCKHMH
KYpPCaMH, CAHIIKOM TPYAHBIMH AJIS1 CTYAEHTOB BTY30B, H 1O-
ﬂyﬂﬂprlMH KHHIraMH, KOTOpble coaepiKaT He BeChb Heo6xo-
IHMBIA MatepHas, 1/ MOHHMaHHSA KHHTH JOCTaTOYHO 3Ha-
KOMCTBA CO BTY30BCKHM KYPCOM MaTeMaTHYeCKOro aHaJ/lu3a,
[ToMHMO CTYAEHTOB, OHa MOXKeT GbiTb MOJe3Ha HHIKeHepaM,
0co6eHHO MalHHOCTPOHTEJNbHBIX W pajHOTEXHHYECKHX cIe-
HHadbHOCTel, W 3KOHOMHCTaM.
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NMPEAUCIIOBUE

Hacrtosiuee yye6roe mocobue mnpeaHa3HayaeTcs IS BHICIIHX
TEXHHYeCKHX Y4yeOGHbIX 3aBeleHHH, B KOTOPHX MNPOrpamMMoH o
BbiCHIe MaTeMaTHKe MPelyCMOTPEHO H3J0XeHHe 3JeMEeHTOB Teo-
pHM BepOITHOCTEH M MaTeMaTHYeCKOH CTAaTHCTHKH B o6beme
10 30 yacoB. ¥ yuTaTens npeanonaraeTcs 3HaHHe MaTEMaTHYECKOro
aHanu3a B 06beMe OGBLIYHOH TiporpamMmbl assi BTy30B. [Toco6ue 3Ha-
KOMHT C OCHOBHBIMH MOHATHAMH M HEKOTODHIMH MeTOZaMH TEeOpHH
BEPOSTHOCTEH, KOTOpble B HaCTOdlllee BpeMsi HEOO6XOILHMb BO
MHOTHX 006/1aCTAX TeXHHUKH. Teopus CayualHbIX NMPOIECCOB H He-
KOTOpbIS ClielHaibHbie BONPOCH, Tpebyloulne 6onee cepbe3HoH ma-
TeMaTHYeCKOH MOArOTOBKH, B MOCOGHHM He ocBelleHn. Hekoropue
6oJiee TPyIHble YaCTH Kypca, BHIXOAALLME 33 PAMKH MHHHMaJb-
HOH MpOrpamMMbl, HanewdaTaHbl MeJAKHM LIPHPTOM H MPH MepPBOM
4YTEHHH MOryT ObiTb OnyuieHsl. [TpHMepHl, NPHBONMMbIE B TEKCTE,
HIpalOT CYLIECTBEHHYIO POJb B Pa3bACHEHHH OCHOBHBIX MOHATHH;
pekoMeHnyeTcsi pa36HpaTh HX MOAPOGHO.

B ocHoBy HacTosuliero nocoGHs MOJOXeH Kype JeKUH#, uuta-
eMbili aBTOPOM Ha MpPOTSXEHHH AecsaTH JeT B MOCKOBCKOM 3Hep-
reTHYeCKOM HHCTHTYTe.

[Ipu paboTe Ham PyKOMHCbI0 HEOLEHHMYIO MOMOUlb aBTOPY
OKa3anu coBeTH M 3ameuanus A. M. flrmoma, kotopomy asTop
NPHHOCHT CBOIWO TAY60KYI0 6/1aronapHoCTb.

ABTOp mMosb3yeTcs TaKKe BO3MOWHOCTBIO BbIPAa3HTh HMCKPEH-
HiOl0 GaaropapHocts P. §I. Beppu, U. A. Bpuny, M. U. Bumuky,
C. A. Crebakosy u P. C. XacbMHHCKOMY 3a Pl MO/JE3HHX

ykasanui.






BBEIEHME

B pa3anunbix 06/acTAX TEXHUKH M MPOM3BOACTBA BCe yYaule
MPUXOAMTCS WMETb 1eJO C MacCOBbIMH fIBNeHHAIMH. TakuMm Macco-
BhLIM fIBJIEHHSIM MPHCYLIH CBOM ocobble 3aKOHOMepHOCTH. PaccMo-
TPUM 118 fpuMepa mpouecc o06paboTku deTanefl Ha cTaHke-
aBTOMaTe. PaaMepnl pa3nauunbix ndetaseft  GynayT Ko/aebGaTbes
OKOJIO HEeKOTOPOro YyCTAHOBJEHHOrO 3Ha4yeHHs. ITH KoJjebaHHg
HOCAT Cay4alHbfl XapakTep, Tak 4TO M3MepeHHs ywxKe 06paboTaH-
HBIX JeTajel He NO3BOJIAIOT TOYHO NPEACKa3aTh BeNHUYHHY pa3Mepa
crenylowiett neranun. OIHaKo paciipeleneHde pasMepoB JeTaneit
8 0OJbLIMX NapTHAX OGHapyKHUBAeT IOBOJBLHO TOYHHIE 3aKOHOMEp-
HOCTH; TakK, CcpeaHde apudMeTHYeCKHe H3 pasMepoB JeTaneft
B Pa3HbIX 11aPTUAX OKAa3nlBAlOTCA MNPUONH3UTENbHO ONLMHAKOBBIMH;
OTK/IOHEHUS! TOH WJ/HW HHOH BeNHYHHB OT CpeAHero pasmepa Takxke
BCTPEYAIOTCH B Pa3HbIX MapTUSIX MOYTH OIHHAKOBO 4acTo. [Tomo6-
HOe MOJIOXeHHe MOXHO HabM01aTh M MPH MHOTOKPAaTHOM B3BelLH-
BaHHUHM OJHOTO M TOTO Ke Te/a Ha aHaTUTHYeCKHUX Becax. M 3zech
OTZe/bHble pe3ylbTaTH H3MepeHH# OTNHYAITCd APYr OT ApYra;
TeM He MeHee CpeIHHH pe3yJbTaT MHOTHX HM3MepeHH# oOcTaercs
MPaKTHYECKH HEH3MEHHBIM; 4TO e KacaeTcsl OTKJIOHEeHHH OT 9TOro
CpelHero pesy/nbTata, TO MOXHO TOYHO PAacCYHUTaTh, KaK 4acTo
6ynyT BCTpeuyaTbCs OTK/IOHeHHS TOH WM UHOH BenUuHHB. 3ako-
HOMEPHOCTH TaKOro pOxa He [O3BOJSIOT, KOHEYHO, MpPeACKa3aTh
pe3y/1bTaT €AHHHYHOTO H3MEPEeHHs, HO MO3BOJAIOT MPOH3BOAHTH
06paboOTKy pe3y/nbTaTOB MAacCOBbIX H3MepeHHH.

3aKOoHOMepHOCMU, OMHOCAUWUECS K PA3AUMHBLM CPEOHUM
xapakmepucmuxKam, K nOSMOpIeMOCMU CAYHQUHBX OMKAOHEHU
OQHHOIl GeAUdUHBL U M. N., U3VY4QIOMCS CNeyUALbHOL MameMa-
muueckoli Hayxoili — meopueii 8eposimrocmeii. Brepsble Takue
3aKOHOMEPHOCTH ObIIH MOIMeYeHb TNpH pellleHHH 3ajay, CBA3aH-
HBIX C a3apTHHIMM Hrpamu, ocoGenHo urpo# B koctu (XVII Bek).
Ilpn MHOrokpaTHOM GpocaHMH HrpajbHOH KOCTH OHJIO 3aMeyeHo,
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YTO KaXI0e YHCA0 OYyKoB OT 1 10 6 BunazaeT npubAH3HTENbLHO
OIMHAKOBO YaCTO H/H, KaK TFOBOPSAT, MOBTOPSETCS C OTHOCHTE/b-

HOW uvacToTOM, OGaM3KOH K % [Ipn Gpocanun IBYX HrpajbHbIX

KOCTEH CyMMa BbIlIafaiOLIero YMcJaa OYKOB TMPHHHMAET CBOM BO3-
MOXHble 3HaueHusi OT 2 40 12 yxe He OAMHAKOBO 4aCTO; HO
OTHOCHTE/IbHbIE YacTOTH 3THX BO3MOXHLIX 3HaueHu# (npu 6GoJb-
wom yucne Opocanufl) OGyayT OIM3KH K ONpele/eHHbIM YHCJaM,
KOTOpble MOTyT ObITh 3apaHee MOACYMTAHBl MO NPOCTHIM MpaBuUlaM
(cM. cTp. 34). YcraHoBneHue MOXOGHBLIX MPaBH/] U pellleHHe [py-
rHX HEeCKONbKO O60Jiee CI0XHBIX 3amay, CBA3aHHHX ¢ OGpocaHuem
WrpaZibHbIX KOCTeH, chirpaiu 60/blIyI0 poJb B HaualbHbM repHox
pasBHTHA TeopuH BeposiTHocTeH. M ceflyac eule psiz OCHOBHBIX
NOHATHH 3TOH Teopuu (cayyaliHoe cOObITHE H €ro BePOSiTHOCTb, CJIy -
yafiHass BeJWYHHA M AP.) yINOGHO WJTIOCTPHPOBATH NpPUMEPAMH
C urpaabHbiMH KocTsiMH. Tak, 6pocaHue urpanbHOH KOCTH H Bbl-
nagenne 1, 2, 3, 4, 5 uan 6 OuykoB Ha ee BepxHel rpaHH
HAr/Aa4HO MOSICHSIET MOHATHE 06 HCMBITAHHH, HMeloUleM psil pas-
HOBO3MOYHBIX HCXOIOB, H MOHATHE O NPOCTeHIUHX c/yyaHHbIX CO-
OBITHAX; YHCJIO OYKOB, BhIMAAAlOLLEE HA BepXHeH IpaHH HrpanbHOH
KOCTH, CJYXHUT NPOCTHIM NPUMEPOM C/lyyaHHOH BeNHUHMHB — BeJH-
YuHbl, 3HAaYeHHs KOTOPOH 3aBUCAT OT cJyuyas.

Ho wnpocrefilune cxembl, co3nanHble 118 peulledus 3alad,
CBA3aHHBIX ¢ OGpocaHHeM Hrpa/bHbLIX KOCTeH, HMEIOT BecbMa oOrpa-
HHYeHHyI0 006/1acTb TNPUMEHHMOCTH. PasHoo6pasHble 3amauw, no-
CT4BJIeHHble TMepei Teopuelt BepOSTHOCTeH PA3BUTHEM TEXHHKH
u ecrectBo3Hanus B XIX u XX Bekax, norpe6oBalu H3yyeHHs
ClyyaHHbIX Be/NHYHH 3HAYHTE/NbHO 6O/ee CI0KHOH MPUPOIB, OCO-
6eHHO TaK Ha3bBaeMblX HeTpepbiBHbL X CAyyaHHbIX BeJHYHH.
[TpumepaMH TaKUX BeJHYHH HBAAIOTCH, B YAaCTHOCTH, pasMep
obpabaTbiBaeMOil AeTaaM W pe3y]bTaT B3BEIUHWBAHUA, O KOTOPHIX
Mbl TOBOPUAM Bbillle. HenpepbiBHbIM ClyyaliHbiM BeHYHHAM H HX
YHUCIOBBIM XapaKTePUCTHKaM OyleT yJe/eH0 OCHOBHOe BHHMAHHE B
HACTORLLEM NOCOGHH.

B cOOTBeTCTBUM € yKAa3aHHOH HAMpPaBlEHHOCTHIO 110COOHUS mMep-
BHYHbBIE MOHSITUS C/yyaHHOro COOLITHS H BEPOATHOCTH paccMaTpH-
BAIOTCSl B HEM BecbMa KpaTkO (B nepBoii riase). '

Bo BTOpo# riaBe noapoOHO paccMaTPHBAKOTCH CayyalHbie Be-
JMYMHB 1IByX Hau6o/ee BarKHbIX THMOB (AMCKPETHble M HelpepbiB-
HHE), & Takxke (QYHKUHH OT HHUX. Fanoxenne orpaHHuMBaeTcs
B OCHOBHOM OJHOMEpHbIMH C/lyyaliHHMH BE€/JIWYMHAMH H BeLeTCH
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OTAeNbHO I/ AHCKPETHHX H OTIAENBHO /I HEeNpephBHHX Cayyah-
HbIX BEJHMYHH.

B Tperhe#i rnaBe naloTCd OCHOBHBIE YHC/OBHIE XapaKTEPHCTHKH
ClyyaliHBIX BeJHUYMH W JOKa3biBalOTCA HX MNpocTeduine cBoHCTEa.
BaxHefimne cBoficTBa CpelHHX 3HauyeHHH, CBi3aHHble C TAK Ha3bl-
BaeMbiM 3aKOHOM OOJbLIMX YHCeJ], PacCMOTPEHbl B [JaBe YeTBep-
To#. [IdTaf r;naBa MOCBSLEHA OAHOMY H3 LIEHTPaJbHbLIX BOMNPOCOB
TEOPHH BEPOSITHOCTeH — npeae/bHBIM  T€OpeMaM,  BHIICHSIOLLUM
poJib TaK HAa3blBaeMOr0 HOPMAJbHOrO 3aKOHA pacrpele/eHus Cay-
yalHb!X BEJMYHMH, B YACTHOCTH, /A OLIEHOK CPEIHHX 3HAYyeHHH.

B wectoft rnaBe paccMaTpHBalOTCS HEKOTOphle MPHIOXKEHHA
TEOpUH K MaTeMaTHyeckoH o6paboTke pe3y/bTaTOB H3MepeHHH
(v K TeopHH OWIHMOOK H3MepeHus).

M, nakonen, cenbMas rnaBa MOCBSLLEHA BaXHOMy AJs [paK-
THYECKHX [IPUJIOKEHHH BOMpocy O NHHEHHOH KOpPPENALHH MEwIy
Cay4yalHpIMH BEJHUYHHAMH.



FTABA I
CJIYYARHDBIE COBbITUSl U BEPOSTHOCTH

§ 1. Cayuaituble co6biTuss. OTHOCHTe/bHasi 4acToTa
H BepPOATHOCTH

Cnyda#iHbiMH CcOGHTHSIMH Ha3bBalOTCH TakHe cOOGHI-
THS, KOTOpbie MOryT MPOH30HTH HJAH He MPOHU3OHTH NPH OCY-
LLIECTBJIEHHH ONpeIe/IeHHOr0 KoMiiekca ycnoBH#t *). Mu Oynem
npeanojaraTb, uTO 3TOT KOMIJIEKC YCJOBHH MOXHO BOCMNPOH3-
BOAHTbL HEOrpaHHueHHOe KOAHuecTBO pa3. Kaxaoe ocyuiecTienue
pPaccMaTpHBAEMOrO KOMIIIEKCA YCJIOBHH HAa30BeM HCNb TaHHeEM.

[Mpumep: ucnbiTaHue — 6pOcaHne UrpanbHOM KOCTH; ciyyaliHOoe
COObiTHE — BHINANeHHEe 1IeCTePKH, WIH BhiNaIeHHe YeTHOro 4Yucia
oukoB. Jpyroit npuMep: HCNbITaHHEe — B3BElIMBaHHE HEKOTOPOro
TeJa Ha AaHANHTHYECKHX Becax; cJyudaiHoe COObITHE COCTOHT
B TOM, YTO OLIMOKA W3MepeHHs He MpeB3oHAeT 3apaHee 3alaH-
HOro yucaa **),

OTHocuTenbHOH vacTOoTOH cAydyaHuHoro cobh-
THS HA30BeM OTHOLIEHHE KOJU4ecTBa (m) CayuyaeB nOsSBJEHHS
9TOr0 COGHITHS K OGILUEeMy 4HCay (7) 1IPOM3BEAEHHHX HCMbLITaHHA.
OnuT noKasbiBaeT, YTO npU MHO20KPAMHOM NOBMOPEHUL UCNbi-

m v
maHus omuocumenbHan Hacmoma <-;> CAVHQUHO20 cobuimusn

00.sa0aem onpedeseHHOl ycmoliwugocmbsio: €CNH, HallpUMEp, MpH
60/bLIOM YHCJIE 7 UCNBITAHHH OTHOCHTENbHAad 4acTOTa OKasanach

m
paBHOH 7:0,2, TO H B /M0GOH apyro#t cepuH M3 NOCTATOYHO

m’
60/1b1IOr0 uHcAa 7' HCMBITaHHH OTHOCHTE/NbHAA 4acTOTa 'y 6yner

6auska k 0,2. Takum 06pa3oM, B pasHbiX JAOCTATOYHO IJIMHHBIX

*) Pasymeercs, peub uaer o6 ycJoBHAX, CYIIECTBEHHBIM 06pa3oM CBf-
SaHHBIX C BO3MOKHOCTBIO MOSIBIEHUS NaHHbIX COObITHH.

**) Own6Ka H3MepeHHs — Pa3HOCTb MEXKAY Pe3yJbTATOM B3BELUHBAHHA
H HCTHHHBIM BECOM TeJa.
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CepHAiX HCMHTAHHH OTHOCHTENbHblEe HacTOTH CJy4afHOro CoOHITHSA
KaKk Obl TPYOIHPYIOTCS OKOJIO HEKOTOPOTO TMOCTOSHHOTO YHC/3
(pasymeeTcs, CBOEro Ml KawaOro ciyuaitHoro coGutus). Hanpu-
Mep, €C/M WrpaldbHad KOCTb MpeicTaBiaserT co6off TouHmi KyO,
CAEeNaHHH M3 OAHOPOAHOrO0 MaTtepHana («npaBuiabHag» Hrpa’b-
Has KOCTb), TO OTHOCHTENbHAs 4acToTa BHnagexns 1, 2, 3, 14,

5 u 6 oykoB Kose6aeTCs OKOJO OAHOMO M TOrO XKe 4HCia s

YCToMuMBOCTD OTHOCHTE/BHOH YacTOTH MOXeT OhThb 006bAC-
HeHa TOJAbKO Kak MposiBJleHHe HeKOTOPOro 00'beKTHBHOIO CBOKHCTBA
C/iy4aliHOro COGHITHS, 3aK/I0YaIOLerocs B CyLLecTBOBaHHH oOrnpe-
neseHHol crerneHu ero Bo3mowHocTH. Hanpumep, npubiausutenbHoe
PaBEHCTBO OTHOCHTE/NbHHX 4YacTOT Beinagedus 1, 2, 3, 4, 5 u 6
OYKOB [1p¥ OpOCaHWH MPaBUABHON HrpanbHOM KOCTH oObAcHAETCH
ee cuUMMeTpHel, Jenaioliell OAMHAKOBO BO3MOXHLIM BhiNANEHHE
KauJA0ro 4ucaa oukos or 1 go 6.

Takum o6pasov, cmenens 00BeKMUBHOL 803MONCHOCIMU CAY-
4QliH020 COOBIMUS MONCHO U3MEpSAMb HUCAOM. DMO HUCAO Ha-
3biBaeMCS 6epOAMHOCMbI0O CAYHalinozo cobumus.
HMEHHO O0K0.40 3M020 HUCAQ 2PYRRUPYIOMCS  OMHOCUME AbHbIE
wacmomsl OGHHO20 cAyHaiiHoz0 cobmmun. Kak u OTHOCHTeAbHAs
4yacToTa CJy4aHHOro coObITHs, €ro BepOsiTHOCTb JO/NKHA ObTb
Ge3paamepHol BesmuunoH, 3akaouennoft Meway O u 1. Ho B8 TO
BPeMsi KaK OTHOCHTE/bHAs 4acTOTa 3aBHCHT eule ¥ OT Mpou3Bse-
[EHHbIX HCNBLITaHUH, BEPOSTHOCTH CJy4daHHoro coObiTHA CBSi3aHa
T01bKO C caMuM c/y4yalHbM coObITHEM (OPH JaHHOM KOMILIEKce
yCJ/I0BHH).

ITonsamue 8epossmHocmu A8ASeMcs NePBUHHBIM, OCHOBHBIM
nonAmuem, U 8 00wem cayiae €20 Heab3s onpedeaums 4epes
Oosee npocmbie nousmus. TOAbKO B HEKOTOPHX NPOCTEHLIAX
CXemMax BepOdTHOCTb MOXeT ObiTb MOACYHTAHA HENocpeAcTBEH-
HO, Kak OyneT nNOKa3aHo B C/eAyloulem naparpade; aHaaus
TAKHX MPOCTEHLIHX  CXeM MO03BOJfeT YCTAHOBUTb  OCHOBHLIE
CBOHCTBA BepOSTHOCTH, HeoOXOAMMBblE IJ/d AajbHefiuiero mnocrpoe-
HUA Kypca.

§ 2. Knacchyeckoe ompejeJenHe BepOSTHOCTH

[Tpewne Bcero, ycaosumcss 06 ynoTpe6/ieHHH HEKOTOPHIX Tep-
MUHOB. Cuyualinble coObimus Ha3W8QIOMCST  HECOBMECTIUMbLMU,
ecal OHUW He Mozym nossumscsi 00Ho8peseHHo. Cayualinbie
cobumus 00pa3ywm noAHYIO epYNnY NORAPHO HECOBMECMUMBX
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cobumuli, ecau npu KaHOOM UCNUMAHUL OOANCHO NOSBUMbCA
00HO U mMoAvKO 00HO U3 HUX, TO €CTb €C/IM Kawibe 1B U3
HHX HECOBMECTHMH M XOTHl Obl OLHO H3 HHX 06A3aTENbHO HOMKHO
NPOH30HTH.

B Hacrosiuem naparpade MH OrpaHuuYMMcs PacCMOTPEHHEM
ucnumanuil ¢ pasHOBO3MOICHELMU UCX00GMU; TIPAMEPOM MOXKET
Clyxuth Beinagenue 1, 2, 3, 4, 5 u 6 oukoB Ha BepxHeH rpanu
npaBu/IbHOK urpaabHOi KocTH *).

Tounee, Mbl 6ylem 3lechb CYHTaTh, YTO UCXO0bI UCHBIMAHUS
MOXCHO npedcmagums 8 8ude nOAHOU 2pynnvi NONAPHO Heco8.Me-
CIMUMBLX I DABHOBOSMONCHBX CAYHQUHbIX COObIMULl; 3TH Cay-
yaiHble cOObITHA OydeM KOPOTKO Ha3blBaTh «CAYyYasiMu».

Ecnn nonvas rpymnna coctout u3 N pPaBHOBOSMOXHBIX IOMapHO
HECOBMECTHMHIX C/Iy4YaeB, TO KaxAOMY CJyyai0 NPHMHCHIBAIOT Be-

1
POATHOCTH, pPaBHYIO N ODTO HAXOIHTCS B COIVIACHM C TeM, 4TO

npH 6o/bLIOM 4YHC/Ie HCMLITaHW{ DABHOBO3MOXHbBIE CAyyaw MPOUC-

XOIAT NPHO/NH3UTENbHO OJHHAKOBO 4acTO, TO eCTb HMEKT OTHO-
1

CHTE/bHYI0 4YacToTy, OJHU3KYI0 K N Hanpumep, npu 6pocanun

npaBuIbHOH KOCTH cayuyau Buimagedns 1, 2, 3,4, 5 u 6
O0uKOB 00pasyloT MOJHYI0 TPYMNNy; KawAH# ciyyait 6ydeT uMeTb

BEPOATHOCTD, PABHYIO — .

PaccMoTpuM Tenepb cloxHOe coObTHe A, 3akiiovarolieecs
B MOSB/JIEHHH Kakoro-au6o u3 M dUKCHPOBaHHBIX cayyaeB. Bepodar-
HOCTb C/ay4aHHoro cobObiTud A T10JaraloT 00 ONpefesieHHIo

M
PaBHOM OTHOLIGHHIO . Hanpumep, BeposiTHOCTb nosB/aeHus yeTt-

HOro 4YucJa OYKOB Ha BerHeﬂ rpaHi KOCTH paBHa R TaK Kak

H3 LIeCTH YKa3aHHHX Bblle DABHOBO3MOXHHIX CIY4aeB TOJbKO
B Tpex C/ayyasx MosB/feTCs 4eTHOe YHcJIO0 oukoB (2, 4, 6).
BepositHocTb coGbiTHa A oGosnadator cumBosom P {A}.

*) Ilpn 3TOM caMO MOHSTHE «PAaBHOBO3MOMHOCTH» Mbl yxe He GyxeM
onpeneastb yepes Goiee mpoctble MOHsiTHS. OHO OCHOBLIBaeTCs OGHLIYHO
Ha Kakux-aM60 coo6payeHHsIX CHMMETPHH, Kak B [pHMepe C HrpajibHOH
KOCTbIO, W [pPaKTHYEeCKH CBA3aHO C PaBEHCTBOM OTHOCHTEJbHBIX 4YacTOT
BCeX HMCXOJOB MpPH GOJbIUOM 4Hciae HCMbITaHuA. OTMeTHM elile, 4TO BCIOLY
B 3TOM Naparpade rnpeano/araeTcsi KOHEYHOCTb YHCJa paccMaTpUBaeMBIX
cayyaes.
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Popmyna
M

P {A} =5 (1.1
BHIpaX<aeT TaK Ha3blBAEMOE KJAAaCCHYyecKoOe ompejesneHHe
BePOSTHOCTH: e pe3yabmantvl UCHbIMAHUS MONCHO npeod-
cmasums 8 gude noaHod zpynnot N pPaBHOBO3MONCHBLX NONAPHO
HECOBMECTIUMbBLX CAYHAe8 U ecau ciy4aiiHoe cobwmue A noss-
asemes moavko 8 M cayuanx, mo geposimnocms cobumus A
pasia —% Mo ecmb pQBHA OMHOUEHWIO HUCAA CAYHAe8, «0AQ20-
npusmcemeyiouux» coboimuio, K obuemy HUCLY 8cex CAY4aes.

[Tpumep. [lpu Opocanuu aByx moHeT repd MOXeT BHIIACTD
2 pasa, 1 pas win O pa3 (He BbmacTb HH pasy); ONpele/UTb
BEPOATHOCTH BCEX I3THX Tpex cAy4yaHHeXx cOoOuWTHH (npexgnosa-
raetcs, YTo AAA KaxAOK OTHeNbHOH MOHETH BbillajleHHe WU He-
BhiflazieHue repba PaBHOBO3MOXHbI).

[TepeuncnenHbie CoObITHS 00pa3yloT [OJHYIO CPYNmy u, oue-
BUJIHO, MOIApPHO HecoBMeCcTHMHl. HO OHu He SBJSIOTCA pPaBHOBO3-
MOXHbIMH. [/ TOro 4YTOOB NPUMEHHTb KJAacCHUYecKoe olipepelie-
HHE BEPOSITHOCTH, HAZO [IPEACTaBHTh BCE BO3MOXKHBIE HCXOIbI
HUCMNBITAHHS B BHAE MNOMHOH rpynnbl PaBHOBO3MOXHBIX COGLITHH.
[To coobpaxeHHssM CHMMETDHH 3TO MOXHO CAeNaTh C/AENYIOLUM
o6pasom:

Mepsas MoHeTa | BTopas MoueTa
Fep6 [ep6
Tep6 He rep6

He repd lep6
He rep6 He rep6

[Tepeuncnertbie 31eCh 4embipe UCXONA HCMBITAHHS €CTECTBEHHO
CYMTAThb PABHOBO3MOXHBIMH, Mpu4eM OHH CHOBA COCTAaBJIAIOT MOJ-
HYI0 Tpymily MOMapHO HECOBMeCTHMBIX coObiTHH. [losToMy Temeps
yiKe MOXHO IPHMEHHTb KJIacCHYeckoe Ofpele/etue BEepOATHOCTH,
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YTO naert:

1
— BEPOATHOCTb BLINAZCHHS ABYX rep6os pasHa —-,

2_1
4727
— BEpPOSAITHOCTb HEBbINaJeHHss rep6a HU Ha oAHOH MoueTe

2
— BEpPOATHOCTb BhMaJeHHs 0aHOro repba paBHa

paBHa -}T

[MonuepkHem elte pas, YTO K/AacCHYecKoe Ofnpeje]eHdHe Bepo-
ITHOCTH CYLLECTBEHHO OMNHPAeTCs Ha Mpenrno/oxeHHe O PaBHOH
BO3MOXHOCTH HMCXOJOB HCNbiTaHWs. Bce 3aunayd, ¥ KOTOPHIM mpH-
MEHHMO KJacCHuyecKoe onpeneneHde (1.1), yknaawiBaroTca B cie-
AYIOLLYI0 NPOCTYIO CXeMy —CcXeMY CnyuaHHOH BLOOPKHU:
W3 COBOKYyNHOCTH N 93/1eMEHTOB (npeaMeToB, sBJeHHH U T. 1)
BhIOMpaeTCd Haynayy ONWH 3JIeMEHT, HpHYeM KakAOMY SJeMEeHTY
obecneynBaeTcs ONHHAKOBas € OCTa/JbHBIMH BO3MOXHOCTb ObiTb
BLIOPaHHLIM; COOBITHE A 3akMouaeTcs B BwOOpe s/emeHTd, 00.a-
JaioILero Oonpelne/aeHHbM [PH3HAKOM, NPHYEM ISTHM [(IPH3HAKOM
06nanaloT To4Ho M u3 N 371eMEeHTOB paccMaTpHBaeMO# COBO-
KyTHOCTH.

[lpoute Bcero mpeacTaBuTh cefe OCyulecTB/leHHe ITOH CXeMbl
crefylouumM 06pa3om: B ypHe HaxoAUTCH N OHHAKOBHIX HA OULYMb
wapos, U3 Hux M wapoB Gennix ¥ N-—M He Oenbix; UCNbITa-
HHE 3aK/0YaeTcs B BbIHUMaHWM Hayral OIHOTNO Liapa M3 YPHHI,
caydaliHoe coObiTHe — B BhiHUManuu Oejoro wuiapa. [lpn aTux

M
YCAOBHMAX BEPOATHOCTb BHHYTh Oe/bifi wWap paBHa %7 .

§ 3. Ocnosnbie cBoiicTBa BeposTHocTei. IpaBuio
CJIOKEHHS BepOATHOCTEH

AHanu3 1aHHOro B § 2 K/IaCCHUECKOro OnpeeneHus BeposT-
HOCTH TMO3BOJSIET BLIBHTb CJElyIOLIHe OCHOBHble CBOHCTBA Bepo-
ATHOCTEH.

1. BeposamHocmy cayuaiinozo cobumus ecmy 4ucio Heom-
putameasroe:

P{A} =0. (1.2)

2. Locmoseproe cobumue, mo ecms cobvimue, Komopoe npi
OaHHOM KOMNALKCE YCAOBUI HenpeMEHHO O00AXCHO npousolimu,
umeem BeposMHOCMb, DABHYIO eOuHuye:

P {0ocmoseproe cobumue} = 1. (1.3)
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3. BepositHOCTH cayyalHbix COOLITHE MOAYMHAIOTCS MpaBH-
Ny ChoWeHHs BepoATHOCTeH: ecau cobaumue C cocmoum
8 ocyuwecmgieHuy 00020 U3 08YX Heco8Mecmumux cobwmuli
A usu B (6e3passuuno, Kakozo UMEHHO), Mo 8epOSMHOCMb
cobumun C pasna cymme geposmuocmeli cobumuli A u B.

Mun 6ynem 3TO mMpaBH/IO 3amucHBATh Tak:

P {A nnn B}=P {A}+-P {B} (npu necosmecmunocmu Au B). (1.4)

-[locnenxee cBOfcTBO Ha3LIBAIOT TaKxke cgolicrmsom adoumus-
Hocmu 8eposmuocmed.

[TepBbie mBa cBOHCTBAa HEMOCPedCTBEHHO BHITEKalOT H3 (op-
Mmyab (1.1), Tak kak B Hel M=0, N >0 u a1s 10croBep-
Horo cobnitus M=N (Bce HCXOIn HCObITaHHs OGJaroNPUATCT-
BYIOT MOCTOBEPHOMY cOObITHIO). TpeTbe cBOHCTBO HOKa3niBaeTcs
41 cxeMbt caydaHHo# BuIGOpKH cjenylowiuM oOpasoM. Ilyctb
B ypHe Haxoautca N mapoB, W3 HuUX K KpacHblX, L CHHHX,
OCTanbHbie — Genble; HCMbITAHHE 3aK/MH0YaeTCs B BLIHUMAHHM U3
yPHH OJHOrO Imapa; coObiTHE A COCTOHT B NOSAB/IEHHH KPacHOro
wapa, co6uiTue B — B nosisjedun cudero mapa. Toraa coObiTHe
(A uan B) coctout B nOsIBJEHHH LBeTHOro Iuapa (6e3pa3/inyHo,
KpacHoro uiu cudero). HenocpencTBensbili noacuer BeposiTHOCTER
no ¢opmyae (1.1) naer:

Plaj=7; P{Bl=F%;

P{A wm B}:K—%—IJ,

yT0 M nokasuiBaet dopmyny (1.4).

Jna Bcex npuaoxeHuHh Teopuu BeposiTHOCTEH uype3BuiyalHo
BAYXHO TO, YTO OTMEuYeHHble CBOHCTBA BEPOSITHOCTeH CrpaBelHBH
HE TOJIBKO MJA cXeMbl cayyaliHolM BuiGOpKH, HO M a5 JMI06OH cH-
cTeMbl cayyaliHbix cOObITHR. DTO yTBepwIeHHe MO¥HO OO6OCHO-
BaTh caenyloulumM o6pa3oM. HanomuuM, 4To ofuiee noHsATHE Be-
POATHOCTH Mbl YCTaHOBW/H, HCXOAf H3 (pakTa yCTOMYHMBOCTH OT-
HOCHTE/bHBIX 4acTOT cayyalubix coObiTuff. EcTectBenHo nostomy
CYUTaTh, YTO OCHOBHbIE CBOMCTBA BepoOsATHOCTe#H CJaydaHHHX CO-
66THR COBMAfalOT C OCHOBHBIMH CBOHCTBAMH OTHOCHTE/bHBIX 4a-
cror. Ho 118 OTHOCHTENBHBIX 4aCTOT yKa3aHHbie GBOHCTBA NErKO

UPOBEPHUTD,
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m
1*). OtHocuTeabHAs 4acTOTa — He MOKET ObITb OTPHLATENb-

Hol, Tak kak m= 0, n >0.
2%), JloctoBepHoe cOOBITHE MPOMCXOAMT MPH KaXIAOM MOBTO-
pEeHUM HCNLITAHHA, W N03TOMY €ro OTHOCHTE/NbHAs YacTOTa paBHa

n
— =1,
n

3*). Ecan cobpitng A u B HecoBMeCTHMH, TO cOObITHE
(A wmt B) npOUMCXOAHT CTOMBKO Pas, CKOMbKO pa3 MNPOHCXOAHT
x0T Ob OIHO U3 HUX (KOJIHYECTBO BbIHY ThIX LIBETHbIX ILAPOB U3 OIH-
CaHHOH Bbllle y pHbI PABHO CYyMME KOJNHMYECTB BBIHYTHIX KPACHBIX H CH-
HUX wapos). [1o3TOMy OTHOCHTE/bHAA 4acToTa coObiTHs (A niau B)
paBHa CyMMe€ OTHOCHTe/bHBLIX 4acTOT CoObiTuit A H B.

Hcxons u3 npuBeneHHLIX Bblllle COOOpaxeHuH, Jmor npunumaem
mpu YKQ3aHHHLX Bbllie CB0OIICMBA BeposiMHocmell 8 Kaxecmse oOc-
HOBHBIX cB0licms geposmuocmeil 045 410000 cucmembL cAYHalinbLX
cobuimui *).

3aMeyaHue O NpeaAMeTe TEOPHH BEPOATHOCTEH.
Teopusi BeposiTHOCTel u3ydaeT He (PHU3HYECKYIO CYLIHOCTb pas-
JHYHBIX CAyYaHHbIX COOBLITHH, a MHIIb KOJHYECTBEHHBHE COOTHO-
DIEHHs] MeXJY HMX BepOSATHOCTAMH. BawHylo po/b 3Jech UrpaT
OCHOBHble CBOHCTBAa BepOATHOCTEH M noO/ydyaeMble H3 HUX MPaBH/IA
pacyeta. Jleio B TOM, 4TO THNHYHOH HJS TCOPHH BEPOST-
HOCTeH M ee MNpPHJAOKeHHH fBAfeTCs Cjelyloulasl MOCTaHOBKA
3ajlayM: MMEeTCs HEKOTOpas COBOKYMNHOCTb MPOCTBIX CJ/AydYalHbIX
COOBITHH, BEPOATHOCTH KOTOPHIX H3BEeCTHBl (3adaHhi); Tpebyetcs
HalTH BEPOATHOCTH APYTHX CAydaHHbIX cCOObITHH, CBS3aHHLIX C AaH-
HBIMH COOLITHSIMH oOnpejeneHHbiM 00pasoM. Hanpumep, npH kax-
JOM OpOCaHHH MOHETHl BEPOATHOCTb BhiadeHHs rep6a MpHHH.

1
MaeTcs paBHoﬁ—2—; HalTH BEPOATHOCTb TOFO, YTO NPH cTa 6po-

caHusix MoHeThl rep6 Boinazet e Menee 50 pa3. Peurenue Taknx
3a1ay TPOM3BOAMTCH MO ONPeNe/ieHHbLIM MPaBH/IAM PAcuyeTa Bepo-
ATHOCTEH (OLHO M3 TAKHX NPABHA — PABWIO C/IOKEHHS — yCTa-
HOBJIEHO Bbiule). [l BCeX MNPHIOWEHHH COBCEM HeCyLIeCTBEHHO,

#) Tlone3Ho OTMETHTb, 4TO Ha Gase ITHX U HEKOTOPBIX APYrMX CBOHCTB
MOXHO aKCHOMaTHYECKH MOCTPOHTb BCIO TEOPHIO BEPOSATHOCTEH; Takoe mo-
CTpOEHHe CTPOro Pa3padoTaHO M3BECTHBIM COBETCKMM MaTeMAaTHKOM axaje-
mukoM A. H. Koamoroposbim (cM. A. H. KoamMoropos, OcHosible mo-
HATHA Teopuu BepoatHocTed, OHTH, 1936). Manoxenue storo BOIpOCa
BbIXOJHMT 332 PaMKH HaCTOAIIEro HOCOGHS.
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KaK MMEHHO OnpenensiOTCd BepOATHOCTH HCXOAHOH COBOKYMHOCTH
cayyalHbIX COOBITHH; BaXHO JMIUb, 4YTO €CAM NPH JIOCTATOYHO
60/bIIOM YHC/Ie HCNBITAHHA OTHOCHTEIbHBIE YaCTOTHl HCXOLHBIX
cobuiTuit  Oyayr O/HM3KH K MX BepoSTHOCTM, TO 3TO e
O6yneT BEpHO M 115 OTHOCHTE/NbHOM 4acTOThl MHTEPECYIOLLEr0 HAC
CNOXHOrO COOBITHS,, BePOSITHOCTh KOTOPOrO paccyuTaHa (o npH-
HATHIM HaMHM npaBuaaM. [IpaBuia pacuyeTa, npHHATHIE B TEOPHH
BepOATHOCTEH, KaK pa3 OTBEYAlOT 3TOMY OCHOBHOMY TPeGOBAHHIO.

CneacTBus H3 OCHOBHLIX CBOHCTB BepoOsATHOCTEH

Cnencteue 1. Ecan cnyualineie cobeitia A, A,,..., 4,
NONapHO HECOBMECTHMBI, TO

P{A, wm A, wwm... wm A }=
=P {4} +P{4)+...+P{4,} (15
®opmyaa (1.5) moxer ObiTh Jerko nojayyesa H3  Gopmy/in

(1.4) MeTonoM MOJHOR HHLYKLMH.
Cnencteue 2. Ecau nonapro Hecogmecmumsie cay4aiinsie

cobomus A, A,,..., A, 0obpasyom ROARYIO 2PYRRY, MO CYMMQ
ux geposmuocmell pasHa eouHuye.
Jle#icTBuTebHO, AN noaHo# rpynnel cobwituit A, A,,..., A,

cobuitie (A, wim A, wau ... uam A)) ABASETCA NOCTOBEDPHBIM, H

N09TOMY
P{A, wmm A, wm ... wm A }=1.

ITpumenss k neBoii uacTu 3TOro paseHctsa dopmyay (1.9),

nosyyaem:
P{A}4P{A}4...+P{A,}=1 (1.6)

OcoOblif HHTEpEC npeacTaBisieT yYacTHHIR cayya#, korga noJ-
Has rpynna COCTOMT TOJIbKO M3 JBYX HECOBMECTHMbIX COObITHH.
Ilpy 3TOM HaCTym/IEHHE OJHOrO M3 HHMX pPaBHOCHJIbHO HEHaCcTyM-
aeHulo apyroro. Takue caydalinble COObITHS Ha3bIBAIOTCH B3 a-
HMHO NPOTHBOMO/MOXHBMH. Eciu 01HO H3 napsl B3aMMHO
MPOTHBOMNOJIOKHBIX COObITHH o0603HauyeHo depes A, To apyroe

o603HayaloT 4vepes A (uuTaloT «He A»). Bepoamnocmu 0gyx
83QUMHO NPOMUBONOAOICHOLX cOObLMUL 8 CYMmMe Oarom eOUHULY:

P{A}L-PlA) =1, (1.7
9TO HENOCPeJCTBEHHO C/leayeT H3 Qopmyn (1.6).
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Taknm 06pa3oM, €CAM H3BeLTHA BEPOSTHOCTh KaKOTO-1#G0
cnyyafiHoro CobuiTHR A, TO BEpPOATHOCTb NPOTABOMNOIOKHOIO EMY

cobuituss A Bhluucagercs no gopmyse

P{A}=1—P{4}.

[pumepoM B3auMHO NPOTHBOMOMOWHBIX COOLITHH MONKET Cay-
KUTb BhnaaeHue rep6a W peuleTKH npu OPOCAHHM MOHETH; €CaH
9TH COGHTHS PABHOBO3MOWHbB, TO Ka¥JA0€ M3 HUX HMeeT Bepo-

1
ATHOCTD, PaBHyio = .
HeBoamoxHube cob6biTHUS

Ha3o8em Heg8o3MoxcHbuM cobbimuen maroe cobeimue, Komo-
poe He Mmoxcem npou3olmiu Hu npu KaxoMm nOSMOpPeHul UCnbi-
manusn. TlpuMepoM MoXKeT CAYKUTh BblHUMaHhne 6e10ro 1uapa
W3 ypPHbI, rje coBceM HeT Geanlx IIAPOB, WM MOJYyYyeHHE OTpU-
HaTenbHOro peiyabTaTa MpH B3BeLIMBAHMUM Tesa. HesoamoxHoe
COBLITHE MOXHO CUHTATb POTHBOMONOXHBIM TIOOOMY LOCTOBEPHOMY
COGHTHIO (1P TOM K€ KOMILIEKCEe yCA0BHH); [I03TOMY 8eposimHocmb
HeBO3MONCHO020 COOBIMUA PasHa HYAI0. DTO COTNACYETCH C TeM,
YTO HEBO3MOWHOE COOLITHE BCET1a UMEET OTHOCHTE/IbHYIO 4acCToTY,
PaBHYIO HYJIO.

3aMeTuM, YTO MPH KAACCHYECKOM OMPEEeSeHHH BEPOSTHOCTD
paBHa HYJA0 TOTAa W TOAbKO TOTJ1A, KOTJa COObITHE HEBO3MOXHO,
TO €CTh HHM OAMH BO3MOXHBIH MCXOL MCTbITaHuA HE 0JaronpusT-
crByer 3tomy cobuiTio (M =0). B nanbHedwmem (npu H3yueHUH
HENpEpLIBHLIX C/AYYaHHbIX BE/AHYMH) Mbl YBHIAMM, 4YTO H3 paBeH-
CTBA HYJ/IO BEPOSITHOCTH CAYYalHHOrO cOOLITHH e€ule He caenyer
ero HEBO3MOXHOCTb.

CBA3b KJACCHUYECKOro OnNpejfeennss C OCHOBHBIMH
cBoficTBaMu BepossiTHOCTEH

Kak noguepkiBasoch Bhille, KJacCHYECKoe OnpejiesieHHe BeposiTHO-
CcTeOTHOCHTCSA K TAKOMY CJ1y4alo, KOTa HCXO/bl HCMLITAHHA MOXKHO N pel-
CTaBHTh B BUJE MOJIHOI Ipynnsl paBHOBO3MOXHbIX COOBITHH. MHTepecHo
OTMETHTb, YTO B 3TOM CJiyuae KJaccuueckaa ¢opmyaa (1.1) asasercs
€/IMHCTBEHHOM, KOTOPasl COTJIaCYeTCHA C OCHOBHBIMH TPeMs CBOACTBAMH
Bepo AATHOCTEN.

A HMeHHO, MMeeT MecTO cJjejlylollee NpelJoKeHHe:

Ecau snemenmaprele ucxoder ucneimanus o6pasyrom noanyw epynny
PABHOBO3MONHBIX — NONAPHO Hecoamecmumoblx — cobsimuid, mo  eepoam-
HOCmb  A106020 €A03HO20 coBbimus moxem Obimb 6bIPANCEHA  KAUCCU-
yeckod gopmyaod (1.1).
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s nokasatenbcTBa OGO3HAUMM 3J€MeHTapHble MCXOAB! HCIBITaHHA
qepes E, E,...,Eyn nogcuntaeM cHayaza HMX OOLLYIO BEepOSTHOCTb
p=P {Ek} (k:::l 2,... N). Tlo caegctehio 2 nMeeM:

P{E}+P B} +... 4P |Ey}=Np=1,

1
OTKyRa p = - OG6osuaunM, faiee, yepes A cioxmHoe COObITHE, KOTO-

pomy 6naronpmncraym M QuKCHPOBAHHBIX 3/IGMEHTApHBIX HCXOMOB MC-
nbiTanus, nanpumep, £y, E,, ..., Ey. Torna cobbithe A ecTb Cl0OXKHOE
cobbiTHe (E, uau E, vaw . . . wiH EM) W Mo NpaBuy CAOXEHHs BeposTHOCTeR

P{A}=P{E}|+P{E}+...4+P{Ey}

TO €CTh

M

§ 4. Cosmeuenne cayyailHbIX coGbITHMA.
HesaBsucumsbie cayuaiinbie coGbiTusi

[Ton coBmeweHneM ciyyaliHbpix coO6uiTuf A ¥ B noHuMmaior
cayyaitHoe coGbITHE, 3aK/uaiolleecs B TOM, 4TO B pe3yabTare
ucnbiTalug npousofzer M cobuite A u cobutue B. CoBmelieHne
cayyalinpix cobmtuit A u B Mb 6yaem o603Hauath 4yepes (A u B).

MMpumep. M3 nepeoit coruu umncen 1, 2, ..., 100 Haynauy
BbIOHPAETCs OAHO UHCAO0; coObiTHe A 3ak/oyaeTcd B TOM, YTO BH-
6paHHOe YHCIO AenauTcs Ha 3, cofniTHe B—B TOM, 4TO OHO
nennuTcd Ha 4; toraa cobumitHe (A u B) 3ak/iioyaetcd B TOM, UYTO
BLIOpaHHOE YHC/IO He/uTCs ¥ Ha 3 M Ha 4, TO eCThb AEIUTCH
Ha 12. Jlerko noacuurath, yTO
8

P{An Bl =15,

33
100’

25

P{A}= =,

P {B} =
tak Kak cpeau nepeoix 100 uyucen wumerorcs 33 4ucaa, npens-
wuxcs Ha 3, 25 uucen, menagwuxcs Ha 4, u 8 umucen, geasuiux-
¢ Ha 12.

Hanbonee mnpoctoe COOTHOUIEHHE M@XAY BEPOATHOCTAMH
cayvyalHbix coObiTHE A W B M BepOATHOCTBIO HX COBMELLEHHS
(A u B) umeeT mecTO TOrAa, Korna caydainble coduTs A 1 B He3a-
sucums. [loHaTHe HE3aBHCHMOCTH Mbl NOSICHHM CHaua/la Ha cxeme
cayyaitHo#t BbliGOpKkH. [lycTh M3 IByX ypH ¢ WlapamMH BblHHMaeTcs
Haylayy 1O OJHOMy wiapy. CoOmitHe A 3aKalyaeTcs B TOM, 4TO
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u1ap, BLIHYTHIH H3 NepBol ypHbl, Okaxercd GeabiM, cobhitHe B — B
TOM, YTO LIap, BHHYTHIM M3 BTOPOK ypHB, OKaweTcs OenbiM. JTH
cyyakinple COOGBITHSI HE3aBMCHMBI MO CYLIECTBY B TOM CMBIC]E,
YTO UBET LIapa, BHIHYTOrO M3 OLHOH YpHHI, He MOWET BJAMSTH Ha
UBET llapa, BbIHYTOro u3 Apyro#t ypusl. [lozcunraem Beposrt-
HOCTb coBMeLleHns coOuniTHit A u B, TO ecThb BEPOATHOCTbL TOrO,
410 00a BbIHYTHIX lIapa okaxyTcsd OenbiMd. OGO3HAUMM  KOMH-
yeCTBO LIAPOB B MEPBOH M BTOPOH ypHAX COOTBETCTBEHHO uepes
N, u N,, a konnyecTBO Ge/bX WIAPOB B HHX COOTBETCTBEHHO
uepes M, u M,, Tak 4t0

P{A}:%:; P{B}:%:.

Tax kak xawnmell U3 N, HCXONOB BbIHMMaHWA Liapa W3 MepBOH
ypHbl MOXET KOMOMHMPOBATBCA C KaXABM H3 /N, HCXOHOB BbIHHU-
MaHus 1Wapa M3 BTOPOH ypHBI, TO UHUCJIO BCEX HCXOLOB paBHO
N,N,; 13 Hux ToibKO B M M, cnyuasx BHIHHUMAIOTC ABa Gesbix
liapa; C/1e10BaTe/bHO, HCKOMas BEPOATHOCTb COBMELLEHHS paBHa

P{A n By="0ll
TO eCTb v
P{A u B}=P{A} P {B). (1.8)

dopmyna (1.8) BelpakaeT npaBUJO YMHOXKEHHS Bepo-
ATHOCTEHN NJi HE3aBUCHUMBIX CAYYalHHX COOBITHH,
Hanomuum, 4TO 912 ¢opmysna doka3aHa HaMH TOJbKO I
4acTHOrO ciyyasi. B obuiem ciyyae caMo NOHSITHE He3aBHCHMOCTH
cnyqaltHblx COOBITHH HyXaaeTcs B olipenesieHHH. DTO MOXKET ObiTh
caenado ¢ nomouibio gopmynst (1.8), npoctota KoTOpO# menaer

ee BaXHBIM HHCTDYMEHTOM B pacueTax.
Onpenenexdune. [Jsa cayvaiinoix cobumus A u B Hasei-

8QIOMCS HE3QBUCUMbIMU, eCAl OAS HUX UMeem MeCmo Npasuso
YMHooceHus geposmuocmeli 6 gopme (1.8), mo ecmsv ecau ge-
POSAMHOCMb UX COBMEUWEHUS PAGHQ NPOU3BEOCHUIO UX 8eposam-
Hocmell.

3amMeTHM, 4TO M3 HE3aBUCHMOCTH CaydalHbX CoObiTHE A u B
c/elyeT IonapHasi He3aBHCHMOCTb cobuiTHil A u B, A u B, A u

B. 910 yTBepwieHHe MO¥eT ObITb JErKO JOKa3aHO (OPMasibHO,
YTO Mbl MPENOCTaBAseM CAeNaTh YHTaTeqo (cM. ymp. 5, cTp. 28).

JlaHHoe Bhillle ONpeie/eHHe He3aBUCHMOCTH IBYX CJyuaHHbiX
COOBITHH MOXHO paclIUpUTh W Ha OOJblliEe YHCIO COOBITHI:
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cobuimun A, A,, ..., A, Ha3bi8aIOMCS HE3ABUCUMBIME 8 COBO-
KYRHOCMU, eCAl 8ePOSMHOCMb COo8Meujeruss awbvx 2, 3, ... n
U3 HUX DPOBHA NpPOU3REOEHUI0 COOmBemcmEYOMUx seposmuocmel,
Hanpuwmep, tpu cobutus A, B, C He3aBUCHME B COBOKYMHOCTH,
€CIH WMEIOT MeCTO 4eThlpe paBeHCTBA:

P{AuB}=P {4} P{B}; P{AuC}=P{A}P{C};
P{Bu Cl=P{B}P{C);
P{AuBuC}=P{A}P{B} P{C}. (1.9)

[Tonesno umeTth B BUAY, 4TO CIyHaiHble COOBITHA MOTYT GbITh NONAPHO
HE3aBHCHMbI H BCe e He ObiTb He3aBHCMMBI B CoBOKynHoctH. Hanpumep,
NYCThb MCIIBITAHHE 3aKTI0YaeTCS B BBIHUMAHHH Hayjady OAHOrO Ilapa 3 yp-
Hbl, B KOTOPOH JeaT 4 wapa ¢ Homepamu 1, 2, 3 u 123, # mycTb cobbiThe
A (B, C) sakmouaeTcsi B TOM, 4TO Ha BBIHYTOM Liape OKaxeTcs uudppa 1
(cooTBeTcTBEHHO, 2 M 3). CobbiTH A, B u C nonapHo He3aBUCHMbI, TaK Kax

1.

PlA]=P|B|=P|C}=12 =1

3

OTMeTHM TaKxe, 4YTO Haiu4yHe ONHOrO TOJBKO COOTHOMeHHs (1.9)
elle He o6ecreyHBaeT HE3aBUCUMOCTH CIy4aliHbIX cobniTul A4, B, C B COBO-
KynHocTH. Hampumep, ecau B ypHe nemuT 8 IiapoB ¢ HOMepamu 1, 2,
3, 12, 13, 20, 30, 123 u eciu co6uitua A, B, C ¥WMeIOT TOT K€ CMBICI,
4TO U B MpeJbIAYLIEM MpHMepE, TO

4_ 1 1 1 1.1
P{A}=P{3}=P{C{=§='§';P{AHBHC}=—8~=-;2—-—§.-§-;
H Jaxe

2 1 1 2 1 1,
P{AHB}:—g:—z-.-;Z—,PgAuC}=§-:§._2_,
HO

P{BuCj=y # P|B} - P|C}.
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O6Go6Guienne npaBHITa CNOXEHHN BEPOATHOCTEH
Ecan cayvaiinbie cobbitns A u B He3aBuCHMH, TO
P{AumB}=P {A}4P{B} —P{A}P{B}. (1.10)

Ilns nokasarenbctBa opmyin (1.10) 3ameTum, npexae scero,

4yto cobbitusi (A uau B) u (A u B) B3auMHO 1POTHBOMOAOKHLI
(ecnu npoMCXOAHT XOTa 6H ONHO M3 ABYX COOMTHA A wmm B,
TO He MPOHCXOQUT COOTBETCTBYIOLIEE MPOTHBOMNONOKHOE COOLITHE,
3HAYHT, He MOMET MPOU3OHTH H COBMELIEHHe MPOTHBOMNOIOKHBIX

COOuTHI A | E). [pumensis dopmyny (1.7) u npaBuno yMHOXKe-
HHS, N0JyvaeM:
P{Anm Bj==1—P{4 uB}=1—P{4} P (B} =
=1—(1 —P{A})(l -—P{B}):P{AH—P {B} ——P{A} P {B},
4YTO ¥ TpeGOBaAOCh IOKa3aTh.

IMpueenem ewe 6e€3 n0KasateibcTBAa o6Liee NpaBHIO
CHOXKEeHHS BepOATHOCTeEH:

P{A uwmn B} =P {A}4P{B}—P{4 u B}. (1.11)
(Bnech cobutus A H B He 06513aTebHO HE3aBHCHMHI.)

Yunpawuenns 1. [Tokasare ¢popmyay (1.11) B cayuae kaaccuue-
CKOT) OIpejeleHns BEPOSTHOCTEH.

2. Jlatb reoMeTpuyeckoe TO.AKOBaHHe dopMyant (1.11), cuuTas wHCmbI-
TaHueM OpocaHue TOYKH Ha €XMHWYHBIA KBaApaT W INpHHHMas IIPH 3ITOM
BEPOATHOCTh MOMAJaHHA TOYKH B HEKOTOPYIO 061acTb
BHYTpH KBajpaTa paBHOH mnJowtagu sT1oit o6nactu

1 (puc. 1).

[Tpumep 1. [IBa cTpeska HE3aBUCHMO
APYr OT 4PYra CTpPeasiloT mo OnHOH W TOH ke
Le/H; BEPOATHOCTb TMoMajaHus Mg NepBOro
crpeixa pasia P{A}=0,9, naas BTOpOroO
1 P{B}=0,8.

Tpebyetcs onpeneiuTb BepPOATHOCTb MO-
pa¥keHuss e, TO eCTb BepOsiITHOCTb TOrO,
4TO XOTS Obl ONMH CTPeNOK mnonaaeT B Leb.
[To ¢opmyne (1.10) naxomum

P{A wm B}=0,940,8—0,9.0,8=0,98.

[Tpumep 2. Hekotopoe KonHYeCTBO /1 CTpPeNKOB HE3aBHCHMO
ApYr OT Apyra CTpPeJsIOT MO OAHOM © TOH XKe UEeNH; BeposT-
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HOCTb MOMAaNaHHg I8 Kawaoro crtpeaka papsa p. Onpenenuts
KONMMYeCTBO CTPEJKOB, KOTOpoe TpebyeTcs IS NOpPaenus Led
C BepOSTHOCTBIO He Mesbllelt, uem P.

Ias aroro Hafimem 3aBHCHMOCTb Meway p u P. Beposr-
HOCTb HENOpAXeHHss LeJM OJHHM CTpeJKoM pasHa 1 -—p;
BEPOSATHOCTb TOFO, YTO HH OMMH CTPEJOK He mnonageT B Leb,
paBHa (1 — p)"; COGHITHA «HH ONHH CTPEJIOK He Nonajer B Lesb»
H «XOTd 6b ONHH CTPEJOK Momnajaer B ueab» (TO eCTb «ueldb
6yneT mopaweHa») B3aHMHO MPOTHUBOMOJIOKHH, MOITOMY BEPOAT-
HOCTh nopaxenus Leid ectb 1—(1—p)”. TTo ycaosuio

1—(1—p)"=P.

OTclona HaxomBM n — 1esoe YHCIO, yA0B/€TBOPAIOLLIEE He-

PaBeHCTBY
gl — P)

Il}——a———]g 5"

Hanpumep, eciu npu cTpesibbe no camonery BepOSTHOCTD
nonananus pasHa p=0,004, 10 114 o6ecneyeHns MOPAKEHHUA
camo/jeTa ¢ BepOATHOCTbIO He MeHbume# P —0,98 tpe6yercs

1g 0,02 \
n= Tg 0,906 ° uin n =976 crpe’kos.

§ 8. YcaoBume BeposiTHOCTH. OGlllee mpaBHJIO
YMHOXEHHS BepOATHOCTeM.
$opMyJa NOJHONH BEpPOATHOCTH

Lleabio nacrosiuiero nmaparpada ssnsercs o6GoOlieHue npasusia
ymHOwenus BepositHoctedl (1.8) na 3aBucumble cayyafinne co6ui-
tus. Ins 3toro o6patuMcsl CHayana, Kak W B § 4, K Kaaccuye-
cKo#t cxeme cayyaHolt BHOOpkH. [lycTb HCMbiTaHHE 3aK/loyaeTcd
B BHIHHMAaHWM Hayrag OJHOTO lIapa W3 YpHH, coaepwauei N
11apoOB, OIMHAKOBHIX HA OWLYMNb, HO pPa3qHYaOUIHXCH N0 OBYM
[IpH3HaKaM: 10 LBETYy M MO PUCYHKY. BBenem o603Hauenus:

K — xkonndectso upetHnx mwapoB (N — K — 6eanix),

L — koauyecTBo uapos ¢ pucynkom (N— L — 6e3 pucynka),

M — KonvmyecTBO 1BETHBIX LIAPOB C PHCYHKOM.
llycte cobuiTHe A 3aki04aeTcs B MOABJAEHHH LBETHOrO 11apa,
cobnTHEe B — B noseieHyu HMapa ¢ pucyHkom. CoBmeutenue co-
OuTtHit A u B o3nauaeT nosBleHHE LBETHOrO LIapa C PHUCYHKOM.
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BepositnocTn 3THX cayuadHbiXx COObITHE COOTBETCTBEHHO DABHH
K L M
P{dl=x; P{Bl=; P{dnBl=7.
[TonpoGyem, no avanorun ¢ dopmyno# (1.8), ceA3aThb Bepo-

SITHOCTL COOHITHA (A M B) ¢ BeposTHOCTbIO coBuiTHS A; Mbl MO-
NY4UM:

M KM

T=NT" (1.12)

M
OrtHoeHue —[(— KO/M4eCTBa UBETHHIX I1AapOB C PHCYHKOM

K KOTMYECTBY BCeX LBETHLIX lIAapPOB TaKKe HMeeT Xapaxkrtep Be-
POAITHOCTH, @ MMEHHO, OHO JdeT BEpPOATHOCTb BbLIOPaTh Wap ¢
PHCYHKOM MPH YCJOBHH, YTO BbLIOOD NPOU3BOLHTCA TOALKO H3
yhcna UBETHbIX WapoB (OO M3 Bcex K LBETHBIX LIAPOB TOJBKO
M utapoB umeloT pucyHok). Takylo BepPOATHOCTH HA3bIBAIOT JC-
108HOLl 8eposimHocmbio cobbimust B npu ycaosuu ocyuecms.e-
Hus cobumus A; 0603HAYAIOT ITY YCAOBHYIO BEPOITHOCTb depes
P {B| A}, TaKk 4TO B HalieM npumMepe
’ M
P{B|A} =x-
Tenepb Mb MO:xeM 3anucaTb cooTHoilenue (1.12) B Buze
P{Au B} =P {A} P {B]| A}. (1.13)
drto cooTHowleHHe Bbipaxaer obluree MPaBHIO yMHOWKe-
HUS BEPOSITHOCTEH: BepOAMHOCME COBMeleHUS O8YX CAY-
4aiiHbLX COOBLMULL PABHQ NpOU3BEOEHUIO 8ePOSIMHOCMI 00H020 U3
HUX HQ YCAO08HYI0 BeposmHocms 0py2020.
dopmyna (1.13) BuiBesena HAMH A KAaCCHYECKOH CXEMI.
OGpatuMcst Tenepp K oO6LeMy CAyval0 KaKHX YTFOAHO ciay-
yalubix cobbitult A u B. 3xecr dopmyna (1.13) cayxur pas
onpegeneHus YCA10BHOH BePOATHOCTH. A HMeHHO,
ycao08Han seposimHocms cobwmus B npu ycaosuu ocyuwecms.se-
Hus cobumus A onpedeasemcss ¢ ROMOUBIO HOPMY AL

PUSEL (g P {4} 20) 1.14)
——————— (npu . .

Pla] p (
TOuYHO TaK e BBOAMTCH YC/NOBHAs BEPOATHOCTb COOHITHS A npH
YCJOBHH oOCyLlecTB/eHUs coObitus B:

P{A u B}
P{A]B}:W— (npu P {B} =£0). (1.15)

P {B| A} =
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YcnoBHbie BEPOATHOCTH, KaK JIETKO NMPOBEPHTh, 00.1a1al0T BCeMA
OCHOBHBIMH CBOHCTBaMH BepOSTHOCTEH.

$opmyna (1.13) mower Guth 0G06LIEHA H HA GOabluee YHCAO
cayyafinbix cobbituit. Hampumep, nns Tpex cyyafiubix coGbiTHit
A B C
P{AuwBuC=P{AuB}P{C|AuB}=

=P {A}P{B|A}P{C|A u B}.

BBenenne mnoHsiTus yCJlOBHOﬁ BEPOATHOCTH NO3BOJAAET AaTh
HOBOE€ TOJIKOBAaHHE HE3ABUCHUMOCTH cnyqaﬁﬂux cobuituii. Ecau
cayyalinbe cobbitu A u B He3aBHCHMB, TO U3 dopmyn (1.8),

(1.14) u (1.15) cnenyer:
P{Al P {B}

P8l A} =—F " =P i8],
P{A]B}:W:P{A},

TO €CThb CJeldyeT paBeHCTBO YC/AOBHBIX M Ge3yCJOBHHX Bepo-
ATHOCTEH 39THX COOBLITHH.

OueBuano Takwe, 4T0 W obpatHo, npn P {B|A}=P (B}
¢dopmyna (1.13) npespautaercs B cdopmyay (1.8).

Takum 06pa3oMm, He3aBUCHMOCTb cayyaliHbix cobbituii A u B
03H4uyaeT, 4YTO BEPOATHOCTb cOObITHA B (uan A) He uaMeHsieTcH
npy BBENEHHH IOMNONHHTENLHOTO YCJOBUS OCYLIECTBJEHUS COObI-
tHs A (UM cooTBeTCTBEHHO B) *).

M3 9TOro TO/MKOBAHHSI HENOCPEJCTBEHHO CAeNyeT, Hampumep,
YTO JOCTOBEpPHOEe coObiTHE H Jo0oe cayuyalHoe coObitHe A we-
3aBHCHMbI.

B paccMOTpeHHOM Bhille TNpUMepe He3aBUCHMOCTb cayyaHHbIx
cobhiTHiH A M B CBOAHTCH K BLIMOJHEHHIO PaBEHCTBA

M L
K~ N
TO ecTh K YC/OBHIO, 4TO O/ UIAPOB C PUCYHKOM CpPelH LBeT-
HbIX UIapOB paBHa HOJe LIapOB C DHCYHKOM CPean BceX IIapoB

*) HanoMHuM, 4YTO BeposiTHOCTb CaydaiHoro coGwirds (B) Bceria
CBf3alla ¢ ONpeje/eHHbIM KOMIulekcoM yciosui. Ecam k stomy xomnaekcy
106aBHTb NOMOJHHTEIbHOE YCIOBHE OCYIUECTBIEHHS HEKOTOPOro APYToro
cobbiTHsl (A), TO BEPOSITHOCTb paccMaTpHBaeMOro COGLITHA (B) MOXeT us-
MEHHTbCS.
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B ypHe. Takoe NpoNOPUHOHATLHOE pacrpele/ieHHe LWApoB MO ABYM
npuauaxam npezlcraaneuo CXeMaTHYeCKH Ha pHC. 2, a, rIe
P{A}=04; P{B}=P {B[A =0,3. [na cpaBHeHus Ha

34

“Yenobusie
obosnavenun

waps ybemnse

(8 wapss c pucymron

sy waps ybemnsie

C pucytxom

I améau benvie bes
ulymna

L—*if
| | %
| ¥

M

Fuc. 2.

puc. 2, 6 naH npuMep HeNpONOPUMOHAJIBHOTO  pacipele/leHus
1apoB 10 ABYM npu3HaKaM, rie

P{a}=04; P{B)=2215—03 woP(Bla}j=22=0s.

Popmyna nonHol#i BepoOSITHOCTH

Teopewma. Ecau cayuaiinse cobumus H, H, ... K6 H,
NONApHO Hecosmecmumb. U ecau cobumue A Moxcem ocywecm-

BUMBCA MOABKO ¢ KAKUM-HUGYOb 00HUM U3 amux cobomuli, mo
P{A}=P{H,}P{A|H}+P{H}P{A[H}+...
PLHP{A|H,). (1.16)

HokaszarteabcrtBo. [Ipy BbickazaHHLIX yCJIOBHSIX cOObITHE
A paBHOCH/IBHO COBMeLleHHIO COOLITHH

(H, wau H, vnu ... unu H)) » A,

Ho sTo coBmelienne mnpoOMCXOAHUT TOraa M TOJBKO Torama, Koraa
MPOHCXOAHUT OLHO H3 coBMeLeHHH

(H, w A), wvau (H, n A), wmn ..., vau (H, u A).
TpuMeHsiss MPaBHAO CAOWEHHS BePOATHOCTEH, MOJayyaeM:
P{A} =P {(H,, nm H,, .um H)u A)=

=P {H, nA}+P{H ’ A}+ P {H, w Ay (1.17)

OCTaeTcs JIMILL MPUMEHHTb OOLlee NPaBHJIO YMHOXEHHS BeposiT-
HOCTeH:
P{H‘ " A}:=P{H,}P{A|H,}; e
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B yactHocTH, Bcerga nmeer MecTo ¢opmyJsa

P{B}=P (A} P{B|A}4-P{A}P{B]A},  (118)

TaK KaK TPOTHBONONOKHHE COOHTHA A M A HecoBMECTHMH H 06-
pa3yioT MOJHYI0 rpymny.

[Tpumep 1. B ypue naxoaurcs N mapos, u3 uux M OGe-
AbIX; MCTILITAHHE 3aKJI0YaeTcss B TOM, YTO M3 YpPHH MOC/ie10Ba-
TeNbHO BHHMMAMTCH 1Ba lapa; cobnitHe A 3aK/Mouyaercs B TOM,
YTO TepBHH BHIHYTHH map Okaxerca OesbM, COObTHe B — B TOM,
4TO BTOPOH BHHYTH Iap OKaxeTcs GebiM.

Ouyesunto,

P{A)="; P{A}=—F—;

M—1 5
P{B|A}=5—1: P{B]A}=5"5.

Moncuntaem P {B}. o ¢opmyne (1.18):
M M — N—M M M
PB =M1y

N N-1T N

Taxum 00pasom, BEpOATHOCTb TOTO, YTO BTOPOH BLIHYTHI map
G6yleT 6elbiM, paBHA BEPOATHOCTH TOrO, 4TO Oyner GennM mep-
Buifl BHIHYTHIH W1ap.

MMpumep 2. B nocke umeloTcs oTBepcTHs (AYelKu) ¢ Ko-
opaunataMu (x, y,) (k=1,2, ...  ni=1 2 ..., m).
Ha nocky Gpouten mapux, KOTOpHH MOXeT nonactb B OfHY M3
fyeek. BeposTHOCTH MONajaHus WWApHKa B KaXAYl0 H3 syeex
npuseleHsl B Tabauue:

X
v % x || x,
yl Pn Pan e Pm
Y Py2 P22 oo | Ppe (1.19)

Ym Pim | Pam | +-- | Pnm
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3nech p,, ecTb BepOSITHOCTH MONMANAHWA IIapHKa B sueHKy
¢ KOOpAMHATaMH (Xx,; V,). Buuucanm BeposTHOCTh P, nomanaHus
mapuka B fuedKy ¢ abcuuccodt x,.

Tak xak suefixa ¢ aGcuuCCOM X, MOXET WMeTb ONHYy H
TOAbKO OAHY M3 OpAMHAT Y, V,, ..., V,, TO 10 Qopuynre
(1.17) nonyuaem:

Pe=pu~+Prat- -+ rm (k=12 ..., 1. (1.20)

YnpaxHeHus

1. VI3 xononnt Kaprt (52 wapter) Gepetca 3 kapThl. Briuncauts Bepo-
STHOCTb TOTO, 4TO CpPenH B3STBIX KapT 6yneT XOTs 6bl OAMH Ty3.

OrTtBerT. p:%%%::O,ZW.

2. PaGounfi obcaymuBaeT TPH CTaHKa, paGOTAIOLIMX HE3aBHCHMO IpYT
oT gpyra. BeposTHOCTb TOro, 4to B TeyeHHe yaca CTAHOK He MOTpesveT
BHHMaHHsi paboyero, paBHa aas INepporo ctaHka 0,9, aas Broporo 0,8 u
ans Tpetbero 0,7. BbluMCAMTL BEPOSITHOCTH TOTO, 4TO MO KpaHHel Mepe
OJMH M3 TPEX CTaHKOB He MOTpe6yeT BHHMaHUA Paboyero B TeYeHHe Yaca.

OtseTt. p=099%4.

3. B ypHe Haxonutcs 5 Geaplx u 20 yepHbix mapos. M3 ypHbl no-
cleJoBaTe]bHO BHIHMMAIOTCA INapbl RO TeX Inop, Moka He 6yAeT BBbIHYT
6eabifi mwap. BbluncIHTL BepOSITHOCTH TOTrO, YTO MPH ITHX YCJOBHAX Gyner
NpoH3BeI€HO TpPH BbIHHMaHHf, TO €CThb 4TO [0 mepeoro Genoro mapa

6yneT BHIHYTO 2 YEPHBIX Iapa.
OtBerT. p=—1§8=0,138.

4, Ha aByx crankax 06pa6aTbiBAalOTCS ONHOTHIIHBIE JNE€TalH; BEpOsT-
HoCTh Gpaka ans craHka Ne 1 cocrasaser 0,03, a nas cranka Ne 2 — 0,02,
O6pa6oTanHble AeTaiM CKIaAbIBAlOTCS B ONHOM MecTe, INpHYeM leTanei
co craHka Ne 1 ckziaabiBaeTcs BABOe O6oublile, 4eM €O cTaHka Ne 2. Bol-
YHCAMTb BEPOSITHOCTb TOTO, YTO B3ATas Haylady neTalb He 6ylgeT 6paxo-

BaHHOH. 092
OrBeT. p=m=0‘973.

5. C nomouwpblo dopmyant (1.18) nokasatb, uTO U3 HE3aBUCHMOCTH
cayyaiinpix co6biTHHE A W B clelyeT He3aBUCHMOCTb CayYalHBIX COOBITH

Au B



FTABA 11

CJIYYANHDIE BEJNUYUHBI U PACINPEIEJNEHUS
BEPOSATHOCTEM

§ 6. IuckpeTHble cayualiHple BeJHUYHHBI

B HacrosiuleM naparpade npeaMeTOM H3yueHHs SABMAIOTCA Be-
NMYMHBL, 3HaYeHHs KOTOPHIX 3aBUCAT OT cjayyas, Kak, Hanpumep,
YHC/0 OYKOB, BHINajzaiollee Ha BepxHel rpaHH MrpanbHOM KOCTH,
WIH YHC/O0 BbI30BOB Ha TenedOHHOM CTaHUMM 3a NaHHBH npome-
KyToK BpemcHu. Te 3HaueHus, KOTOphle B Pe3y/bTaTe HCMBITAHUs
MOXKeT MPHHATb H3yyaemas BenuuuHa, Oyjaem Ha3wBaTh ee BO3-
MOMHBIMH 3HAYEHHSAMH.

Onpenenenue. Beauuuna %5 He3wgaemes Ouckpemuoli
CAYHQlHOH BeAUMUHOl, ecAu B8ce ee B03MONCHble 3HAYEHUS 00-
pa3yiom KOHeUHYI Ul OeCKOHEUHYIO nocaed08amensHoCmy Hu-

Cen X,y Xy ..y Xy ... W eCAU NpURSAMUE €10 KaX0020 U3
YKQ3aHHOLX 3HQueHUl] ecmb caVHuaiiHOe codbimue ¢ onpedeseHHol
8epOSIMHOCMbIO.

~

BeposiTHOCTb cayyaifHoro codwiTia (3= x,) 0603HayuM uyepe3
Py ¥ 6yleMm TOBOPHTb, 4TO p, €CTb BEPOATHOCTb 3HAYGHHS X,
BeposiTHOCTh p, ecTb PyHKIHMA OT X, ITa PyHKuus HasbiBaercs
3aKOHOM pacnpedeeHus 8eposmHocmeii 8eAutuns §.

Besikoe  npasuao, no380A510uee  HAX00UMb  8epOAMHOCMU
8Cex BO3MONCHOLX 3HQHUEHULI BeautuHsl 5, onpedeastem 3aKoH
pacnpedenerus ee geposmuocmeli. OGbIYHO ITOT 3aKOH 3aMHUCH-
BAIOT B BUIe Tab.IMibl, B KOTOPOH MNepeuuc/asioTcs BCe BO3MOXK-

Hple (pa3inuHbe) 3HAYeHWst BeTHUHHBL 5 M MX BEPOATHOCTH:

BoamoxHoe 3Hauenue & X, X, .. Xp .

BepositHocTh (p) I P, . Pr




30 CAYYAUHBIE BEJMYHHB W PACMPENEJEHHUS [I‘Jl. 1

Takas Ta6iuua naswiBaeTcs mabauyeli pacnpedesenus 6e-
posimrocmeli AUCKpeTHOR cnyyaltHOM BeMUHHBI g

Ecan cayuatinas BeanynHa § MOKeT MPHUHUMATb JHINB KOHey-
HOE YMC/IO Pas/MyHbLIX 3HAYEHHA X, X X,, TO cayyai-
Hple CO6biTHS

2y ey ne

E=ux,), E=x,), ..., E=x,)

06pa3yloT MOJHYI0 TPyMily TIOMaPHO HECOBMECTHUMBIX COOBITHH;
€7e10BaTeNhHO, CyMMa UX BeposiTHOcTe# nomkHa ObiTh paBHa 1:

p+r,+.. . +p,=1 (2.1)

Ecan tabauua pacnpenenexnst BeposTHocTel colaepkuT 6Gec-
KOHEYHO MHOro 3Haueduil, 1o ycnosue (2.1) 3amensercs cneny-
oum: 6eckoreunnit  pan p, +p,+...4p,+ ... nomken
6bITh CXONAUIMMCA M ero CyMMa aomkHa OblThb paBHa 1.

[Tpumep 1. Yucno ouxos, Bhimamamolilee Ha BepxHelt rpanu
npaBHJAbHO® UrpasbHOM KOCTH, eCTb JAWCKpeTHas cayyafinas
BEJAHYHHA CO crenyloulel Tabauied pacnpeneneHus BepOSTHOCTEH
(cM. § 2):

YHCIo 04KoB 1 4 5 . 6

2‘3

(2.2)
| T I IO IO B O
BepositHocTb 3 3 3 3 3 5

34MeTHM, 4TO [IJAsi HEenpaBUJbHOH HrpaJbHOH KOCTH BO3MOXK-
Hble 3HAueHHd YuCla OYKOB OCTAIOTCH TEMH Ke, HO BEPOATHOCTH

1
HX MOTyT ObiTb OTJIHUHH OT 5

Mpumep 2. OxoTHuk, uMeowu#t TPU NaTPOHA, CTPENAELT B
uesib 0O MepBOro nonaaaHyus (Mau noKa He H3pacxodyeT BCe TPH nMaT-
poHa). YHcn0 u3pacxofOBaHHHX naTpoHOB OyneTt ciayyaHHo# Be-
anuuHo# (§) ¢ Tpems BO3MOwHbIMM 3HaueHuamu (1, 2, 3). Haii-
IeM paciipefenenie BePOATHOCTeH ITOH BeAHUHMHH NPH  YCIOBHH,
YTO BepOATHOCTh lIONajaHWs Npd KawiaoM BeicTpede pasHa 0.8.

Cobbitue (§==1) o3HauaeT nonapasve ¢ nepBOro BHICTPe.a,
fI03TOMY €ro BeposiTHOCTb PaBHA

P{z=1}=0,8.

CoGuiTie (5==2) o3nayaer nomaiauue JAuib CO BTOPOrO BHICTpPe/d
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(M, 3HAYHT, HenonajaWue TPH MepPBOM BhHICTpPene), €ero BepoAT-
HOCTb paBHa

P{f=2}=(1—10,8).0,8=0,2-0,8=0,16.
HaKOHeu, TPy BLICTPE/NA NPOH3BOAATCH, €C/IH HE 6ui/10 nonagadng
[IpH DEPBLIX IBYX BLICTPEJAX, IO3TOMY
P{£=3}=0,2.0,2=0,04.

9Ty ®e BepORTHOCTb MOXHO Oui0 Ol MOACYHTATh ¥ 10 ¢op-
myne (2.1):

P{t=3l=1—P{i=1}—P{i=2}=
=1—0,8—0,16=0,04.

Htak, TaGauua pacrnpenesneHus BepOSITHOCTEH BeNHYHHH § ecTb

~r
—
N
w

(2.3)
p | 081016 |004

Mpumep 3. [Npoussoautcs crTpensba Mo HEKOTOPOH uenu
IO NepBOro mnonajganus, 06e3 OrpaHHYEHHs YHC/IA BHCTPE/OB.
BeposTHOCTb MnonajaHus NPH KaXAOM BHCTpene paBHa p. Yucao
NPOU3BEEHHHX BLICTPENOB eCTh Cly4yalHas BennuuHa § ¢ 6eckoney-
HOM Tabauued pacrpeneseHns BeposTHOCTef:

3 1 2 3 n

(2.4)

p, (I—=pp | U=p?p | ... |Q=p" " p

Pan seposiTHocTe#t npeacrtasiseT co60H OeckOHEYHO yO6uiBa-
IOULYK) FeOMeTPHYECKYI0 UPOTPECCHI0 CO 3HaMeHaTeneM (1 — p):
OH CXOAHTCH, M €ero cymMma paBHa

p+0—pp+(1—=pp+...+(1=p"p+... =

Y S
T~
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[Tpumep 4. B HekoTophix 3axayax (HU3HKM H TeXHHKH
BCTPeyaloTCs cyyaliHble BeJHUHHBI, MOAYHHEHHBE 3aKOHY pac-
npenenenus [Tyaccona

§

0

1(2.5)

rle a— HeKOTOpOe TMOMOKHTEIbHOE YHCIO, XapakTepusyoulee
CAyuadHylo BeTHUHHY §.
3akoHy paciupeieiedus [lyaccoHa MOIYMHAIOTCH, Hanpu-

Mep: a) KOJMYEeCTBO BHI3OBOB Ha aBTOMaTHuecko#t TesedoH-

HOM CTAHUMH 32 AaHHBLI [POMEKYTOK BPEMeHH; 6) KOMHYECTBO

SNeKTPOHOB, BBLLIETAIOUIHX C HAKAJEHHOTO KAaToOa 3a JAaHHbIH

npoMexyTok Bpemenu. Yro npeacrasaser co6of wucao a B 3THX

npuMepax, GyZeT sCHO M3 IanbHedlero. 34echb ke Mbi OTMETHM
ha m

TOJbKO, YTO Psil BepOSTHOCTEH Z‘_‘Te‘“ CXOAUTCS H  ero
m=0m.

cymma paBHa 1:

at a™
-a —p—a,ta ___
e (l—{——a—l—__)—!—{-‘.‘—{—-m—!-l—...)._e ete—=1.
JuneflHbe neficTBHSA Hax CAydyalHBMH
BeEJAJHYHHAMH

K nuHeliHbiM neHcTBHAM Mbl GyAeM OTHOCHTb YMHOXEHHE CJy-
yaiiHOH BENHUYHMHB 5 HA YHCJAO M CJAOKEHHE CAYYaWHBIX BeJIMUHH.
IMpoussedenuem  C5  OucrkpemHoil  cayqaliHod  8esuyursl

Ex,lle

Ha yucao C Ha3blBaeTcs NMCKPETHas caydaliHas BeIMYMHA C pacrnpe-
JesleHHeM BeposiTHOCTeH

Ce| Cx, | Cx, |
Py P |

(2.6)
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Muaue rosops, yMHOXeHHe HAMCKPETHOH C/yuyalHOH BeIHYHHBI
Ha YUCIO CBOMMTCH TO/MBKO K YMHOXEHHIO BCEX €e 3HaueHnH Ha
STO 4HCAO (Ge3 H3MeHeHHs BeposTHOCTEH).

Hanpumep, ecain oxotunk 8 npumepe 2 (crp. 30) naatur
2 py6ns 3a kawanl M3pacXoNOBaHHHI NAaTPOH, TO HCTpayeHHas
HM cymMMa (B py6asx) Gyner cayyaltHOH Be/M4HHOA CO ciedyio-
ILUM pacnpene/NieHHEM BeposiITHOCTEH:

K| 2 | 4 | 6
p | 08 | 016 | 004

Heckonbko cnowuee onpenensercs pacrlpeneseHue BeposT-
HOCTeH CyMMBl &7 JByX NHMCKPETHHX BeIHYHH

n lm | boww | |

OG6o3naunm uepe3 p,, BEpPOATHOCTb COBMELLEHHs CJy4aiHbIX
co6uTHi (§=1x,) n ()==y,). Ecau npoucxonut ykazauwoe cos-
meuteHue, To cymma &1 npuunmaer 3nadesue x, -y, Ouxna-
KO BEpOSTHOCTb, Haripumep, cobuiTus (€4 n=x, +y,) moxer
OKa3aTbca 6Onblle, veM p,,, €ClH Cpenu cymm x, -y, BcTpe-
TATCS 4YHCAA, PaBHHE X, | ¥,. A HUMEHHO, 1O MpaBHAy CJOKe-
HHS BEPOATHOCTE! MW HOMKHB CYMTATh BEPOATHOCTb COOLITHS
(84 n=x,+y,) pasnoit cymme Bcex Tex BeposTHOCTEH Pro
ANR KOTOPHIX 4HcAO x, 4y, pasio x —+y,. Takum o06pa3om,
3HAUEHUAMU CYMMB & T CAYHCAm CYMMb BCEX BOIMONCHWX
3Hayenuil Beauwun & u Y, a 8epoAMHOCMb KaX¥A020 U3 yKA3aH-
HOIX 3HQ4eHUll CYMMb DABHA CYMMe BepoamHocmell mex cog-
Mewjerull (2=ux,) u (n1=y,), npu Komopbix Odocmuzaemcs
O0aHHOe 3HaueHUue CYMMbl.

Ha npaktuie ana nocTpoenns Tabauusl pacnpeneneHus CymMul
&€+ 1 O6WuYHO CTPOAT cHauana BCIIOMOraTe/bHYIO rabauuy

YtV | GtV | v | Bt

» (2.7)
Pu Dha P P22 e

a 3ateM OGbeNMHAT B Hell paBHWE 3HAYEHHE X, V, CKAAmW-
Bas COOTBETCTBYIOUIHE BEPOSTHOCTH D, 3aMETHM, YTO eclu sce

2 1, 3. Pymuwuckki
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3HaueHus x, -}y, pasiauunb, TO Tabauua (2.7) Gyer roTOBOH
1a6nuued pacripesenenus cymmul § - 1.
[Tpumep. IlycTh HcnbiTaHHe 3akMOUaeTcs B OXHOBpEMEH-
HOM 6pocaHHH IBYX MPaBH/bHBIX HIPalbHLIX KOCTeH;
§ — uHCIO OuKOB, BbIMajaloLiee Ha MepBoH KOCTH;
T, — YHC/IO OYKOB, Bhinajaiollee Ha BTOPOR KOCTH;
§ 4 71— cymma umcen oukoB, BHNAAIOLMX HA IBYX KOCTSX.
OGe cryuvaitnple BeNHYHHH § M 7] HMEIOT OLMHAKOBble TaG.H-
bl pacnpeneneHHs BeposTHocTeld (2.2). Haltnem pacnpenenenne
BeposthocTe#t ux cymmbl §-%. Tak kak Bbinajenue M0GOTO
YHC/Ia OYKOB HA MepBOH KOCTH HE 3aBHCHT OT BhINajeHus Jio6o-
ro 4ucJa OYKOB Ha BTOPOH KOCTH, TO BEPOSTHOCTb KaXJIOro COB-

?Tlé‘ [To npaBuay (2.7) mocTpoHM cHavana
BCMIOMOraTe/bHyl0 Tab/uiy

MelleHus OyneT pasua

I4+1 (142241 | 143242341 } 646

1
36

T N T T

36 36 36 36 36 36

OGbennnsisi paBHbie YHCIa B MEPBOH CTPOKe — CTPOKE BO3-
MOXHBIX 3HAYEHHH, rnolyyaeM TaGAHLy pacupeie/NeHHs BEPOAT-
HocTe# Benuumub (5 - 71):

21 3|4 5 6'7 SIQ’IO 1|12
|
Lj2 )3 ) 4| 5|6 |5 |4 3 | 2 ]
36 136 |36 | 36 36 |36 |36 |36 | 36 36 |36
OTMETHM CIENYIOULYI0 OCOGEHHOCTb  C/AOXEHHA  CaAyyalHbix

BE/IMUNH; CPABHHBas TaG/uIly pacnpeneleHus g CyMMbl § -y
¢ Ttabauuedl pacripemenenus nas 25:

2 4

1
6
i

1 I
6 6

MB MPHXOAHMM K BLIBOLY, 4YTO CJOXEHHE CJIy‘laﬁHblx BEJIHYHH C
OINHHAKOBLIMH PACHPEACTICHUAMU BepOﬂTHOCTEﬁ HE CBOadrCsd, BO-
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oblie roBopst, K YMHOXKEHHIO OIHOH M3 HHX Ha LeJoe YHCIO.
BBeneHHbie Bbillle peHCTBHS  CAOMEHHA  CAyvyafiHBIX — BeJHYHH
M YMHOXEHHS HMX Ha YHC/IO COXPAHfIOT U3BECTHble CBOHCTBA CJ/lo-
KeHHs. M yMHOXeHHA uyucel. B wyacTHocTH, HMMeIOT MecTo cre-
AyIoLHe erko nposepseMble (opMyJbl:

Et+n=n+& (E+n-+{=EF+O4L)
ClE+rn)=Ci+Cn.

HesapucumMocTh cAiyyalHHX BeNHYHH

JluckpeTHbie clydaiiHbie BeJMYHHE §, 1 HA3bIBAIOTCHA He3asucl-
MbLMU, €CTH HE3aBHCHMBI C/yyalubie coObIThil (5=1X,) u (=Y,
npu Bcex £ W /, TO ecTh ecqd BEpOSTHOCTH COBMELUEHHS 3STHX
COGHITHH HaXONSTCA MO [MPaBWIy YMHOXEHHS BEepPOATHOCTEH:

Pri="P4; (=1, 2, ... ;I=1, 2, ...). (2.8)

Hanpumep, npm 6pocaHum HBYX HrpaibHhX KOCTeH 4hcia
OYKOB, BBHIMAJAIOUIHX Ha TeEepBOH H BTOPOR KOCTAX, SABJISKIOTCS
He3aBHCHMbIMH C/yYalHbIMH BEIMUYHHAMH; 3TO YMPOCTHIO HaXOX-
IeHHe HX CYMMbl B DAacCMOTPEHHOM BhlllI€ TIpHMEpE.

Cayuvaitnoie sennuunn &, &,, ... , §, Ha3HBalOTCA B3QUMHO
He308UCUMBLMI, €CNV HEe3aBUCHMBI B COBOKYMHOCTH Bce Cly-
1 2
yallHhle COGLITHS (£l=x§el)), ( z=x,§,2)), cee (G,,:xfe';))(anec‘.b

yepes x(f’, & .., x,(,"?, ... 0003HAaYeHH 3HA4YeHHs Cayydai-
HOM BeMHuMHH §;).

Ecan cayvafinpie Bennuunn &, &,, ... , §, B3anMHO He3aBH-

CHMH, TO DO pacnpele/eHHsiM HUX BEpOATHOCTeH Jaerko HalTu
pacnpeneneHne BeposiTHOCTeH /OGOH uX JHHeHHOM KOMOMHALMH
CE& +Ckt,+ ... +CkE, ¢ nocrosuubmu  KosdduuneHTaMH
c, ..., C,
AtuM 06GCTOSTEIBCTBOM 4YacTO MOJb3YIOTCS B pacueTax, mpen-
CTaBIAf HU3yuaeMmMyl0 cay4yalHyl0 BeJHYHWHY B Bule JHHeHHOH
KOMOMHAUMHY HE3aBHCHMBIX CJYuaiHbLIX BeJHYHH C H3BECTHHIMH
pacrnpene/NeHHsiMH BePOSITHOCTEH.

1!

§ 7. Pacnpenenenue BepOATHOCTell OTHOCHTENLHO#
4YacTOThl CJAy4aiHOro co6biTuA

PaccMOTPHM OTHOCHTE/BHYIO YacTOTy ®, C1yuyaHHOro CoOhbl-
THf A NPH n-KPaTHOM MOBTOPEHHH HCmbITaHusd. Dynem cuntath,
YTO nosB/ieHHE COOHTHA A B KaXIOM HCILITAHHH HE 3aBHCHT OT
ero nOfBIEHHA B JDYTHX HCOHTAHHAX M YTO BEPOATHOCTD

2‘
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cobLiTHE A B KaXIOM HCNHTAaHMM ofHa M Ta xe. O6o3HayuMm
ee yepe3 p *).
Tak kak 3a n ucobiTaHud cobuitue A MOXET nNpoOH30HTH

0,1, 2 ..., npas, 10 0, OyneT AUCKPeTHOH cl1y4yalHOH Be-
1 2
JIHYHHOH C BOSMOWHBIMH 3Hauenusamu O, iR 1. Ha#-

IeM pacnpeneseHne ee BeposiTHocTed. C 9ToH nHenblo mnpencrta-
BHM BeJHYMHY ®, B BHIe JnHeHHOH komOunaumu Gosnee MpoCThX
cayyalinbix Be/duuMH. BBesem Tak HasbiBaemylo Xxapakmepucmi-
YeCKYIO CAVHQAUHYIO 8eAUUUHY L, — YHCIO TOABACHHH coObiTHa A
npu k-M wucnbiTanud. Beauunsa L, MOXeT TNPHHMMATb TOABKO
nBa 3uavenus: 1, ecau cobuitie A npousodner mMpH A-M HCOH-
Tauud, u O, ecnn co6uiTHe A He mnpousoHneT npu R-M  HCOH-
TaHud. Tax Kak BepOSATHOCTb COObITHS A paBHa p B KawIOM
MCHBLITAHHH, TO BeTHYUHB A, ), ... , A, HMMEIOT OJHMHAKOBLIE
TaBGAuLbl pacrpesieneHds BeposiTHOCTeH:

n

A 1 0 ) 1 0 ’...,)‘ ! 0 ’(2'9)

p q p q 14 q

rae g=1—p. Bce Beanuunsl L, A, ... , ), B3aUMHO He3a-
BHCHMbl B CHJy NPHHATOLO HaMH YCJIOBHS.
PaccMOTPHM Temepb CyMMY XapakTEPHCTHYECKHX Be/HUYMH

=2 0 (2.10)

Dra cyMMa COCTOHT M3 €IHMHHIL M HyJeH, NpHYEM eNWHHIL B Hell

#) CXxeMaTHYeCKH 3TO MOBTOPEHHE HCMBITAaHMH MOMXHO MpPEACTaBHTb
caenyouum ob6pasoM. B ypuy mnomeuiaercs onpeneneHHOe KOJAHYECTBO
OJMHAKOBBIX Ha OLILyMb LIapOB, YaCTb M3 KOTOPHIX MOMEYeHa MeTKOH «A»
(nanpuMep, GelbIM LBETOM), 108 MEUeHbIX IIapOB JOMKHA OBITb paBHA p,
TdK YTO BEPOATHOCTb BbIHYTb MEYeHbIH LIap paBHa BEPOATHOCTH COGbI-
T A. BblHYB 3 ypHBI Hayrajx OIuH Liap, Mbl 3alHChiBaeM, eCTb JH Ha
HeM MeTKa WM HeT, BO3BpallaeM liap B YpHY, TIIATeIbHO NepeMellHu-
BaeM lIaphbl U 3aTeM CHOBAa BbIHUMAaeM OAMH IIap. JTOT MPOUeCC MOBTO-
pseTcs 1o noaydyeuwus n 3amuced. Takag mocaeroBaTeNbHOCTb MCMbITanH#
Ha3bIBaeTCH n0C2e008ameAbHOCMbIO He3a8lcuMblx UCnbLmatuil no cxeme
Bepuyaau uan no cxeme 603spauiernozo wapa. Ee HasbiBaloT Takwe
cxeMoil no6mMOpHOlL 6bL60pK1 (B OTIMYME OT GeCNOBTOPHOH BbIGOPKH,
IpH KOTOPOH BbIHYThHi Iap He BO3BPALULAIOT B YpHY).
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POBHO CTO/bKO, CKO/MbKO pa3 mpousofiner cobuitne A 3a 7 uc-
NMbITAHUH; C/e10BaTe/bHO, BEIHYHHA M., PABHA KO/NHYECTBY MOB-
Topenuit cobuiTH A 3a n uCnbTaHWH, a OTHOWeHWe M, K 0Oie-
My YHCIy WCOBITaHHA () PaBHO OTHOCHTEJIbHOH 4acToTe O,:

w,=ltr—1 (1 4, +1) @.11)

[Tonyuennoe mpenctaBaenne caydaliHo¥ BeNTHYHHH ©, B BHIE
JUHeHHOH KOMOMHAUMKM B3aMMHO HE3aBHCHMBIX CAy4aHHBIX BETHYHH
A, k..., ), C M3BECTHHIMH pacrpele/NeHHsiMH BepOsTHOCTeH
(2.9) nosponser HalTH pacnpeneneHne BEPOATHOCTEH 1ns o,
¢ nomoupio ¢GopMys npeabiAyliero naparpada.

Bynem cknaabiBath BemuumHbl A, \,, ... , ), mocregoBa-
TeabHo. [Ipexne Bcero, no dopmynam (2.7) n (2.8) umeem:
1 0 1 0 2 1 0
N +2 e
1
p | 9 p q pp | Pqg+ap| 99
TO ecTb
2 0
P2 1
r* 2rq g

Ilanee Haxoamm TeM e cnocoGoM

3 2 1 0
Be + hs =1y
p'p p*q+2pgp | 2pgq+49°p 7*q |
TO €CTb
Ps 3 2 ' 1 0
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Mbl 3ameuyaeM, YyTO BEpOSITHOCTH B Tab/HIlax pacrpereneHus
BeNHYHH [, M M, COBNANAIOT C COOTBETCTBYIOUIMMH Y/IEHAMH Da3-
JI0XeHusi OHHOMOB

2___ 2 2,
P+ 9 ="+ 2p9 4%
s___ 8 2 2 3
(p+9'=p"+3pq+43pg"+q
(oTkyna, KcTatH, Cpasy BHIHO, YTO CyMMbl BEPOSTHOCTEH B 3THX
Ta6/MLAX PaBHBl EAMHHLE, TaK Kak p-}g=1).

MeTonoM MaTeMaTHUECKOH HHAYKUHMH MOXHO JOKas3aTh Cle-
Lytoulee obuiee yTBEePWIEHHE: 8ePOSMHOCMb MO20, 4MO |, Mpu-
Mem Hexomopoe 3HadeHle m, pagHa HAeny, colepicaujemy p™,
8 pasaoxcenuu Ounoma (p—+ q)" no cmenensm p:

. . mn-m___ n m_n-m
P, =m}=Crp"q" "= s P (2.12)

CnpaseamBocTe dopmyasl (2.12) npu n=2 (a Takxe n npu n=23)
6bina yxe yCTaHOBJEeHA4 paHblue. HOKa)‘(EM, 4TO U3 CIIPaBEeJIMBOCTH 3TOH
¢opMyJIbl NPH HEKOTOPOM UYMCAE 72 UCTIBITaHWH BhiTekaeT ee ClpaBelH-
BOCTb M npH n -1 ucnbiTannax. JlefcTBUTe/bHO, BelMUHHA ., =1, +-
+),,; MOXeT NMPHHATb 3HaYeHHe m TOAbKO B ABYX Caydasx: juGo npu
pp=m¥ h,4, =0, au60 mpu p,=m—1 u i, , =1, nostomy no npa-
BHJaM CJOXKEHHS M yMHOMeius BeposTHocTell

P {l‘n+1 =m} =P {pr‘:m} Pids, 202 +

Plo,=m—1}P{\, =1}

Io ¢opmynam (2.12) u (2.9) moayvaem:

P{”n+l=m2=
— n __pmgtmg L n! Pl
m! (n — m)! m—ND(n—m<+1) ’

TO €CTb

D e
P ks =) = T

4TO H TpC6OBaJIOCb AOKa3aTb.

dopmyny (2.12) mowHo o6bsacuutb u He npuberas K npen-
CTaBJEHHIO BeAHuYHHH M, B BHae (2.10). BeposaTHocTb TOro, yro
coObTHe A HACTYNMHT B MNepPBbIX /7 UCMBITAHHAX W HE HACTynuT
B OCTaAbHbIX 72— M WCIBITAHUAX, MOKET ObiTb NOACYHUTAHA IO
NPABHAY YMHOXEHHS BEPOATHOCTEH I/ HE3daBUCHMBIX COOLITHIA,
4yTO JaerT:
ptg"™, (2.13)
DTa BepOATHOCTh He 3aBMCHT OT TOTO, B KAKHX HMEHHO m Wc-
NLITAHUAX HAacTYnHT cobbiTHe A. Ho u3 n nocienoBaTelbHhX
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UCOBITaHn! MOXHO C™ Da3NMyHBIMH CTMOCOGAMH BLIOPAaTh M HCIH-
Tanui#, B KOTOpuiXx Gyner uMerb mecto cobuitie A. [lo3tomy, no
NpaBUNy CNOXeHHS BEPOSTHOCTEH, MCKOMAas BEPOATHOCTb COOBITHA

(n,=m) pasua BepostrocTu (2.13), ymuowenHo# Ha C™, urO
CHOBA npuBoauT K ¢opmysne (2.12).

®opmyna (2.12) naet BepoOSTHOCTb TOro, YTO MPU n-KPATHOM
NOBTOPEHHH HCMBLITAHUS CyyafiHoe coObiTHe A NPOM30HAET TOUHO
m pas. Takum 06pa3oM, Mpl MOJyuaeM cilenyiome TaGauub
pacripenenenusi BepOSATHOCTEH I/ ClyyalHbIX BENHUHMH M, H O,

w, | | n—1 m 1 0
(2.14)
Pt onp" g | Ll Crmpmgn-m coo | npg®t | 9"
P | n=t m 1ol
o, - - -
(2.15)
prl o™ le | .. cmpmgn-m R Y A

Pacnpenenenne BeposiTHocTel, onpenensemoe Taliuuet (2.14),
Ha3bIBATCHA OUHOMUQAbHBIM pacnpedeseruem 8epOAmMHOCHel.

[Tpumep. U3 Goabwol napruun usneauft GepyT Ha npoly
10 wrtyk. V3BecTHo, 4YTO JOJAS HECTAHAAPTHLIX H3aeau#t BoO
Bcell mapTHu coctaBager 25 %; Tpebyerca HAaHTH BEPOATHOCTH
Toro, 4to Gonee MsiTH OTOGPAaHHBIX H3NEIHH OKaXyTCd HecTaH-
JapTHHMH.

OT6op Kawmoro u3nenns OyneM CYHTAaTb HCHBITAHHEM, a 06-
HapyXeHHe HECTaHLapPTHOCTH y OTOGPaHHOrO H3jenus — Clyyai-
HbM coObiTHEM A. BeposirHocTb p coGuiTHs A paBHa, OYeBHIHO,
JION€ HECTaHIAPTHHLIX H34e1uH BO BCeH NapTHH, TO €CTh

p=20,25.
KoauyecTBO HECTAHAAPTHHIX H31EHi CPCAH HecsiTH OTOBpaH-

HbIX €CTb Cle‘-laﬁHaﬂ BeJHMYHHA y.w—-qacmTa NOBTOPEHHSA CO6hi-
THg A Mpu AecsaTH HCHBITAHHIX. 3amaya CBOAMTCH K BHIYHCIE-

HHIO BEPOATHOCTH TOrO, YTO I, >>5; N0 MpaBHly CAOKEHHS
BEPOSITHOCTEH

P{u,,>5} =P {;J.”.-:-G}—I—P{p.w=7}—l—. oo P {u =10}
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lMoncyetr BeposTHOCTeH mno OunomuadbHoM ¢opmyse (2.12)
npuy p=0,25 ¢=0,75 1 n=10 npuBoAUT K clenyoueH
tabaule pacrnpepeneHus (BeposTHOCTH okpyriaexs nmo 0,0001):

KoandecTBO HecTaH- BeposiTHOCTH
HapTHBIX H3Reauit m P %Fm: m}

0,0563
0,1877
0,2816
0,2503
0,1460
0,0584
0,0162
0,0031
0,0004
0,0000
0,0000

COXNT LA WN—=O

—

Orciona sugno, uro P{u,, > 5} = 0,020. Sra sepoaTHOCTH
IOBOJIBHO Maja, TaK 4TO ecad Ob B OTOGpaHHOM JecaTke wu3le-
JUH 0Ka3ajoch wWecTb (WaH 60Jee) HeCTAHAAPTHBIX, TO Mbl MOIJH
6bl yCOMHHTBCS B TOM, NeHCTBHTENBHO JH JOJS HECTaHAdPTHHIX
usgenuit BO BCeH napTHM COCTaBASeT TOAbKO 25°/,.

Mpumeuaune. Hawe pewenne, onupaouieecs Ha GUHOMHAIbHOE
pacnpenefende BePOATHOCTEH BEIMUHHBI po, OyAeT TOYHBIM JHIIL B TOM
clyyae, KOrja oTéop usienuil misi npOOBI NMPOU3BOAUTCA MO cXeMe CAY-
4aiiHOll nO6MOpHOL 6bt60pK1 (CM. CHOCKY Ha cTp. 36). Jlia noscHeHus
PasHULbl MeXJy NOBTOPHOH M 6€CHOBTOPHOR BIGOPKaMU PacCMOTPUM MpHu-
mep. Ilyctb B ypue newur N =100 wapos, u3 uux M =25 Geibix, Tak
yto p=0,25, ¥ mycTb M3 YypPHBI NOC/AEN0BATENbHO BHIHUMAOTCA 2 1Wapa.
CpaBHHUM pacnpejefneHde BEePOATHOCTEH uyuc/la BbIHYTHIX OeJBHIX 1L1apoB
NpY MOBTOPHOH M 6ecnoBTOpHOH BblOOpKax. M1 B ToM ¥ B Apyrom ciyuvae
YHCJAO BBIHYTBIX 6e/blX IWIapPOB PaBHO CYMME [BYX XapPaKTEPHCTHYECKHX
cayyaliHbIX BEMMUHH A, H )y, THE Ay — UHC/IO GeJIbIX WapoB, MOABASIOLAXCS
NpH BBIHUMaHUM R-ro 1apa; A, ¥ A, HMEIOT OAHO M TO Me pacrnpene’enue
peposiTHOCTe# (cM. mpumep 1 § 5, ctp. 27):

A 1 ’ 0 ), 1 0
25 ikl ' ) s
100 0 100 100

Ho npu nosropHoit BblGOpke BeJHYHHBI A, H ), OYAyT HE3aBUCHMBI, a MPH
6ecnoBTOpHOH BhIGOPKE OHHM yue OyAyT 3aBucuMbl. [losToMy pacnpeneieHne
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BEPOATHOCTEA UMX CYMMBl 118 TOBTOPHOH BBHIGOpKM naetca TaGauuei

iy 2 1 0
By 2515 (&) |
100 100 * 100 ToT))
a 11 6eCnoBTOPHOM BbIGOPKH — Tabauuel
p‘: 2 1 ‘ 0
25 2 [ % 75, 75 % 75 74
100 ~ 99 100 “ 99 7 100 © 99 100 " 99

*
CpasnuBas  Tabauubl pacnpeleleHHs BeNHYHH g, M p,, Mbl 3aMe-

4aeM, 4TO COOTBETCTBEHHblE BEPOATHOCTH B HHX Majl0 OTAMYAIOTCA APYT OT
apyra. OueBHIHO, 3TO OTAMYMe Obljo Obi €lle MeHblle, ec/u Gbl Mbl B3siiH,
Hanpumep, N=1000, M= 250.

[Mogo6Hble paccymaeHusi MO3BONAIOT 3aKAOYHTb, YTO [pHBEIEHHOE
Bbllle pellleHHe 3aJayd, OCHOBAaHHOE Ha OGHHOMHATBHOM pacllpeieeHuH,
GyneT TeM Gosee TOUHBIM, YeM MeHblle O6beM BBIGOPKH IO CPAaBHEHHIO
c uucaaMu M u M.

§ 8. HempepbiBHble ciyuaiinbie BeJdunHbI

JuckpeTHble cayyallHble BeJHMYHHbI HE MCUEPMBLIBAOT BCEX TH-
noB cayuyadnbix BeJuuuH. B Teopunm BepositTHocTelt wacTo mpuxo-
JIUTCSl BECTH pacyeT C TAKHMH CAyyafiHbIMH Be/MYHHAMH, BO3MOK-
Hble 3HAYEHHs KOTOPHIX CILIOWL 3aNOJHAIOT HEKOTOPHIH MHTepBas,
KaK, HanpuMmep, ynoMsiHyTble BO BBeleHHH OTK/JOHEHHS pa3MepoB
netaned OT HomuHana. Takue ciyyailHble BeJIHYMHBI  [OJYYMIH
HAa3BaHUE HenpephiBHLIX ¥).

3aKoH pacrnpene/ieHdss BepOATHOCTEH 1751 HenpephiBHOH Cay-
yafiHOH Be/nnuuHbl § [AOMKEH M03BOJSTb HAXOLUTh BEPOATHOCTD
nonazauusi ee sHaveHnus B JOOOH unTepsan (x,; x,); Mo OylieM
06o3HayaThb 3Ty BeposTHOCTb uepe3 P {x, <& < x,}.

[Ipumep. PaBuoMmepuoe pacupenesnenue Bepo-
ATHOCTEH.

B npocTefiuiem clyyae Bce BO3MOXHbIE 3HAYeHHa CayyaiiHOH
BETHYMHBI § 3aMO/HSIOT HEKOTOPHIM KOHeYHW# wuutepBan (a,; a,)

*) [Ip4 HeKOTOPBIX YCJAOBHAX, KOTOpbi€ GyAyT YTOYHEHHI Aanee.
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u BepostHocTh P {x, <& <x,} nna moGoro mutepsana (x,; x,),
Nexaliero BHyTPH (&,; @,), NPONOPLUMOHANbHA JJHHE ITOTO HH-
TepBaia:

Plx, <EZx}=)(x,—x) (2,<x,<x,<ua,) (2.16)

Koadduimedt h nomken ObITb BHIGPAH TaKMM 06pa3oM, 4TOOH
HMEN0 MEeCTO BTOpOe OCHOBHOe CBOHCTBO BeposiTHocTe# *); mo-
CKOZMbKY BCE BO3MOXHbE 3HAYEHUs BEIHYMHBI & JewaT B (a; a,),
TO nonajanue 3HayeHus § B 9TOT HHTEpPBAN eCTh JOCTOBepHOe
COOLITHE M MO3TOMY €ro BepOsiTHOCTh JOMKHA ObTh paBHa 1:

Plo, <tE<a,}=Xk(2,—a,)=1.
OTclofla ONHO3HAYHO OmpefeasieTcss 3HAYeHHE :

PR —
Gz — 24

Ecnu pacnpenenenne BeposTHOCTEH BenMuMHbl § 3axaercs ¢dop-
myaoit (2.16), To roBopsAT, uTO CAYHalHAA BeAUUHA & pasHo-
MepHO pacnpedesena 8 unmepsase (%,; %,) WIM YTO BennuuHa §
MONYUHSIETCS] 3aKOHY PABHOMEPHOro pachnpejie/ieHus BePOSTHOCTEH.

[InoTHOCTbL pacnpengeneHus BepOSITHOCTEH

Ecau cayuyailnas Benunuuna § paBHOMEPHO paclpeneneHa B MH-
TepBate (a,; a,), TO /1 JI00blX TOuYeK X, X, 3TOr0 MHTEpBa.ia

OTHOLLIEHUue
Pin <E<m) (@217

Xy — Xy

seposithocTn P {x, < &< x,} Kk 1nuHe uHTepBana (x,; x,) ecTh

BEeJMYHMHA TOCTOsIHHAA (OHA paBHa l:;——;— . JTO OTHOlIEeHue
2T H

Ha3blBaeTCsl MJIOTHOCTBIO pacrnpeje/edusi BEpOSTHOCTEH nMpH paBHO-
MepHOM pacnpeieeHnt CAy4yaihHod BenyuHu E.

Ilns MmoGoH HenpepbiBHOH CAy4adHOH BeanuuHbl & OTHOUIeHHe
(2.17) yxe moxer He ObITh mnocTosHHbIM. [lo aHanorun ¢ Tew,
KaK 3TO Je/laeTCsi B MeXaHuKe (MNpH M3YUEHHWH pacrnpeleseHus
Macc), Mbl BBOIMM 3[eChb HOHATHE MIOTHOCTH pacnpeineteHHs Be-
posiTHOCTeH B TOuyKe.

*) Tlepsoe ocHOBHOe CBOHCTBO 0O6GECHEYMBAETCA [MOJOWKHUTENLHOCTHIO
ko3 duuHenTa A, a TpeThe CBOMCTBO BBLITEKAET W3 TOrO, YTO NpU OGbexH-
HEHHH MHTEpBANOB HX IJIMHBI CKJAalbIBAIOTCH.
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[1romuocmeio pacnpedeseruss 8eposimuocmeli cayualinoil ge-
AUMUKBL § 8 mouKe X Ha3biBaemcsi npedes OMHOUEHUS

P%x<EA§x+Ax}=q,(x), (2.18)

lim
Ax -0
Mbi 6ynmeMm paccMaTpuBaTh NHIUb TAKHE CIyYaiHble BENTHUMHMI,
LNsl KOTOPLIX 3TOT Mpeie] CyULeCTByeT B Kaw1oH Touke X. [dns
TaKUX BEJNHYHH BEPOSITHOCTh MOMajidHusi 3HAueHus & B MHTEpBaN
(x; x-dx) Aouyckaer BblleNeHHE IJABHOH 4YacTH, [POMNOPLMO-
HalbHOH dXx:
P{x{E<x}dx} ~¢(x)dx

(c TOYHOCTBIO IO ManHX BHCUIETO MOPSAKA OTHOCHTENLHO dx).
dra riaBHas YacThb HasblBaeTcs Ougbgbeperyluasom 8eposmuo-
cmu n obo3navaercs yepes dP,:

dP, =g (x) dx. (2.19)

3uasi auddepeHunan BepoOSITHOCTH, Mbl MOXEM C MOMOLIbIO
MHTErpUPOBAHNS HAHTH BEPOSITHOCTh MOIAJaHUs 3HauyeHus £ B Jo-
6o#t mHTEpBan (x,; X,):

Pix, <E<x}={ g dr (2.20)

TakuMm oGpasoMm, 048 3a0aHus 3aKoHa pacnpedeseHUs He-
npepu8Holl cAy4aiiHoll 8es U OOCMAMmMO4HO 3a0ams NAOMHOCHS
pacnpedesernus ee eposamuocmeli, mo ecmov Pynryuo ¢ (x) *).
IIpu Bcex pacuyerax ¢ HEMPEPLIBHbIMU CAy4alHLIMH BeJMYHHAMH
Ianddepenunan BepOATHOCTH ¢ (X)dx urpaeT Ty ke po/b, KaKylo
HrpalOT BEpPOSITHOCTH p, MPH pacyeTax C AUCKPETHHIMH Clyyai-
HBIMM Be/JIHYHMHAMM: BO MHOFMX (OPMy/ax H0CTaTOuyHO Gyner 3a-
MEHHTb p, Ha @ (X)dx ¥ cymMy — COOTBETCTBYIOUIMM HHTErpasoM,
yTOGE OT GopMyJH 1/ HHCKPETHHX BeMHYMH mepeHTH K ¢op-
MyJie JUIs HempepbiBHBIX BeJIHYHH.

3ameuaHnue. [lopyepkneM, 4To 148 HenpepbiBHOH cayyaiiHoil Be-
JAHYHHB § peanbuuﬁ CMbIC/I UMeeT TOJbKO TaKoe cnyqaﬁuoe C06bITHe, KaK

fonagdaHue B HWHTEpBaJ, a4 HE MolaxaHue B OTAEJbHYIO TOUYKY. HOCKOJIbe
BEPOATHOCTb MoNnafaHug B MaJbli HHTEPBAJ MO OonpeaeJeHHI0 10MKHaA 6bITh

#) CTporo rosopsl, HempepblBHasd caydyai{Has BeaHunHa € Kak pas u
XapaKTepu3yeTcs TeM, YTO BepOSTHOCTb MOMNafalusd ee 3Hauyeuus B JI0OOi
uHTEpBan (X,; X,) MOXeT OblTb NpeAcTasleHa B Buie uurerpana (2.20) or
HEKOTOPOH (YHKUHMH @ (x).
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NPHOMKEHHO NPONOPLHOHANbHA JUIMHE WHTEPBana, TOCTONBKY 6eposm-
HOCMb nOnadauus 8 A106y10 0mOeAbHYI0 mOYKy caedyem cuumams pas-
HOIL Hy~ar0. JIpyruMH CIOBaMH, €CIH IpPUHSTHE HENpPepbIBHOH BeanunHoi §
Onpeje eHHOTO 3HAYEHUs] PacCMAaTPHBAThb KaK cayyalHoe coOGbITHE, TO Be-
POSTHOCTb JIOGOrO Takoro COOBITHS JOMKHA ObITH PpaBHAa HyMO (XOTH Ta-
Koe COGbITHE Hellb3sl CYMTaTb HEBO3MOXKHBIM). Ha mpakTuke BhicKasaHHOE
BBIIE YTBEPHAEHHE He MPUBOAMT K HENOpa3yMEHMsM, Tak Kak 3HauyeHHe
M0G0t $HHU3NueCcKol BeJHYHHBI MOXHO HM3MEPHTb JHIUL C HEKOTOPOH TOY-
HOCTbIO (a6COMOTHO TOYHOE 3HaueHHe (U3MYECKOH BeIHYMHBI eCTb JHLIb
MaTeMaTHuecKas abCTpaxuus).

OcHoBHBEe cBOHCTBA NMNOTHOCTH pacnpefeNeHUus
BepofiTHOCTEH

a) IlnoTHocTh pacnpenenedus @ (x) HeoTpuuaTeldbHa A4s
BCeX X. JTO HENOCPEACTBEHHO cJelyeT H3 onpenenenus (2.18),
rie dAx >0 u P{x <E<<x-4Ax}=0.

6) Minterpasi oT MAOTHOCTH pachpeneienus ¢ (x), B3ATHH MO
BCEMY HHTepBa/jy BO3MOXHbBIX 3HAaUCHHH C/ydYalHOH BenuuuHbl §,
paBed 1. DTo cJ/eayer U3 TOro, 4TO YKa3aHHBIH MHTerpan Aaer
BEPOSITHOCTb JOCTOBEPHOFO CJYy4alHOro COGHLITUS — MPHHATHS CITY-
yalHOW BEIMYMHOH § Kakoro-au6o W3 CcBOMX 3Hauenuil. B 3aBu-
CHMOCTH OT TOTO, 3aMOJHSIOT 1 BO3MOXHbIE 3HAUYEHUs BENHYHHHI §
KOHeuHblll MHTepBan (a.,; o.,) HIK BCIO YHCIOBYIO OCh, pPacCcMaTpuBae-
MOe CBOMCTBO 3anuchiBaeTCs B BHIE

0, o™
fomar=1 wm { gwar=1.
«, — 00

OGpennnsis 06e 3TH 3aNHCH, THLIYT

S?(x) dx=1, (2.21)
|

He yKaspiBasg Tpenenon Hmerpupoaaﬁ‘ ; TIpH 3TOM mNoOApasyMe-
BaeTCsi, 4TO uHTerpan Gepercs 1o Bcgmy HUHTePBaNy BO3MOXHBIX

3HayeHHH caydaiiHOH BeNMUYHMHLI £
3ameTHM elle, YTO Kaxaas HeoTpuiaTenbHas yHkuus @ (x),
yJAOBJIETBOPsOLAsA YCI0BHIO (2.21), MOWeT CJAyXHTb IJOTHOCTHIO
pacrpesesieHdsi BEPOSITHOCTEH HEKOTOPOH cayyalHOH BennuuHbl §.
KpuBasi pacnpenenenuss BepossiTHocTe#. Kpusoit
pacrnpenefeHuss BepoOATHOCTeR cayvyalHOH BCAMYHHBI HA3bIBAETCA
rpadux GyHKUMK y==¢ (x), rae @ (x)— NJI0THOCTb pacmpesne/e-
Husi BeposiTHocTelt (puc. 3). Kpusasi pacnpenenesus MoweT ciy-
KUTb Jasi rpaduueckoro pacuera BepOSATHOCTEH, TaK KaK BEPOST-
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nocts P {x, <<&<x,} u mnowans 3amrtpuxosanHoh Ha puc. 3
KPUBOIUHEHHOM Tpamelun BHPAKAIOTCA OIHUM U TeM XKe HHTEerpa-

oM (2.20). Ilnoutaap _

3aLITPUXOBAHHOH  KpH- =)
BOMMHEHHOH  Tpameuuu
Oyzer paBHa BeposiT-
voctn P {x, <5 <x,},

ecaM  maoulaab  Beel ;
P z<d<z,)

urypsl, OrpaHHyeH- 1
HOH KpHBOH  pacmpe- /
JlesIeHHs 1 oChlo abcuucce, z

OyneT paBHa eIUHHMIE. Z, X
Jlpyrumu C/10BaMH, 8epo- Puc. 3
amunocms P{x, < &<x,} He. o
pasHa omHouleHuo 3a-

WMpUX08GHHOT naoua- g=9(2)

Ou K naowadu sceli gu-
2ypbt (npuHuMaeMolt 3a
enununy). Ecan xe Tpe-
OyeTcsl BHIPA3UTH MJIO- 9
maab cpady B Oe3pas-
MepHBHIX EIMHHLAX, KaK

W BEpPOATHOCTb,  TO z
cienyet YYHTHIBATh, @z, I ;

4TO pa3MepHOC1Tb @ (x) Puc. 4.

[}
A

paBHAa ~———— .
pa3MepHOCTb X
Ins npumepa Ha puc. 4 naHa KpuBasg PaBHOMCPHOrO pacrpejc-
JIeHusl BEpOSITHOCTEH B MHTepBane (a,; a,).

[IpuMepn HemnpepoBHBX pacnpeneseHuid
BeposTHOCTEH.

1) TpocTe#tmee HopMalsbHOe pacrnperenedune
BepOosTHOCTe#H. [oBopsT, 4TO cayuvalihas BeJMuMHA §, HMeeT
mpocTefilliee HOPMaJbHOE pacrpenesieHHe BEPOATHOCTEH WM 4TO
BeJMyMHA §, C/lelyeT HOPMa/bHOMY B3aKOHY paclpeirenieHus, ec/H
ee IJIOTHOCTb Ha Bcell uYHC/IOBOH ocu onpefesnena Qopmynon

X2

9, ()=Ce I, rxe C=V_127—=' (2.22)
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3uauenne koadduumenta C BbIGPAHO Tak, YTOOH BHIMOIHANOCH
ycaosre (2.21). KpuBas pacnpeneneHuss BeposTHOCTell naHa Ha

puc. 5. OHa cMMMETPHYHA OTHOCHTEJBLHO OCH OPAMHAT, nMpH X =10
1

Vo
ruba mpu x= -+ 1. [Ipy x—"-00 KkpuBas pacnpeneneHns
acUMNTOTHYECKH npubamkaetes K ocH abcuuce, npuyeMm npuo/u-
WaeTca BecbMa ObICTPO (Hanpumep, yxe @, (3) =0,0044; ¢, (4)=
=0,00013).

MMEeT MaKCHMyM, paBHbIH = 0,4, ¥ uMeeT ABe TOYKH nepe-

Puc. 5.

HopmanbHoe pacnpenenedve urpaet GOMbIIYIO PGAb BO MHO-
CHX MPUWIOKEHHSIX TEOPHM BEPOSITHOCTEH, B 4YacTHOCTH NpH 06pa-
6oTke pe3ysabTaToB u3mepeHu#t (cM. raaBel V u VI). Tak kak
MHTErpaji OT IJIOTHOCTH @, (X) He BbIpaXaercs B KOHEYHOM BHIE
yepe3 3/eMeHTapHble GYHKLMM, TO IS pacueTa BepOSTHOCTeH
cocTaB/leHbl BecbMa MOAPOOHbIE M JHOCTATOYHO TOYHbIE TaG/HIb

crieuuanbHOH QyHKIHMH
t x?

2 -7
O =—=(e Zax, (2.23)
Vox $
Ha3LBaeMOH MHTerpasom BepostHocTeH Kpatkas rtab-
JMLA MHTErpala BeposTHOCTeH npuseseHa B npuiokenuu. PyHk-

unst O (£) aBasieTcs HeueTHOM:
—t  x

2 -7
o OS e ldx @ (t);
nosToMy B Tabauuax namTcs 3HaveHus P (f) toabko masm noso-
WUTeNbHbIX 3Hauenudt £, [Ipn usmenennn t or 0 10 - oo dyuk-
uus P (f) Bospactaer or 0 g0 1, upuyeM BO3pacTaeT OueHb Ghl-
crpo: ywe @ (3)=0,9973; P (4)=0,999937. I'paduk Pyuxiuu
O (¢) nan na puc. 6.

O (—1)
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C novompto ¢pynkurn P (f) MOXHO BBHIYHCIHTH BEpPOSATHOCTD
nonananus CcayyadHol BenuyuHbl & B 060 HHTepBan (x,; X,)
caenyiowmum obpasom:

P{xl<eo<xz}=

=_-—S<po (x)dx:V—;-_ﬂﬁg‘e_?dx——l—/g—_&ége—?dx,
OTKyIa )
Plr, <b<t)=2P(r)—7Dlr).  (224)
B 4aCTHOCTH, [/ CHMMETpHYHOrO uHTepBana (—t; 1) uo-
JydaeM:
P{—t <t <+H=1®()—5P(—H=0() (225

Takum ofpazom, npu >0 dynkuus P (¢) naet BepoaTHOCTH
nonananusi cayyaHHOH BeJqMyMHH §, B CHUMMETPHYHbIA MHTepBaa

(—t; 1)

o/
LA
|
|
, )
wss |1
— ! Loy
3 -/ a d 2’
— . ___1
A
Puc. 6.

2) O6mee HOpManbHOE pacnpengeseHnHe Bepo-
fsTHocTe#. Tak naspiBaeTcs pacupeneseHue ¢ MIOTHOCTbIO
(x—ay?

2 (2.26)

@ (x) = 1(_e
o) 2r
rie 6 >0. [lpy a=0no6=1 naorHocth ¢ (x¥) npeBpalaercs
B IJIOTHOCTb @, (X¥) MpocTefiliero HOPMalbHOrO pacrpeie/ieHus,
pacCMOTPEHHOTrO B mpendbinyuiemM npumepe. Kpusbie 06i1ero Hop-
MaJIbHOTO pacnpele/eHHs BepOsiTHOCTeH NP pas3HbiX 3HAUEHHAX G

(# @==0) nanu #a puc. 7. OHH OTIHYAIOTCH OT KPHBOH npocTeii-
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LIer0 HOpManbHOro pacnpenenedus (2.22) TOABKO H3MEHEHHeM
MacmTtaba Boonb ocefi. C yBenMueHWeM G KpHBbIE pacnpenesieHus
CTanoBsATcs Gonee nonorumu. Kpusas pacnpenesnenus npu Jo6om a
OT/IM43eTCH €lle M CABHIOM
Boonb ocu x (puc. 8); ora

KpuBas pacnpejeneHuss CHM-
METPHYHA OTHOCHTENbHO MNpsi-
MO# x=a. Pacyer BeposT-
Y@
]
]
g
-
- 2
a-30 a a+36
Puc. 7. Puc. 8.

HocTe# B OOIIEM HOPMA/TbHOM pacrpeles/ieHHH NPOU3BOAUTCS C MO-
MolbIo MHTerpana BepostHocTel @ (f), kak OyaeT nokasawo
B caenywouem naparpade (ctp. 53).

) [lpuMepoM HeCUMMETPHUYHOro pacHpeneNeHHus
BepOﬂTHOCTeﬁ MOXeT CIYXUTb pacnpenesneHie C NJIOTHOCTbIO

%) _{ 0 npu x<< 0, .27
F= Cx*" e mpu x>0 @>0,>0) 27)
Kosdduurent C, BoiGupaetcs Tak, YTOGBl BLINOJHSAOCH yCaoBHe (2.21):
4 (@) g
1 Cx—m»
@

: rae I‘(a)=S "1e=% dx ectb
! 0
| raMMa-pynxkuus dinepa. Pacnpe-
: neneHue (2.27) npHHAMMEKHUT K Tak
| N Z HasblBaeMbIM  pacmpejeJeHHsiM
0 q75 1=M& 2 3 IlupcoHa; oHO BcTpewaeTcs BO
MHOTMX 3ajayaXx TCHApO3SHepre-
Puc. 9. THku. Ha puc. 9 npusenena Epn-
Bas pacnpejeJeHus, OTBeYaloas
¢dopmyne (2.27) ¢ a=f==4. Pacuer BeposTHOCTei u 3jecb mpous-
BOAMTCS DO CHeuHalbHbIM TabAHLaM.
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dyHKUUS pacnpefeneHHs BeposTHocTe#H

dynkumedl pacnpenenenusi BeposTHocTel cayvafiHol BeauunHbl € Ha-
8bIBAETCS BEPOSTHOCTb TOrO, YTO BeJHYMHA § MPHMET 3HauYEHWe, MeHbliee
HEKOTOPOro YMC/a x; 9TY (YHKUMIO 0Go3HauuM yepes F(x)=P {& <x}.
Jnsi muckpeTHOH cayyaliHOH BeJHMUMHB QyHKIMA pacnpefneleHds paBHA
CYyMMe BepOSITHOCTEH TeX ee 8HayeHHH X, KOTOpble MeHbllle x:

Fx)y= g Pp. Hanpumep, ans cayyaitHoli BeanuuHbI ¢ Tabanue# pac-
X< X

npeneneHus (2.3):

0 mpux<<l,
08 mpu 1 < x<<2,

0,96 npn 2 < x<<3,
1 npu 3<x.

Jas wenpepbiBHO# chyualiHOM BeIMUMHBI B COOTBETCTBHH ¢ dopMyJoft
(2.20) dyHKuua pacnpeneseHus paBHa HHTErpalny oT IVIOTHOCTH pacipe-
JeJIeHHs:

Fx)=

x
F(x)= S @ (¢) dt.

—®

Hanmpumep, mas npocrefimero HopMmanbHoro pacnpenenenus (2.22)
GYHKUMA pacnpeliesieHHs BbIPaXaeTCsl 4epe3 HHTerpan BeposTHOCTEH
X
F(x) = S et =L D) — Ld(— wy=L o4+ L.
2 2 2 2

—

M3 onpenenenusi F(x) ¥ OCHOBHBIX CBOHCTB BEPOSTHOCTH BbiTEKaerT,
4TO QYHKUHMA pacupeieleHHs BepOATHOCTeH ecTb Bo3pacTalollas QYHKIHA,

y=flz) y=Fiz)

-
Plrsé<z)

a——]

uamensiomascs or 0 no 1. Ee rpaduk HasbiBaloT UrmezpaavHoil kpusoil
pacnpedenenusn eeposmuocmeit (puc. 10). Hapuc. 11 nana, AJs IIpHMepa,
uHTerpalbHas KpUBas paBHOMEPHOIO paclpe/ie/leHus BEPOATHOCTE! B uuTep-
pase (a,; @,). Tak KaK mo npasuny CIOMEHUs BEPOATHOCTEH NpH x;, < x,

PE<xl=P{i<x|+Plx,<i<x)
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TO BEPOSTHOCTL MOIajanusl 3HaueHus §& B HHTepBan® (x,, X,) paBHa npupa-
UIEHHIO GYHKIMH pacrpenenenus BepoSTHOCTEH

P lx, <& < x,} = F(x,) — F(x).

3To nosBoaseT rpaduyecKkH HAXOAMTb BEPOATHOCTH MO HHTErpalbHOH KpH-
Bo# pacnpenesenns (cM. puc. 10), ecaM 3a eauHumy Macmrtaba OCH Opau-
HaT NpHHATD F (4 o) = 1.

dyHKUMA pacnpefe/ieHHss BePOSTHOCTEH MPHIOJHA AJs 3ajaHHs 3aKolia
pacnpene/eHnsl KaK DMCKPETHBIX, TaK M HENpephIBHBIX CJHydYaHHBIX BeJH-
YHH (a Takke W IS 3anaHust CIydaliHBIX BeqMuuH GoJee CHOMHOH mpu-
poabl). OnHako ee NpuMeHeHHe B OOlleM caydae TpebyeT CeUHalbHOTO
MaTeMaTHyecKoro amnmapara (unterpaia CTuibTbeca), 4TO BHIXOAHMT 32 PaMKH
HacToslLero nocodus.

§ 9. PysKuUMH OT cayyallHBIX BeJHYHH

IMycte f(x) — onHO3HayHas GYHKUMA, OMpeleNeHHas Ha COBOKYMHOCTH
BCEX BO3MOXHBIX 3HaueHuil x Beanuunnl €. Ilox pynkumedt f(§) cayuaiinoi
BeJMYHHbl § MOHHMAIOT TaKYIO Cly4alHYIO BEIMYUHY 7, KOTOpasd NpPUHUMAeT
anadeHue y —J (x) Kawawlif pa3, koraa BenmuuHa § IpUHHMAaeT 3HaYeHHe X.
Hanpumep, ecau caydaiiHas Beauunna € ecTb auaMeTp OGTayHBAaeMoOro Ha
CTaHKe BalMKa, TO MJOIIaib MOMEPEeYyHOI'0 CeyeHUs BaluKa eCTb CaydaH-

—T
Hasa BeJWYHHA 7)-—-—4— .

Haiueit 3axaveil siBigeTcs yCTaHOBieHHEe CBS3H MEXIY 3aKOHaMH pac-
npefeneHus BeposTHocTe# caydaiinpix BeamunH € um y =S (§). Hauuem
¢ QYHKUMM OT JHMCKPETHOH Cay4daiiHOH BeJIHYHHDI

€| x Xy -

D 123

Eciu B pesynbTaTe HCObITaHMs BeMMuuHa § MPUMET HEKOTOpoe 3Ha-
yeuue xp, TO ClyuaiHas BeamunmHa n—J (§) npumer 3uauenue f(xz). Ho
BEPOATHOCTb, HANPHMep, COGbITHA 1 = f (x,) MOXeT GBbITb 60Jbllle BEPOAT-
HOCTH p, coObiths & ==X, eCu cpenu 3HayeHui f(xp) BCTpeTATCs uMcaa,
pasHble f(x,). A MMEHHO, MO MpPaBHIY CJIOXEHHA BEPOATHOCTEH Mbl ZO.DKHBI
CuUUTaTh BEPOSITHOCTb CaydalHOro cobbitHs m —f (x,) paBHOH CyMMe Bcex
Tex BepOSTHOCTEH pp, 118 KOTOPBIX 4ucaa f(xp) paBHbl f(x,).

Ha npaxTuke 148 moctpoeHHs Tabauubl pacnpeneneHus dyHkuuu f (§)
06bIYHO CTPOAT CHaYyala BCIOMOraTeJbHYIO Tabauumy

f(xy) flxg)

see

, (2.28)
Py P2
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a 3aTeM OCbeNMHAIOT B Hell paBHble 3HaueHus f(xp), CKIaabiBas COOTBET-
CTBYIOLME BEPOSITHOCTH. 3aMEeTHM, 4TO eCJU BCe 3HaueHHs f (x,) pasiHyHBbI,
To Tabmmua (2.28) Gymer rotoBod TabaMuei pacrmpeneneHus QyHKUMH
f(€) (cm., wanpumep, (2.6)).

Mpumeps.

1) Paccmorpum crenenn A*(n=1, 2, 3, ...) 0T XapaKkTepuUCTHYeCKOH
cay4aiiHOH BeluyuHBI A ¢ pacmpeneneHneM BepositHoctel (2.9). Bce st
CTeMeHH MMEIOT TO XKe pacnpeleneHde, 4To u A, Tak kak 1" =1, 0" =0.

T o o
2) PaccMotpuM ¢yHKuHIO sin (? E) OT cayyaifHOH BeNHYHHBI

[\
B

Tak kak
[ 0 npu yeTHOM n,

sin (g-n) 1 npu n=4k 41,
1 — 1 npp n=4k 43,

T
To Tabanueil pacnpeleneHus aas sin (—2—6) 6yneT:

rae

8
n=5+zstzt =77 =5
2(1— %
(%)
1 1 1 1 2
Pau=mtmtamt =73 =15
5(1-%)
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3) PaccMoTpum KBagpaT CydaiHO BeNHYMHBI

& —b b £2 b2
. Tak kak (— b)2=1"0% TO mOAyuaeMm —| U3

p |1—p 1

nocieaHed TaGaMIBI pacrpejfe]eHHs BUAHO, YTO BeauuuHa & MPUHMMaeT
€MHCTBEHHOE 3HAaYEHHe C BEPOSITHOCTBbIO 1 M, 3HAYHT, MOMET paccMaTpu-
BaTbCs KaK HeClydaiiHas BeJHYHHa.

GyHKLUNS OT HenpepHBHOH cnyyalHOH Beauduub §

ByneM cuntaTs, uTo ¢yHKuMs f(x) HempepbiBHa BMecTe C IepBOH
POU3BOJHON B MHTepBajle BO3MONHBIX 3Hauenn# x Bemmunnnl §. Hawe#t
3anayeil sIBASETCH YCTAHOBJIEHHE 3aBMCHMOCTH MeXIy ILIOTHOCTSIMH pac-
npejeJeHns BepoaTHOCTeH ¢ (x) u ¢ (y) cayvaiiHbIx BeauuuH & u n=7 (§).
IMpowe Bcero sTa 3aBMUCHMOCTb HAXOAMTCA TOraa, koraa GyHkums f(x)
empozo so3pacmaem. Tlpn 3TOM Kaabli uHTepBaa (x,; X,) oToOpaxaercs
B3aHMHO OJHO3HAYHO Ha COOTBETCTBYIOWMH uHTepBal (y,; ¥,) (pHc. 12)

g
Vals)
yZ = = ——
- .
dy !
K f {
L~ I
% 7 ~—dxr ——} z
L, 1 I

Puc. 12.

M TO3TOMY BEPOSTHOCTH TOMAJaHus CryyalHbIX BexumunH & M M B COOT-
BEeTCTBEHHbIE HHTEpBajbl JAOMKHB OblTh paBHbl. B npuMcuenun k Manbiv
COOTBETCTBEHHBIM HWHTepBaiaM (x; x4 Ax) u (y; y -+ Ay) 310 03HayaeT
paBeHCTBO IH(depeHnnalos BepoATHOCTEH:

¢ () dex =1 (y) dy, (2.29)

OTKylla H Haxoodat "CKOMyIO 33BUCUMOCTD:
d ,
o) =9 ® ‘g =5le( g ) (2.30)

rie x==g(y) ectb GyHxuus, obpatHas GpyHxunu y = f(x).

Econ dyHkumsa y = f (X) cmpoz20 yGuigaem, TO MOJOKHTEILHOMY 3Ha-
YeHulo dx COOTBETCTBYeT OTpHuaTenbHoe 3sHadenne dy. [TosTomy B ¢op-
myae (2.29) Halo 3aMeHHTb dy Ha — dy =|dy |, 4TO NpPUBOAMT K GOJlee
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o6ulei 3aBUCHMOCTH
d.
Mm=¢u>£k=wgmng@n (2:31)

MMpumep. Jiunefinaga pyHkuud
Iag  aunefiHol  ¢yHkumn n=a & nmeem: y=Ff(x) =a - bx;

x=g( y):y;ba; g (y)::-l—)—. [TosToMy 3aBHCHMOCTb MeMNIy MJOT-

HOCTAMH pacrpejeleHus BeposTHocTel BeawunH & u 7 OyieT:

¢wr=ﬂ%¢(y;“). (2.32)

HanpuMep, ecan ciyvaliHas BeuynHa & HMeeT paBHOMepHOe pacmpe-
neJeHHe B MHTepBaje (a5, a,), TO caydalHas BequuuHa n=a - b: Oyjer
MMeThb TaKKe paBHOMEpHOe pacnpenelexne B uHTepBade (a -+ ba,; a + bay);
IIpoBEPKY 3TOTO Mbl NpPEJOCTaBAseM 4HTaTeNo.

Ecan cayvaiinags BeauuuHa & HMeeT IpocCTefilee HOpMalbHoe pac-
npeeseHne ¢ MIOTHOCTHIO (2.22), to BeamyuHa n=—=a -} b&, 6yleT uMerh
odliee HOpMalbHOe pacmpeje-

JeHHe C MJIOTHOCTbIO V

(y — ay
252 .

1
U —_ —
i 0]V

%

910 103BOAAET  MPOM3BO- 7
JMTb pacyeT BepOSTHO CTeH a/s
o6IIero HOPMajibHOro pacmpe- J
fenenus  (2.26) C  [OMOILbIO %
unTerpana BeposTHocTed (2.23). -z Y Tz 1
JeficTBuUTEAbHO, TYCTH Cayyai-

Has BeqMyMHa § umeer obulee Puc. 13.
HOPMalbHOE pacnpeeienne

BeposiTHOCTeH ¢ maoTHOCTHIO (2.26). Torna cayuyaiinas seamunna &, =

GyaeT uMeTb MpocTefinlee HOpMaibHOe pacnpenedenue (2.22). Ilpu stom
HEpaBeHCTBO X, < & < X, PaBHOCH/IbHO HePaBeHCTBY

oy

—a

X, a

277
s

Xy —
¢}

e <

yTO M NPHBOAUT K HCKOMOH (opmyie:

xg—a}__
— =

Plr<i<xl=P{H1%<e<

1

1
7 ) — 5 D), (2.33)
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rae
%5 —a, %, —a
=" =2 =

) )

Haxoxnenue maoTHocTn pacnpenenenus Bepost-
HOCTe# 119 HEeMOHOTOHHON GYHKUHU MH NMOKaXKEM JHIIb Ha
npuMepe KBaAPaTHYHOH (YHKUMH 1= §2, mpHuueM G6yeM CYHTATD, YTO BEJH-
unna § pacnpenesena wa Bcelt ocu. 3aech y=f(x)==x2=>0; obpaTHas

(yHKUKS HMEeT 1Be ONHO3HauNble BeTBH: x =g, () =+ V y; x=g, ()=

=—Vy (puc. 13). [lpumensa k kawaolt us stnx Betseil Qopmyay
(2.31) u o6benuuHas ONMHAKOBbIE 3HaYeHHs Y, moayuaeM npu y > 0:

) =9 (Vy) +o(—VYy) =

1
T2V

=l (VD +e (= VI 575

1
2Vy

INpu y < 0 Hago nonoxuts ¢ (y)=0.

TloHAaTHEe O ABYMEpHH X CAYYaHHBIX BeJNHUYMHaAX
H QYHKUHAX OT ABYX CAyYaHHBIX BENHUYUH

Ins uayyennss GyHKUMH OT HECKOJNbKHX CAyYaiHBIX BEJHYHH, a TaKke
AAs peIeHWs MHOTHX MNPAKTHYECKHX 3ajay OKa3blBaeTcsi HEO6XOAMMBIM
PacCMOTpeHHe MHOIOMEPHBIX ClydyaiiHbIX BEJMYHH, TO €CTb BEIHYHH, 3Ha-
YeHHs. KOTOPBIX pacrmpejeleHbl B MPOCTPAHCTBe [ABYX, TpexX H Goree u3-
MepeHuil. [IpuMepoM nByMepHOH cly4aHHOH BeJHYMHBI MOMXET CAYXHTb
TOYKa MOMajfaHHsd B MHIUeHb. ECaM KoopauHaThl 3TOH TOYKH B IUIOCKOCTH
MUIIEHH OG03HaYHTb Yepe3 & W 7m, TO Mbl MOJYYHM JBYMEpHYIO Caydaid-
Hylo Bemuuuy (5 n).

AHanoruyHplif NIpuMep MUCKPeTHOH ABYMEePHOH BeJHYMHBI PacCMOTPeH
sbiie, B npumepe 2 § 5 (cTp. 27); npusemeHHas TaM Tabauua (1.19)
naeT npuMep TaGJHLbl pacnpefieleHds BeposATHOCTEH ABYMEPHOH IHCKpeT-
HOil BeqWuMHBl. B HacTosilleH KHHre HeT BO3MOXHOCTH MOJAPOGHO pac-
CMOTpPETb MHOTOMEpHbIE C/yyaiHble BeJM4YHHBL. Mbl yKaxeM JHIIb HeKo-
Topble (JOpMYJbl, OTHOCAIMECS K HeNpepbiBHbIM JBYMEPHBIM CIyyaHHbIM
BeJMYHHaM (COOTBETCTBYKOILME GOPMYabl VIS IUCKPETHBIX ABYMEpHbIX
BEJMYHH MMEIOT aHaJOTHYHBIH BHI).

3HaueHne BeauunHbl (§; 1) eCTb TouKa (x; y), pacnpeieneHHe BEPOAT-
HocTel 3anaercs OugdepeHuarom 6eposmuocmu

dP.,=¢(x, y)dxdy, (2.39)

JAlOUIMM [JIaBHYIO 4YacTb BepOSITHOCTH MNonajanus Touku (5, 1) B mpsaMo-

YrONbHHK ;é:é; Z;] (puc. 14).

Pynkuus ¢(x, y) HasbiBaeTCs ABYMEpHOH ILIOTHOCTHIO pacnpenede-
Hust BeposTHocTeil. BepostHocTe momajanus Touku (5 v) B HeKOTopyio
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obaacts (D) onpenensieTcs ABOHHBIM HHTErpajoM:

PG € O} = {0y dcay. (235)
D

TnotHOCTh @ (x; y) MoXeT GbiTh MOGOA HeoTpHIaTeabHON ¢yHKuMeH,

YA0B:1€TBOpSIOLLEH YCIOBHIO i
SSW; y)dxdy=1, 2

rae HHTerpal Oepercd no Bcelt 06nacT ly
BO3MOMHBIX ~ 3HauYeHHH caydaiHoit Beiu- J N
unHbl (§ 7). ==a z

[MpocTe#fluuM npuMepoM HenpepbIBHOH 7

AByMepHOH ciyuyalHOH BeJWuMHbl sBAsETCS
cayuaiinan seauduna (& m) ¢ pasHomep- Puc. 14.

HbiM  pacnpeleneHliemM 8 HeKOMOpOl Ko-

Heunoti o6aacmit (D). Jlas Takoll BeNHYHHBI BEPOATHOCTb NMONAnaHHA B
mobyio obaacth (D), aexaluyio BHyTpu (D,), NponopuHoHanbia MaoLLIaH
Sp aroit o6nactu. Ilpu stom

dP,,=)dx dy nns touex BHYTpH (D),
aP,,=0 Aast Toyek BHe (D).
KosdduiiesT nponopuHoHatbHOCTH } HAaXOAHTCH U3 yCJOBHS

P& n € (D)} =1Sp, =1,

1
oTKyna A= . TakuM 06pasoM, BepOSTHOCTb MOMaaaHusa B o6aacts (D),

Sp,
aexautylo BHyTpH (D,), paBHa oTHollenuio miomage Sp u Sp,. [By-
MepHas IMIOTHOCTb 3eCh PaBHa

1
o N=—.
¢ (x ) 5o,

Koopnunathl € u m aByMepHo#t HempepbiBHOH cayualHOH Beauuunb!
6yNyT ONHOMEDHbIMH HENMPEPbIBHBIMH CiydalHbIMH BeauyuHamu. [Inor-

HOCTH ¢, (X) ¥ ¢, (Y) cayyaiiHpix BequuuH § M 7 CBA3aHBI C JBYMepHOM
[JOTHOCTBIO ¢ (X; y) CaefyloluMu GboOpMyaaMu:

4 (x) = S ¢ (% ¥) dy, (2.36)
b= 00y ax 2.37)

Ias nokasatenbCTBa, Hampumep, ¢opMyanl (2.36) goctTaToyHo 3ame-
THTb, 4To JauddepeHnHal BEPOATHOCTH ¢, (X) dx MOXKHO pacCMaTpHBaThb
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KaK BepOATHOCTh momajanus Toukd (§; 1) B 3AITPHXOBAHHYIO Ha pHuC. 15
MOJOCY U MOITOMY

by (x) dx = [ S % (% ¥) dy] dx.

Ins nuckpetHoH BeauuuHbl € pacnpeaenenueM (1.19) amanoruunoit
¢dopMmyJoil seiasercs dpopmyna (1.20).
Cayuaiinvie eeatuunst § W W Ha3vlearomcs

4
/ &\\ He3a8UCUMbIMIL, eCAlL OuPPepeHylaL 8epOAMHO-
NN cmu dPy, pasen npoussedenwro Ouggepenyu-
W anros sepoamuocmeii §, (x) dx u $, (v) dy, T0 ecTb
N €C/H AByMepHas TUIOTHOCTb ¢ (X; J) paBHa IpoM3-
\i\ BEJICHHUIO IOTHOCTEH pacnpejieseHui Beauunn & u 7
NN z .
Z \\;\\\ redr ? (x’ Y) = ({’l (x) 4’2 (y)' (2‘38)
\\\\
\§\ Ins  1MCKDETHOH BEMMUMHBI ¢ paclpenede-
N uueM (1.19) amanoruunoft ¢QopMynoH sasisercs
Puc. 15. ¢dopmyna (2.8).

Arn  gyuxyun {=fE m) om deyx cay-
4aiiHblX 8eAudun §,m pacnpedeneHue 8eposmHo-
c¢meil onpede asiemcsi HopmyAoi

Plz<i<z+ Azl = SS % (x; y) dx dy, (2.39)
(Pz82)

rae (Dz,az) ecTb Takas 061acTb IVIOCKOCTH (X; ¥), B KOTOpO#H
2 <f(x y)<z+A4z

a ¢ (x; y) — IIOTHOCTb pacmpejenenus aByMepHol seauudHsl (&, ). Bebl-
geissi B uHTerpane (2.39) riaBHYIO yacTb, JHHERHYIO OTHOCHTEIbHO Az,
HaxoaaT IupdepeHuHan BEPOSTHOCTH dP,, a 3HAYUT, H MJOTHOCTb pac-
npenesenns BepositHocreit ¢ynkumn { =1 (§; ).

Mpumep. Pacnpenenenune cyMMo cayyalubx se-
JAHYHUH

Ias cymmst {=E& 47 o6nactb (Dz,az) npeacTasageT co6o# MOAOCKY,
3aKNIOUEHHYIO MEWKAY NPAMBbIMEH X 4 y=2z u X+ y=2z-F+ Az (puc. 16).
Mostomy

[e ] z4A2—-x%
Ple<ti<zAzt= S dx S 9 (x; ¥) dy.
—00 z2—=X

Boipensis riasHylo 4acTb BHYTPEHHEro MHTerpana:
(z~x) 448z

¢ (X y)dy =~¢(x; z—x)Az,
(z—x)
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nonyyaeM aupdepeHuran BePoATHOCTH BeJIHuUHBI {:
®
dP, = S 9 (x, 2 — x)dx Az,

-

OTKyZa HaXONMM INIOTHOCTb ¥ (2) pacnpeserenus cymmnl (=¢84 x:

[e9)
()= S o (6 2 — x) dx. (2.40)
—®0
Oco6blit HHTepec mpencTaBager Cio-
HeHue He3aBHCHMbIX CJy4allHbIX BENHUHH 2

u 1. B stoM cayyae u3  dopmy-
abl (2.38) BbITEKAeT, YTO ILIOTHOCTb
pacripenenenus cymMmmnl {—=¢& 47 BbI-
paxaerca 4Yepes IJIOTHOCTH pacipene-
Jenua cnaraeMblx € u n no dopmyae

[ce]

K@= h(x) 4 — % ax. 24D

—

Hurerpan S 4, (%), (2 — x) dx Ha3pIBAeTCA CoePMKORL PYHKUUL $,
—Q0
1 ¢, H 0603Ha4aeTcs uyepes ¢, xd,.

YnpaxHeHnusd

1. Haiitn pacnpenesienne BeposTHOCTEH CYMMBI OUKOB, BbIMaAaloOLUMX
Ha TPeX NpPaBHIbHBIX HIPaibHBIX KOCTsIX. [IpoBepurb, 4TO Ha Tpex KocTax
seposTHee BbIGPocHTh 11 ouxoB, uem 12, xoTa v 11 u 12 oukoB moay-
YAKOTCA MPH IUECTH KOMOHHAUMUSIX:

11 oukoB npu KoMOuuauusx (6 + 44 1), (6+3+2) ©® 4541,
O6-+4+2), 043+, 44443

12 ouxoB mpu koMGunauusx (6 45—+ 1), (6 +4-+2), (6+3—|—3),
(6-4+5-42), 64+443), 44444

2. M3 ypHubl, B KoTOpo# JsexuT 20 yepHbIX W 4 6eablX liapa, BbiHH-
Maiotca 5 wapos. Halitu pacnpenenenue BeposiTHOCTeH uucaa & BbIHY rbix
6eJibiX LWApOB.

Orser.

P —_—

5313 | 10626

3. Vs ypubl, B koTOpo# semutr 20 yepublx W 4 GeablX wapa, nmocae-
1OBaTENbHO BHIHUMAIOTCH IUApbl O TeX MOp, MOKA HE TNOSABHTCA YepHbIH
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wap. Halttu pacnpenenenue wucna € BBIHYTBIX npH 3TOM Geabix INapoB,
TO egh yuciaa GeablX IIapoB, BHIHYTHIX 4O MEPBOTO YepPHOro Iiapa.
TBET.

&" 0] 1 4

2 ] 3
pl 310 5|0 | 1
6 69 | 253 | 5313 | 10626

4. HaliTu cyMmMy [BYX HE3aBHCHMBIX BenMUMH C DPABHOMEPHBIM pac-
npeieneHHeM BeposTHOCTeH B uHTepBane (— 1; 4 1I).
Orser. IliOTHOCTL pacnpeneneHnst BEPOATHOCTEH CYMMBbI

0 mpn x << —2, x> 2
1
e(=4 FTETI mpu —2Ix 0
%(—x+2) mpr 0 < x < 2.

5. Touka cayyaiiHo momajgaeT Ha OKPYXHOCTb C PAaBHOMEPHBIM pac-
npeneieHueM BepoaTHocTed no naauHe ayrv. Haifith  pacnpenenenue
BEPOSTHOCTEH NPOeKuHH 3ToH TOYKM Ha AMaMeTp.

OrBer IlnotHocTh

(0 npn x < —R, x> R,

?(x)=i _VR_zl__x_;npu —R<x <R

6. Ky6uku H3roTOBJSIOTCS € HEKOTOPOH norpewHocTbio. Cumras, yto
JuHeiiHble pa3Mepbl KYGHKOB MMEIOT HOPMaJbHOE pachpele/ieHHe BeposT-
HocTeit (2.26), HaliTH pacrpejnesiedne BEpPOSTHOCTEH MX 06beMoB (U).

OrBerT. [lioTHOCTD
(/7 -
1 T,

VPV

7. IlokasaTp, 4yTo HauGonee BEPOSITHBIM 3HaYEHHEM YacTOTHI p, fIB-
AeTCs LeJUe YHCAO m,, YAOBIETBODPAIOULEE HEPAaBEHCTBY np 4-p — 1 <<
< my<<np-+p, B 4aCTHOCTH, €CIM YHCIO np — LeIoe, TO my = np.

Ykasanue. PaccMoTpeTth OTHOLIEHHE

Plop=m+41} n—_mp
P{P-n:m} Tm+41¢q°

8. 3anava o BcTpeue. J[lBa ymua, A u B, ycioBunuch BeTpe-
TUTbCH B onpejeneHHOM MecTe Mexay O u | yacamu. [Ipmwenwmii nep-
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BBIM KIeT IPYroro B Teuemne 20 MuHyT, nocie uero yxomut. Ompe-
N€MTh BEPOSTHOCTb p BCTpeud Jun A u B, eciu MOMEHTBI HX IpH-
X0lla HE3aBUCHMbl H paBHOMepHO pacnpeneiennl B untepsaze (0; 1).

Pemenue OG03HaYUM MOMEHTHI NpPH-
xoxa aun A u B cooTseTcTBEHHO Yepes & u .
Mo ycnoBuio & H 7 HE3aBUCHMbl M PaBHOMEpHO
pacrpejesenbl B HMHTepBale (0; 1), mostomy
cayuafinan Touka (€ m) paBHOMEPHO pacrpe-
JeleHa B KpagpaTe co cropolod / (puc. 17).
3anaya 3aKmoyaeTCs B HaXOXIEHHH BepOATHO-

1
CTH HepaBeHcTBa |n — & ls—g- , TO ecTb Be-

pOATHOCTH monajauus touku (§ w) B 3amTpyu- Ve
XOBaHHYI0 Ha pHC. 17 mojocy Mexay npsMbl- g E

1 1 Puc. 17.
ME Y — X=g 0 Y —X=— 5. drta Bepo-

ATHOCTh PaBHA OTHOLUEHUI0 3aIUTPHXOBAHHOH IJIOIAAM K MJOILAJH BCEro
KBalparta, TO eCTb
2 2
1— (=
3

. __5
p=—7r1"—"=73"



F'JTABA I

YUCJOBbIE XAPAKTEPUCTUKU PACHPEIEJEHUS
BEPOSTHOCTE#M

[pu pacyertax ¢ AMCKPETHBIMH WM HEMPEPHIBHBIME C.TyyalHbIMH BelH-
YMHAMH HE BCerja LenecooO6pasHo I0.b30BaThbCs TadAHUAMH HAH IJIOTHO-
CTSMH pacmpejeneHusi BeposTHocTeH. He roeops yxe o TOM, uTO Tad-
JMUBl HIM IIOTHOCTH paclpejenends He BCerja ObIBalOT TOYHO M3BECTHBI,
pacyeTsl C HUMH 4acTO GbIBAIOT CJOWIIBI WM TpoMO3ikH. OkasbiBaeTcs,
YTO PAA NPAKTHYECKH BaXHBIX 3a4ay MOMXHO PELMTb C MOMOLbI0 HEMHO-
FHX OCDeHEeHHBIX XapaKTepHUCTHK pacnpefesneHus. Mayyum cHayana camy
ofepaLHio Ocpe IHEHHS, 03BOSIONLYIO MONYYaTh NOAOCHbIE XapaKTePUCTHKH-

§ 10. Ocpennenne. MaTeMaTHYeCKOe OXHIaHIe
CJAYYailHO! BeJHYHHDBI

Haunem ¢ uauGojiee nMpoCTOro MOHATHA CpeaHero apudmern-
4yecKOro 3Hauyenus. [IycTb uMeeTcs COBOKYNHOCTb /N 3JEMEHTOB,
pas/MYAIOLHXCs Be/IHMYHHON HEKOTOPOro Npu3HaKa X (HanpHMep,
napTHa 3JEKTPOJAaMn, Pas/IHYalOLIMXCS CPOKOM CAyxObl; HIK COBO-
KYMHOCTb JOWIIHBLIX AHEH B TOLY, PA3/HYAIOLUMXCST Be/JIMYHHOM
0CaZKOB B JAHHOM MecTe).

CpeOHum apugmemuneckum 3HaveHuem NpUSHAKE X 8 C080-
KYNHOCMI HA3bI8AeMCsl OMHOULEHIE CYMMbl SHAYEHIL NPUSHAKA X
Y BCeX 9AeMEHMO8 COBOKYRHOCMU K 00ujesmy HucAy smux 3.ie-
MeHMOo8.

OGo3Hauum uyepes X, X,, ..., X, Pa3iIHuHble 3HaueHHs pac-
CMaTPHBAEMOrO IpH3HAKA Y 3/J1EeMEHTOB COBOKYMHOCTH; Yepes M, —
KOJMMUECTBO 3JEMEHTOB, Y KOTOPhIX 3HAayeHHEe [IPH3HAKA pPaBHO
xy(k=1,2,...,9); uepea N=M, -+ M, 4. ..M, —obuee
YHCJIO 3/EMEHTOB COBOKYyMNHOCTH. Torla cpejHee apudMeTHyeckoe

3HaYCHUE X NpeacTaButcs opmyJoi

<Mt eM .. XM,
— N

X
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anuueM 3Ty ¢opmyny B BHie
- M M M
Xx=x, P4+ 5T+ . TG (3.1)

W3 nociennelt ¢opmysanl BHIHO, 4TO CpeiHee aphpMeTHue-
CKOe  3HayeHWe 3aBHCHUT He OT  abCOMIOTHBIX  KOJMYeCTB
M, M, ..., M, a TOAbKO OT OTHOCHTE/bHHX KOJHYECTB
M, M, M,

W, W’ e ey W .

[epexonas Tenepb K CayualiHbM Be/JMYHHAM, PACCMOTPHM CHa-
yaza JIMCKPeTHYIO BeJMYMHYy creuuanbHoro Buia. [lycTe u3 yka-
3aHHOM BHIlLIE COBOKYIHOCTH BHIGHPAETCS Haydady OXMH 3/EMEHT *).
Benuunna npusHaka y BHIOMPAaeMOro 3jeMeHTa eCTb AHCKPeTHas
clydaifHas BenuuMHa 5 co cledylouled Tabnuuelt pacnpenesenus
BEPOATHOCTEH:

13 X, Xy N Xp . x,
(3.2)
M, M, My M,
N N N N

(TaK KaK BeIMYKHA & MOWET [PHUHMMATh TOJBKO T€ 3HAYCHUSA
Xy, X, ..., X,, KOTOpHE MMEIOTCH Yy 3/EMEHTOB COBOKYIHOCTH,
a BeposTHOCTL BHIOOpA 39/MEMEHTAa CO 3HAYEHHEM NPH3HAKA X,

N
3HaKa B COBOKYMHOCTH HFPAET 3[eCh PO/b CPEIHETO «OXUAAEMOro»
3HAYeHMs CAydalHON Benuuuubl §. DTO cpelHee 3HaYeHHE HA3bLI-
BaeTCs «MaTeMaTHYECKUM OXULAHWEM» ClyyalHOH BEJIHUMHH § H
o6o3nauaeTca uepe3 ME. Taxkum 06pa3oM, MaTEMaTHYeCKOE OXH-
JaHue cayuyaiiHolt Bennuusdsl (3.2) paBHO

ME— o, 2 M M

HO 3JIeCb YyXe 3Ty CyMMy HalO TOJKOBAaThb KaK CyMMy [pOHM3BCAe-
HuH 3HAYeHHH BEJMYMHE & HA HX BEPOATHOCTH. ITO NO3BOMsET

M
OUeBMIHO, paBHA ——"1). Cpennee apudmeTHyeckoe 3HayeHue NpH-

*) Tak e, kak 1 B § 2, mpoile BCero NpejcTaBuTh cefe 3TO HCMBITa-
HHe KaK BbIHUMaHMe Hayrai 1lapa M3 ypubl, e HaXoautcs N OLIaKo-
BbIX Ha OLIyMb IIApOB, M3 KOTOPbIX M, INdPOB HMEIOT METKY «X,»,
M, 11apOB MMEIOT METKY «X,», M T. L., NpHYeM [epe]l BblHUMauHeM BCe
Iapbl TULATEJbHO IepPeMEIHBAIOT.
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Cpa3y e pacnpoCTPaHUTb MOHATHE MATEMaTHYECKOrO OXHAaHUY
Ha 1100y10 AMCKPETHYIO ClyyalHylo BeIHYHHY

3 Xy Xy

14 P2

Onpenenenne 1. Mamemamuueckun oxudanuesm ME du-
cKpemHol cayaliHoll Beautunsl § Ha3vleaemcs cymMma npousge-
OeHULL Bcex ee BO3MONCHBLX SHAUEHUL (Xy) HQ ULX BePOSMHOCIU (P,):

ME=xp,+xp,+ ...,

ME:Zxkpk, (33)

rae cymma Gepercd NnO BCeM BO3MOXHBIM 3HAUEHHAM CJyuyaHHOH
BeJAHuMHH §. EcaM MHOXECTBO STHX BO3MOXHBIX 3HaueHuit Gec-
KOHeYHo, TO Mbl OyaeM rpeanosnarath euie, 4TO OGeCKOHEUYHHIH
pan (3.3) cxoautcs abCoMOTHO (B IIPOTHBHOM Cllyyae FOBOPST, UTO
MarematHyeckoe oxupanne ME He cyliecTByeT; TaKuX C/lyuaHHbIX
Be/JMYHH Mbl He OylIeM paccMaTpHBaTh).

Tenepp Mbl MOXKEM PacrnpOCTPAHHTH MOHATHE MaTeMaTHUYECKOro
OXMIAHHS HA HenpepbiBHbE CAyualHble BeJHYHHb, YUHTHIBasg, 4TO
I/ HMX PO/b BEPOATHOCTH p, HrpaeT augdepenuran sepost-
HocTH dP,=¢ (x)dx.

Onpenenedune 2. Mamemamuneckun odxcudanuem M§
HenpepbiBHOll CAY4AliHOG BeAl4UHbL & HQ3bIBAEMCS UKMezZpas om
npou3seOeruss ee 3HQ4eHUll X HA NAOMHOCMb pacnpeoeserus 8e-
posamnocmell @ (x):

WIH, Kopoue,

Mi= { x¢(x) dx, (3.4)

npuuem uHTerpan (3.4) GepeTcs MO BCeMy HMHTEpBaly BO3MOXKHBIX
3HayeHuH BeMMYMHH §. DTOT HHTErpajs 4acTO 3amHCHIBAIOT B BH/E
a0

S X (x)dx paxe B TOM C/lyuyae, KOrJda BO3MOXHBIC 3HAUYEHHs
-— ©

BeJIMUMHH § 3aMOMHAOT KOHEUHHIM WHTEpPBAN; B ITOM C/lyyae no-
naraiot @ (x)==0 BHe ykasaHHoro mHTeppaia. Ecan we B0O3MOK-
Hble 3HAYEHNH BENHYMHB § 3aMO/MHsIOT GeCKOHEeuHbI HHTepBal,
T0o Mu OyaeM npeanonarath, 4YTO HECOOCTBEHHBIM — HMHTErpaj
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[eo]

S x@ (x)dx cxoaurcsi abCOMOTHO (B MPOTHBHOM CJydae roOBOPST,

— a0
4TO MaTeMaTHYeckoe Oxupanue ME He cyliecTByeT; TaKMX BesH-

YHH MbH He OyJIeM paccMaTpUBaTh).

BaxHO OTMeTHTB, 4TO BCe CBOHCTBA MAaTEMaTHUYeCKOro OXHujia-
HHA (U1K, TOuHee, CBOHCTBa CAMOH OrMepalMH OCpelHEHHsd) CoBep-
LIEHHO OJXMHAKOBHI KaK [Js AMCKPETHHIX, TaK W /IS HElPEPLIBHBIX
cayyaliHpix BenuyuH ¥).

CBoficTBa MaTeMaTHUYECKOTrO OXHWHIAHUA

BaxHeltmum cBOKCTBOM ONepaunum ocpelHeHHns
ABAACTCHA NUHEeHHOCTh: Mamemamuteckoe oxcudanue au-
Helinoll KomOuUHayUL CAYHQHBIX BeAUYUH PABHO AUHEHOL KOoM-
bunayuu ux MamemamuuecKux ONCUOQHU:

al »~ al — :
M (CIEI—I—Czcﬂ + et +(‘nEn)'——C1M£1+C2M*2 + e +CnM8n,
(3.5)
rne C,, C,, ..., C,—mnocrosuHble.
[ nokasaTenbcTBa CBOMCTBA JIMHEHHOCTH JOCTAaTOYHO IOKa-

3aTh CJeIyIOiile TeopeMbl.
1. [TocTosiHubI# MHOXHTENb C MOXKHO BBIIOCHTb 34 3HAK Ma-

TEeMATHYECKOr0 OXHIAHUS:
‘ MC: = CME. (3.6)
2. MaremaTHyeCKOe OXHMIaHHe CyMMbl JABYX CJydaHHBIX Beslu-

YUH PABHO CyMMe HMX MAaTeMaTHUECKHX OXHIaHWH (meopema cio-
HCEHUST MAMeMAMULEeCKUX ONCUOAHUIL):

M (i 4 1) = M& -+ My, (3.7)
dopmyna (3.6) ocobeHHO HPOCTO AOKA3LIBAETCH AJSE TUCKPET—
HOM BENMYMHH §, YMHOMeEHHEe KOTOpPOH Ha mnocTosiHHylo C onpe-
aenexo Tabauuelt (2.6):
MC:i= ) (Cx,) p,=CD] x;, p, = CM:.
Ilnsi HenpephiBHBIX BEJHYMH 10KA3aTebCTBO AaHO HuXe (cTp. 66).

Teopemy cnowenus (3.7) HOKaxeM 148 HelPepHIBHBIX CJay4aii-
HbIX BedMund &, 7. OG603HauuM uepes @ (X;¥) WIOTHOCTH

*) MOmHO naTb enuilioe OMpele]eHHe MaTeMaTHY2CKOro OXMIAaHHA
Aast MOoGOH cayuyaiHOH BesudHBI, HO 3TO TpeGyeT 3HAKOMCTBAa C amnapa-
ToM Huterpasa CTWbTbecd, 4TO BbIXOJAHT 3d PAMKH HACTOSLLSTO MOCOGUs.,
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COBMECTHOrO pacrnpeneneHHs, a uepe3 ¥ (2) — MIOTHOCTH pacrpe-

menenns ux cymmnl {=£&- . Toraa no ¢opmynam (3.4) u (2.40)
HMeeM:

o] o]
M§=Szx(z)dz= S zsz 9(x; z—x)dx.

[TepeMeHuB NOPSAOK HHTETPHPOBAHHSA, 3aMEHHM Z HA X - y:

ME+ )= S dx Sch(x; z2—x)dz=
= [ ax [ c+momnay. (3.8)

Bocronbayemcst Tenepb JIMHEHHOCTbIO HHTerpana u Qopmyamu
(2.36) u (2. 37)'

ME )= S xdx S ¢ (x; y)dy + Sydy_g ¢ (x; y)dx=
= wa% ) dx+- S ¥9, (V) dy = M& 4 My,

I RMCKPeTHHIX BENHYMH JIOKA3aTelbCTBO MPOBOAUTCA TeM e
cnocoGom. [Ipexae Bcero, ¢ IOMOIIbIO BCIOMOraTe/IbHON TaGmuubl
(2.7) nerko y6eauTbcsi B TOM, 4YTO MaTeMATHUECKOE OXHIaHWe
cymmn & -} 7 MoxeT GHTb NOLCYMTaHO No Qopmyse

ME+1n)= ;(xk + ) Pros

rae cymva Gepercs no BceMm 3HaueHuaMm x, u y,. [anee, pasna-
ras STy CyMMy Ha IBe:

;l(xk +Y0) P =§xkl’kz + ;{J’zl’m

W npeobpasys MepByl0 W3 HuXx ¢ nomoutslo opmyn (1.20),
noJyyaem:

;'lxkpkl = 2 % (Pt Prat oo )= g XpPro
rie p,=—P{E=ux,}. Taxum oGpasowm, ;}xkpk,_ M, u aHa-
JIOTHYHO %y,pk, =My, ur0 © [OKasmBaeT Qopmyay (3.7).
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OTmeTuM eule ABa CBOHCTBA MATEMaTHYECKOrO OXHIAHHUS.

3. Marematnueckoe OXuUAaHHe MOCTOSAHHOH (HecayuaitHol)
BeanuuHel C paBHO camo#t ato#t Beauuuue C.

JleticTBuTENbHO, NMOCTOSIHHYI0 C MOXHO paccMaTpuBaTb Kak
ClyuyalHYyl0 BeJMYHHY C eJMHCTBEHHbIM BO3MOXHBIM 3HauenneMm C,
BeposTHOCTL KOTOporo paBHa 1. [Tostomy MC=C.1=C.

4. MaremaTHyecKOe OXHIaHHE T[POH3BENEHUS HE3aBHCHMBIX
cayyalHbIX BEJMYMH DPABHO [POM3BENEHHI0 HX MaTeMaTHYECKHX
OXHAAHUH (meopema YMHONCEHUS MAMEMAMULECKUX OHCUOAHUIL):

M&n = MiMy a1 HesaBucHMbIX §, 7. (3.9)

[TpoBenemM nOKa3aTelbCTBO AJA AMCKPETHHIX BeAHYHH. B cuny
HEe3aBUCHMOCTH BEJMYMH § M 7] pacrnpejelesue BepOATHOCTEH ux
npousBenenns (57) onperensieTcs C MOMOUIbIO TaG/IHLLbI

%19 X1y X2))1 L2

Pidy P192 P29 P24 cee

B KOTOPOH MNpH HEOOXOOMUMOCTH cledyeT OGBbEIHHHUTb paBHbe
yKc/a B MEPBOH CTPOKe, C/I0KHB COOTBETCTBYIOLIME BEPOSTHOCTH
(cp. omnpeneneHHe CyMMbl IHCKPETHBHIX BeIHYMH Ha cTp. 33). [lo-
9TOMY MaTeMaTHyecKOe OXHIaHWe MPOH3BEAEHHS &7 MOXHO 3a-
nucaTh B BHIE

Méy =;l(xky,) (Px4),

rie cymma Gepercsi NO BCeM BO3MOXHBLIM 3HAYEHUAM X, U Y, BeJTHUHH
§ u y coorBerctBenno. [Ipoussens 3gech BHyTpeHHEe CYMMHPO-
BaHWe MO /, MOXHO BHIHECTH 3a 3HAK BHYTpEHHEH CyMMbl MHOXH-
TeNb (X,p,), He 3aBucsuMi ot /:

Mé&r = ; Z XpYiPrdy =§ XpPr zlqul'

yto ® npuBoauT K Gopmyae (3.9).

Jloka3zaTenbcTBO 3TOH (HOPMYJBl IS HenpepbiBHBIX CAyuyalHHIX
BEJMYHH JIerKO MPOBOAMTCSH C MOMOMIBIO NPHBOAMMON xanee ¢op-
MyJbl (3.13), 4TO Mbl npenoCTaBiseM CleJaTbh YHTATEIO.

dopmyna (3.9) 6e3 tpyna obobuiaercs Ha n06Oe YHCAO B3a-
HMHO He3aBHCHMBIX COMHOWHTEJeH.

3 J.3. PyMiunckuil
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lpasuna BHIYHCAEHHS MaTeMaTHYECKOTO
OXHMIAHUA OT QYHKUHUH

1. Tlycts € — nuckperHas cayyaiiHasi BeJMYMHA, MPHHHMAIOLIAs 3Haye-
HUSl X; C BEPOATHOCTbIO pp. PyHkums f(€) ecTb CHOBAa AMCKpETHas Besu-
YHHa, H €e MaTeMaTHyeckoe OMHIaHHe onpene’nsercs GopMyJoi

Mf @)= (x)) P {f O =1 (xp)}, (3-10)

fle cyMMa GepeTc MO BCEM pa3iMyHbIM 3HaueHHAM f(xp).

OkasbiBaetcsl, 4T0 MaTeMatHyeckoe owupaHne dysxuun f(€) Momer
GbITb BbLIUMCAEHO Ge3 HAaXOXAeHHs pacnpeneneHus BeposTHOCTeH sTofh
(YHKUMM  HeNOCPeACTBEHHO MO pacnpeneneHHI0 caMod BeauynHsl £,
A uMmeHHO, MMeeT MeCTO ¢opMyna

Mf &) =D f (Xp) Pio @.11)

rie cvMMa GepeTcs IO BCEM 3HAYEHHAM X, BEIHYUHBI &.

INpexae yeM pokasbiBaTh dopMmyay (3. 11) B ofuieM cayyae, 3aMe-
THM, YTO eClH Bce 3HauyeHus f(Xp) pas3auudbl, To ¢ydkuua f(€) uMeer
Tabauy pacrnpeneienus (2.28), 1 B 3toM cayyae dopmyna (3.11) momuo-
CThio coBmagaetr ¢ ¢opmyiaoit (3.10). B obuiem cayyae cpeln 3HauyeHHH
f(xy) MOryT BCTPETHTbCS paBHble YHCJIA; IYCTb, IAs1 OMpeNeNeHHOCTH,
DaBHbI TONbKO ABa 3HadeHus: f(x,) =1 (x,). Torna B2pOATHOCTb COOGBITHSA
f(€)=/f(x,) pasHa p, +p, ¥ MIITOMy COOTBETCTByloUlee ClaraeMoe
B ¢opmyie (3.10) MOxHO npeobpasoBaTh TakK:

TP Q=1 (xn)! =fx%,) (py +p;) =1 (%)) py 4 F (x,) pa,
YyTO CHOBAa MPHBOAUT K Gopmyne (3.11).
2. Marematuueckoe owwunanue ¢yHkumd f(§) OT HempepbiBHOH Beau-

yuHbl § TOMXe MOXKET ObITb BBIYHCIEHO HeNOCPeNCTBEHHO IO TMUJIOTHOCTH
¢ (x) pacnpeleneHHs CaMOH BeJHYHHHI § C MOMOILbLIO GOPMYJIBI

Mf () = S £ (%) ¢ (x) dx. 3.12)
Mbl OrpaHHYUMCS 10Ka3aTeJbCTBOM 3TOH QOPMYJBbI TOJbKO And Cayyas

Bospactaiomelt ¢yHkuuu f (x). O603Ha4uM IUIOTHOCTb pacHpeleseHus Be-
mundbl n=f (§) uepe3 ¢ (y) 4 B QopMyJe MaTeMaTHYECKOro OXMIaHHS

Mo={ yb ) dy
crefaeM 3aMeHy NepeMeHHOH HHTerpupoBaHMs ¥ =f(x), NpH 3ToM 1O
dopmyne (2.29) mbl 6yaem umetb ¢ (y) dy = ¢ (x) dx, 4TO Cpa3y HNPHBOAHT
K ¢opmyne (3.12). Hanpumep, ans ¢ynxuun CE dopmyna (3.12) naer:
MCE = S Cxo(x) dx=C S X (x) dx = CME,

YT0 AOKa3biBaeT ¢opmyay (3.6) 479 HENpepbiBHbIX BEJIHYHH.
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3. lMNpuseneM yke Ge3 NOKa3aTeNbCTBa COOTBETCTBYIOIIHE MpaBHIA
BBIYHC/EHHS MaTEMaTHYECKOro OMHJaHHA OT (GYHKUMH JBYX NepeMeHHbIX.
Jlns IMCKPETHBIX BEAHYUH

Mf G n)=g]lf (X5 YD Pr»

rie cvMMa GepeTCs MO BCEM 3HAYEHHWIM X H Y BeNHYHH Bun a P
€CTb BEPOSITHOCTb COBMEIEHHs CyyalHBIX COObITHE (§=x;) U (M=y)).
Jlns HenmpepbIBHBIX BeJHUHH

MiE n={{r newydray, (3.19)

rie g(x; y) — MIOTHOCTb pacnpenefenus caydaitnoft touxku (§; ).
TMETHM, YTO YacTHble Ciydad 9Tux ¢opMyn npu f(x;, y)=x-4y
u f(x; ¥)=xy Mbl yie pacCMOTpe/u paHee (CM., Hanpumep, popmy.y (3.8)).

§ 11. Lentp pacnpenenenus ciayuaiiHoll BeJHUHHBI

MarTemaTHyecKoe OXHaHHe CAydyaHHOH BeJHYHMHH jaeT yno6-
HYI0 YHMC/JOBYIO XapaKTepHCTHKY ee pacmojiowenus. Mmes Ty xe
pPa3MepHOCTb, YTO M 3HAYEHUS CAy4alHOH BeJHMUHHH, MaTema-
THYECKOE OMAaHWe HAXOAHUTCH BHYTPH HHTEpBasa BO3MOXHKIX
ee 3HaueHWH; HanpuMmep, ecaW BCe 3HAueHUs caydyahHOHN BeqHUHHBI
§ nexat B unTeppane (a,; a@,), TO

]

Plo, <E<a)={omax=1

oy

H HU3 HEPaBEHCTBA

S’ a,¢ (x) dx < § xp(x)dx < § o, (x)dx

cleayer, uTo

a, < M&E<la, *).

B cnenywooue#t rnaBe 6yneT mokasaHo ere, YTO OKOJO MaTe-
MaTHYECKOTO OXHAAHMA ClHy4yalHOH BeNHYMHB  TPYRMHPYIOTCS
cpenHue apH@pMeTHYEeCKHE H3 ee OMbITHhIX 3HaueHu#. YTto6w moa-
YepKHYTh pPOJIb MaTeMaTHYEeCKOTO OMHAAHHUA B KayeCTBE OCHOBHOHN
XapaKTePUCTHKH PaCnoJoeHud caydyalHOH BeJMuHHbl (B OTJMuHE
OT caMOH onepaudy OCPeNHeHHs), Mbl HAaLHUM clelyiollee Ompe-
feneHHe:

*) B 4acTHOCTH, eciu BCe 3Hayenus &> 0, To u ME> 0,

3'
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Llenmpom pacnpedeserus geposmuocmeli cayuaiinoi seau-
wunsl & Hasweaemcs ee mamemamuuecxoe oxcudanue ME ).

[TosichuM Ha mnpHMepax MOHATHE LEHTPA PACNpeNE/eHHs Kak
YHC/IOBOA XapaKTePHCTHKH PACMONOKEHHS.

1. TlycTb § — 4MC/I0 U3PACXONOBAHHBIX MATPOHOB MPH CTPebbe
no cxeme npumepa 2 § 2 (crp. 30). ITo Tabnuue pacnpenenexus
(2.3) naxomuMm MaTemMaTHYeCKOE OXHIaHME UYHCNA U3PACXOLOBAH-
HBIX MaTPOHOB:

M{=1.0,8-}2.0,16}3.0,04 =1,24.

OHo oxasbiBaeTcs HeuenbM. [last TOro uTo6b MOSICHHTH, Kakas
NpaKTHyeckas mnoJb3a MOxeT ObITh OT Hallero noacyera, npem-
cTaBuM cebe, uto npoussoautcs 100 cTpenbd no ykasaHHOH
cxeme. [lyctb §,—uHC/IO H3PACXOMOBAHHHIX MATPOHOB MpPH
k-t cTpenbbe; Toraa

E=& 48+ ... &,
ecTh ofuiee 4YUCAO H3pacXOndOBaHHBIX MNAaTFOHOB MpH CTa CTpeJib-
6ax. JloacuMTaeM ero MaTeMaTHYeCKOe OXHAAHHE, MO/b3YACh
CBOHCTBOM JIMHEHHOCTH M yuuThiBas, uto ME,—1,24 (k=

=12, ..., 100):

ME=ME + ME, ...+ ME, =100-1,24 =124,
[MpakTHueckn 3TO o3HauaeT, uto Ha 100 nomobHbIX CcTpenbb
6yaeT M3PacXoAOBaHO B cpeaueM 124 nartpoua.

2. Lienmp pacnpedesenus [Iyaccona (2.9):
o

m
ME———Z m;‘n—!e'a=

m=0
2 m-=1
_—::e’“a(l—}-—a—}—%-{—...-{—(’Ta:_T)!—}—...):a.

TakuM 06pa3oM, BBHISCHSETC CMbIC] MOCTOSIHHOH a B pacnpe-
zenenuy JlyaccoHa: 4YMCIO @ eCTb MaTeMaTHYeCKoe OxHAaHHe

*) Jlns TosicHeHUs TepMHHA (UEHTP pacmpejelneHus BeposTHOCTeH»
yKaXeM Ha MeXaHHYeCKyl0 aHaJOrHIO ero C MOHATHEM WEHTpa pachpeje-
JeHHs Macc (UEHTpa TSAMECTH). eC/H, HalpUMep, B TOYKAX X, Xy, ..., X
OCH X COCPENOTOYEHBI MACCHl Py, Py, w14y Py TO UEHTP TAKECTH X, a1oll
CHCTeMbl Haxomutcs 1Mo dopmyne

X ___xlpl+x2pz+"'+xvpv.
¢ P 20 i S

Mpu ycnosuu p, -+ p,+ ...+ p,=191a dopmyna copmanaer ¢ Qopmy-
Ja0# (3.3)
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ClyyalHOR BeNMUYMHH &, MONYMHSIOWEHCS B3aKOHY pacrpexe/IeH s
[Tyaccona (2.9).

3. Llenmp pacnpedesenus wacmoms W, U OMHOCUMEbHOl
wacmoms. ®, cayuaiinozo cobumus. HemocpencrBenunit moacuer
MaTeMaTHYecKoro oxugaHuss mo Ttabauue pacnpenenenus (2.14)
NPHBOAKT K (popmye

My, = X mCrp™g"=™,
m=0

Iing Gonee GHICTPOro MOACYETA Mbl BOCHOJIb3YeMCH CBOHCTBOM
JIMHEHHOCTH MAaTEeMaTHYeCKOr0 OXHIAAHHS H  1PEACTaBNEHHIMH
(2.10) m (2.11) cayualiHpIX Be/MYMH M, M ©, Yepe3 XapaKTepu-
CTHYECKHEe C/yuafinbie BeMTHUYMHBl A, k,, ..., \,. IIpexme Bcero,
HenocpeACTBeHHHH nojcyeT no tabauuam pacnpenenenus (2.9)

LaeT:
My, =1p-4-0g=p (=1, 2, ..., n). (3.14)

STO 3HAUUT, UTO KEHMPOM pacnpedeseHUs XapaxKmepucmuye-
CKOll CAYHQUHOL GeAUMUHb. CAYHCUM 8ePOSAMHOCTL CAYHALHOZO
cobumus. [anee HaXomum:

Mp, =M\ M\, ... + M), =np; (3.15)
Mw,,:% My, =p. (3.16)

Takum o6pa3oMm, yeHmpom pacnpedeseHuss OMHOCUMEAbHOL
yacmoms (©,) cAY4alinozo cobumus s8Asemcss 8epOSMHOCMD
amozo cobuimusi npu eOUHUYHOM LCRLIMAKUL, Q@ UeHmp pacnpede-
AeHUs wacmomel (M,) Ooavue 8eposimwocmu 8 n pa3. 3aMeTHM,
YTO 3TO BMOJHE COIJacyeTcsi ¢ HAlUUM MHTYUTHUBHBLIM [peNCcTaB-
JIeHHeM O MaTeMaTHYyecKOM Oxuaanuu. Ecau, Hanpumep, Beposit-
HOCTb cay4aliHoro coOuiTHd paBHa p=—0,2 ¥ HClIbITaHHE MNOBTO-
paetcd n=100 pa3, TO Mbl OxHIaeM, 4TO clayuyallHOe COGBITHE
noaBuTcH np = 20 pa3. TOuHO Tak Ke, ec1M HaM TFOBOPAT, YTO
BepOSTHOCTL Opaka B OONbLIOH NapTHH HU3Zeaull cocTasisel
p=1°,==0,01, T0, npoBepsis Ha BHGOPKy n==1000 n3zenui,
Mbl CKJIOHHBl OXHIATh, 4TO OOHapywuM np—=—10 GpaKOBaHHbIx
(KoHEYHO, Mbl IOMyCKaeM BO3MOXHOCTb M HEKOTOPBIX OTK/OHEeHUH,
HO 31€Cb peub HIeT KaK pa3 O CpelIHeM OXHIAeMOM pe3y/bTaTe).
3aMeTuM elle, 4YTO JHHEHHOCTb MAaTEMaTHYECKOrO OXHAAHHS M03-
BosgeT HaM u3 ¢opmyas (3.14) nonyuurs OGosee oO6uiMé pe-
3yabraT, dem (3.16). Ecam cayuaiiHoe coObite A B KawaoMm

3* J 3. Pymumncku
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k-M WMCABLITAaHUK HMEeT CBOIO BEPOATHOCTb p,, TO LEHTD pacrpe-
LeJleHHsl OTHOCHTENIbHOA YacTOTH o, COOmTHS A mnpH n ucnHTa-
HusX OyneT paBeH

_ 1 __pt et +p,
Mo, = (M), + M), ... M) =Dl P

TO ecTb OH OyleT paBeH cpelHeMy apH(pMeTHYECKOMY H3 Bepo-
SITHOCTEH COOBITH A BO BCEX 7 HCMHBLITAHMSX.

4. Ecnu cayualinas BefqMyMHa § paBHOMEpHO pacmpeleneHa
Ha MHTepBane (a,; &,), TO LEHTP ee paclpene/eHHs COBNazaer
¢ cepelHMHON 3TOro WMHTepBana. [IeHCTBHTENbHO, MIOTHOCTH paB-

1
HOMEPHOTO pacrpese/ieHusi MOCTOSHHA W PaBHA ——— B HHTep-
2 %
Bane (a,; &,), TaK 4TO

S‘ 1 a:,—a%:a‘—{—az
o -

-_— 3
—a, ay — a, 2

5. Llenmp HopmaxasHozo pacnpedeserus. IIna npoctefiuiero
HOPMaJIbHOTO pacnpenenenus (2.22) ueHTp pacnpejeneHdss paBed
HyMO, TaK KakK IVIOTHOCTh @, (X) ecTb yeTHas QyHKuus

@ X3

Mg, = V__ Sxe Z‘dx=:0.

CnyuatiHas BenuynHa § ¢ OGLIMM HOPMA/bHHIM pacrpenesieHHeM
(2.26) MOweT ObTb BulpaweHa depe3d CAydyaHHyl0 BeNHYHHY &,
Kak ObIO MOKa3aHo Ha cTp. 53:

&=a-—|—o€o.
Mi=a-}oM§,=a.

[Tostomy

Taxum 06pa3oM, yeHmp obuwjezo HOPMAAbHO20 pacnpedeserust
paser ezo napamempy @ (4TO NO3BOJAET BHIACHUTb CMbICA 3TOrO
napaMetTpa M BOOJHE cOrnacyercs ¢ CUMMeTpHelt KpHBOH Hop-
MasJbHOrO pacrnpeje/eHus OTHOCHTENbHO APAMOH X = a).

3ameuanue. Ecan kpuBas pacnpeneneHus BepOATHOCTEH
CHMMETPHYHA OTHOCHTENbHO HEKOTOPOH MnpsaMOl x ==a, TO UEHTP
pacnpeje/edus Bceraa COBINAfaeT C TOYKOH a.
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§ 12. XapakTepucTuku paccessHus cay4aiiHo# BemTHdHHBI
llonsiTHe 0 MOMeHTax pacmpeaeleHHs

Paccesine cnyuyalHOH Be/MuMHBI § CBAI33aHO C OTKJIOHEHHEM
£ —a atofl BeqMuMHH OT ee LeHTpa pacnpenenenus a=—M§.
HenocpeacTBeHHoe ocpellHeHUEe 3TOTO OTKJIOHEHHS He MOXeT 1aTh
YUC/I0BOH XapaKTEPHCTHKHM PACCesinMs, TaK KaK

M(E—a)=M;—a=0,
TO €CTb OTKJIOHEHHS NMPOTHBONOJIOXHBIX 3HAKOB B CPeJHEM B3aHMHO
NoraaiTes.

OcHosHoli 4uca080li xapaxmepucmurxol paccesnus cay4ali-
Holl Besuuunwn & s6aslemcs cpedHee xBadpamuuecKoe OMKA0-
Hewue G, onpedessiemoe no Hopiyse

=c(B)=VME—a), rze a=M: (3.17)

Crofilllee NMOA KOPHEM cpelHee 3HAaueHue KBAalpaTa OTK/IOHEHHS
M (5 —a)® HocuT creumanbHOe Ha3Banue ducnepcul cay4ainoil
geausuns & n o603navaetca uyepes DE:

DE—M (& —a) =0 (%)

[Monbaysice ¢opmynamu (3.11) u (3.12), sanuiiem dopmynst
NS OUcnepcHB QHMCKPETHBIX H HENpephiBHBIX CAyuYadHBIX BeTHYHMH
B BHIe *)

o ()= (x,— )’ py
6* ()= S (x —a) ¢ (x)dx.

W3 nanucanubix GOpMys BHIHO, 4TO CpeJHee KBaLpaTHYeckoe
OTK/IOHEHHE HMMeeT Ty e Pa3MepHOCTb, YTO M 3HAYeHWs! Ciydai-
Ho#i BenuuuHbl. Ocobas poab CpelHero KBaAPAaTHYECKOrO OTKJO-
HEHMs! B OLIGHKE pACCesHHs cAyyalHOH BeMMuuHH OyaeT nonpobHO
BLISICHEHA JAasjblie (r/1aBHbM 06pa3oM B rnasax IV u V). B uact-
HOCTH, gnaiblie O6yIeT I0Ka3aHO, YTO MPAKTHYECKH HE BCTpe-
yaloTCAd TaKue 3HayeHus CcayuyalHOH BeJHUYMHB, OTKJIOHEHHS

#) 3pech YMECTHO MPOJOMKHTD MEXaHHYECKYI0 aHAJOrHI0, YKa3aHHYIo

B cHOcke Ha CTp. 68. Ecau TONKOBaTb py, Pa ..., P, KaK Macchl,

COCpPeOTOYEHHble B TOUKAX X;, Xy +.. %, OCH X, TO JHCIEPCHIO
v

o= ) (X — )*pp MOKHO pacCMATPUBATh KaK LEHTPATbHbIA MOMeEHT
k=1

MHepuuM STOH CHCTEMBI MaTepuaibHBIX TOYEK (OTHOCHTEIbHO LEHTPE
TAKECTH a).

3‘*
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KOTOPHIX OT €e LeHTpa pacrpeieNeHuss BO MHOTO pa3 GoJblile,
yeM G. 31ech Ke Mbl OFPaHMYyMMCH PAacCMOTPEHHeM MNPHMEPOB U
npocTeliux CBOHCTB CPelHEr0 KBALPaTHYECKOro OTK/IOHEHHS.

OcHOBHBE nNpaBuJ/Ja BHYHCAEHHH CpPpedHHUX
KBaJIpaTHYECKHX OTKJAOHEeHHUNH H Aucnepcud

1) Ecin & — cayualinas  sennunda, a C— nocrtosinad, TO
g (C&)=|C|a(’); (3.18)
s(tE+C)=0(5). (3.19)
dtn ¢dopMysH AOKA3hLIBAOTCA HENOCPEICTBEHHHM MOACYETOM
Iucrepcuit:
0% (CE) =M (C: — MC3)* =
=M (CE — Ca)’ =CM (§ — a)* =C’6" (3);
=M[E+OCO)—@+COP=ME—a)’=0"(&).
2) Ecniu & n v — He3asucumole ChyuyalHble BeNMYHMHB, TO
AUCMEPCHs UX CyMMbl PaBHa CyMMe MX NHCTEPCHA

o’ G+ =0*() +0’(n) (3-20)
(meopema croxcenuss Oucnepcuil) u, C1eL0BATE/bHO,
s+ =V E 0 1)
IokaszatenbctBo  opmyan  (3.20).  OGosnaunm ME=—a;
M7 ="b; torna M (i 1)==a- b, u nostomy
S E+n)=M[E+n— (et b=
=M[E—a)’+2E—a) (n—0) +(n—0b)'}
B cuny JIMHEHHOCTH MaTeMaTHHECKOrO OWHIAHMS HMeeM:
S E+)=ME—a)+2ME—a)(n—b)+ M(y—b)".
Tak Kak 110 yC/JOBHIO ClyualiHbie BeJHUMHH & M 1] HE3aBHCHMbI,

TO MOXHO [MPHMEHWTb TEOPeMy YMHOXEHHS MAaTeMaTHYeCKHX
OXHIAHUH:

ME—a)(n—b)=ME—a)M(n—b)
Ho, xak 6bino nokazano Buiuie, M (§— a)=0, u noatomy
M (i —a)(n—b)=0,
YTO M NpHBOLHT K copmyre (3.20).
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Teopema cnoxenus nucrnepcuft G6e3 Tpyma oGoGuiaeTcs Ha
A1060€ 4YUC/I0 MOIIaPHO HE3aBUCHMBIX CAYYaHHbIX BENMYHH.

CnencrtBue. Jucnepcus JauHeHHOH KOMOHHALMK [1011apPHO
He3aBUCHMBIX cayuyaliubix Bemuuud &, &,, ..., &, Momer OuiTh
BhIUMCAEHa 110 (popmyae

CETCGET . G =
o (2a2 (* 2 2 (s
._-C,:o (,‘H—C:c G+ ... FCa (5.
D70 HemocpeacTBEHHO BhiTekaeT M3 dopmyn (3.20) u (3.18).
B wactnoctn, ecaw Bce Benmumus &, &,, ..., §, HMelOT
OlHYy W Ty e JUCNepCHIo
6 (&) =0 (k=1, 2, ..., n),
TO AWCNEpCHs uX cpenHel apudMeTHUeCKOH paeHa

EES L +m>=

— 2 2 2\ o?
—72‘[5 G+t G+ ..+ E)]=—.
CnenosatenbHo, cpelHee KBAaZpaTHUECKOE OTK/IOHEHHE €€ PaBHO
&+, . +¢ o
gttt (3.21)
n ], n
[Mocnennsas ¢opmyna wurpaer OGosbliylo pois npu  06paBoTKe
pe3ysbTaTOB u3MepeHuit (cM. mpanee rnasy VI).

[Tpumepsol.

1. Cpednee rK8adpamuueckoe OmKIOHeHUe OMHOCUMEAbHO
yacmoms. Kak nmnokasbiBaet ¢opmyna (2.11), oTHocuTenbHas
4acToTa ®, ecTb cpeaHee apudMeTHUeCKOE M3 B3AUMHO He3aBH-
CHMBIX XapaKTePHCTHYECKHX CAy4aHHbIX BeTHYMH A, X,, ..., A
C OAMHAaKOBHIMHM Tabauuamu pacnpeaesenus (2.9):

. T A 110
)1+)2+ +)‘n k ' , p+q=1

o, =212 T rre
" n p|a

(=1, 2, ..., n).

[ToncunTaeM HemocpenCTBEHHO IHCIEPCHIO BEJMYHHH kg, yUH-
ThiBasi, YTO LEHTP paclpeiesneHnss €e BepOATHOCTeH paBeH p:

o’ (hy) =M, — p)*=(1—pY¥’p+(0—p)’9=¢°p+ p*9=1pg.
OTClOJla HaXOIHUM cpenﬂee KBaapaTuyeCKoe OTKJIOHCHHUE

W)=V pg (=1, 2, ..., n).

L]
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C nomoursio opmyan (3.21) Ttenepp moayuaem:

__Vorg
=2 (3.22)

Otciona ¢ nomoiibio GopMyh (3.18) MOXHO HalTH Takwke

o ((on)

6 (1,) =0 (nw,)=rnc (0,) =V npq.

2. Cpednee rsadpamuueckoe omK.A0HeHUe cayualinoll seau-
wunp &, pasHomepro pacnpedesennoli 8 unmepsase (a,; a,).
Llentp pacripenenesnsi Mul yKe HALLIM paHee:

a=ME=(i_—2!_i’.

[Toacunrtaem Tenepb AHCOEPCHIO HEMOCPEeACTBEHHO:

a*(&):M(sw‘i‘-ji_”i@)’_

ag
_,__.S‘(x_“l"l‘az)’ 1 dx=(a2_al)’
—5 =,

a, --a, 12
OTCIOlIa Haxo0InM, 4YTO CpenxHee KBaleaTH‘JECKOE OTKJIOHEHHUEe

o (8) =1+
2V3
NPONOPUHOHANbHO [JIMHE HHTEpBana («,; o,) (M COCTaBAAET OKOJIO
TPETH 3TOH A/MHHHI).
3. Aucnepcus HopmassHozo pacnpedeserus. [ns ciaydaiiHolt
BEJHUMHb §; C NPOCTEHIUMM HOPMATbHLIM pacnpeleseHHeM BepOosiT-
HocTed (2.22) uentp ME°=0, ¥ MO3TOMY IHUCNEPCHsi paBHA

® =
B = ME = f xe Zdx=—1%.  (3.23)
.V'
*) Murerpan STOT YNOGHO BBIYMCIATD METONOM MHTErPHUPOBAHHS IO
YacTAM:
® x3 i x2 |
1 [ ] [ K
— X xe dx = —— | — xe
VY 2x J Vo .
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Ons cnyuyaitnolt enwumnnl §=a 0%, ¢ o6UMM HOPMAJbHHIM
pacupenenesnem (2.26) aucnepcus paBHa

Dt =D (a4 o§,) =0 D, =0"

Orciona cnenyer, 4To 6 (5) ==06. Bmecte ¢ paHee ycTaHOB/IeHHOH
¢dopmynot ME§=—a 910 nO3BOATET MOJHOCTLIO BBIICHATL CMLICA
napaMeTpoB @ M G OGIUEro HOPMalbHOTO pacnpenenenus (2.26):
@ ecTb LUEHTP pacupeneteHus, 6°— aucnepcus. Puc. 7 (ctp. 48)
HaraagHO WUIIOCTPUPYET pOJb [apaMeTpa G KaK XapakTepUCTHKH
paccesiHusl cay4yaHHOM BeluuyuHB ¢ OGUIMM HOPMajbHbIM paciipe-
nenenem BepositTHocTed (npu a=0).

MunumanbHoe cBOMCTBO LeHTpa

Cpednuii xeadpam omx.0HeHUs cay4alinoli geasutuns & om
uenmpa pacnpedenenuss a=—=ME& menswe, wem cpednuii xeadpam
ee omiAOHeHUs om ai0€020 Opyzozo 4ucAQ:

ME—a)?-<ME—C) (Cs%a).
HoxkasatensctBo. Tax kak M(§—a)=0, 10
ME—CP=M[E—a)+@—Of =
=ME—a)+2@—CME—a)+(a—CPF=
=ME—a)+(@—C* (3.24)

H, 3HAYMT,
ME—-CO'=M(E—a),

npuyYeM 3HAK PaBeHCTBa [AOCTHraercs ToabKO npu (@ — C)* =0,
TO ecTb npu C—a.

JIlokasaHHOe CBOACTBO yKa3biBaeT HA BAaXHYIO CBS3b MeXIy
LEHTPOM pacupelesieHds M AHcNepcHed: LeHTP pacrpeneseHus
MHHUMH3MPYyeT CpenHuil kBaxpat oTkaoHexus M (5§ — C)?, npuuem
MUHUMYM 3TOrO CpeIHEro KBaIpaTa OTK/JOHEHHs paBeH KaK pas
aucnepcun 6° (8).

[Tonyuyennas namu dopmyna (3.24) yacto npumeHsercs g
BLIYMCJEHH aucnepcuit *). B uactHocty, npu C =0 3ta dopmyaa

AaeT:
o*(E)=M(E —a) =M;&*—a’. (3.25)

*) CrouT O6paTHTh BHKMaHWe Ha aHaloruio Qopmyast (3.24) ¢ coor-
BETCTBYIOIEH TeopeMOA O MOMEHTAaX MHEPIMH.
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Jl1s mpuMepa BHYMCIMM IHCIEpCHio pacrpenenenus [Tyaccoua
(2.5). 3mecs mpoure cHayana nogcuurtath M5!

ME*=ME(E— 1) Mt = Z mm—1) % e o=

m=0

[}
- am-z
=a'e™* 3 mogyTe=aTa
m=2

a 3aTeM HaAHTH AUCNEPCHIO
) =M'—a’=(a’}a)—a*=a.

[Monesno 3ameTuTh, 4TO B pacnpemenednd [lyaccoHa M ueHTp
pacnpene/ieHus ¥ XuCNEPCHsi COBMAgalOT CO 3HAYEHHEM MApaMeTpa a.

[TondTHe O MOMeHTAaxX pacrHnpeneJeHUd

PaccMoTpenHble  Bhille JBe OCHOBHBIE XapaKTEPUCTHKH pac-
npenejeHns — LUEHTP  pacrpeaeseHus S=a u gucnepcus
M (§ — a)* =6® — upencraBasioT COGOH yacTHbE Cayd4au MOMEH-
TOB pacnpefie/ieHnsi, BBEAEHHBIX HM3BECTHHIM PYCCKHM MaTeMaTHKOM
I1. JI. YeOuilleBbIM 151 HMCCAENOBAaHMS 3aKOHOB pachpeneseHus
BepOSITHOCTEH.

Hauarvnom momenmom mopsinika k£ Ha3blBaeTcd MaTeMaTHye-
CKOe OXHAaHWe E-H CTeneHM cayuadHod Benmumubl, TO ecTb M3,

Llenmpaasroim momenmom mnopsaka k Ha3biBaeTCs Marema-
THYECKOe OXHIaHue K-H CTerneHH OTKIOHEHUS cnyqaﬁuoﬁ BeJIMYHHH
OT €e LICHTpa pacrnpeneneHus, TO €CThb M(E——a)

Mexny Haya/bHBIMH ¥ LEHTPAbHBIMM MOMEHTaMH CYILECTBYIOT
NpoCThle 3aBHCHMOCTH, JIEFKO YCTaHAB/AHBAEMblE C MOMOLUbIO
6unoMa Hbioorona. Hanpumep:

M (E — a)* = ME* — 2aME 4 o = M&* — o;
M (§ — a)* = M’ — 3aM&® | 3a’ME — a® = M&*— 3aM&® |- 24°

u T. A. [lepBas u3 stux Qopmysa coBnamaer ¢ dopmynoit (3.25).

Boime 6bi10 OTMEYEHO, YTO MOMEHTHl [E€PBOrO M BTOPOro Mo-
psakoB M§ u M (§ —a)® xapakTepusyloT LEHTP Paclo/OKeHHs
W paccesHne cayuaHHoH BeauumHbt §. LleHTpajbHBlH MOMeHT
rpetbero nopsaka M (§—a)® npumensieTcs ANl XapaKTepPUCTHKH
acusmmempuu pacnpedeserus. Ecnn kpuBas pacnpenenceHus cuM-
METPHYHA OTHOCHTE/NbHO MPAMOH X==@a, TO LEHTPA/JbHBLIA MOMEHT
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TpeTbero mnopsnka (kaKk W BOOOILE BCE IEHTPalbHbE MOMEHTH
HEYeTHHIX NOpAAKoB) Oyner pased Hymo *). [loatoMmy eciu HeHT-
palbHBIE MOMEHT TpeTbero piz) o0

nopsiika OT/JIHYEH OT HY- GO0~ =0

N4, TO pacnpeieseHne He
MOXeT ObiTh CHMMETPHYHHIM.
Bemvuuny acummerpun xa-
PaKTEepU3yIOT OOBLIYHO 6e3-
pasMepHbIM  Koagduliien-
mom  acummempuu C,=

=M£,L(e-)-—a)’. 3Hak Ko3d- Puc. 18.

[

(HLHEHTA aCHMMETPHH YKA3HBAET Ha MPABOCTOPOHHIOD HJH N1EBOCTO-
pOHHIOIO acummeTpuio (puc. 18).

MowmeHTb 60J1ee BHICOKMX TOPSAIKOB B 3JAE€MEHTAPHHIX 3alayax
TEOPHH BEPOATHOCTEH M B OpOCTEHIUMX €e MPUJIOKEHHAX He

BCTpEyaroTCo.
YnpaxHeHHusd

L. TloncunTaTh MaTeMaTHYECKOE OXHIaHHEe NMPOH3BEIEHHA XapaKTepH-
CTHYECKMX CaydalHLIX BEMMUYMH ), M ), BBeZEHHBIX 115 6eCrOBTOPHOH
BBIGOPKH B mpuMepe Ha cTp. 40, u y6eIuTbCsl B TOM, YTO B 3TOM Ciydae
TeopeMa YMHOXEHHsS MaTeMaTHYECKUX OXHIaHHHA HenmpuMeHHMa.

OrBer.
25 24 /25
MO =2n - o5s MM, = (1—0_0> .
2. IloxasaTb TeopeMy YMHOXEHH MaTeMaTHYECKHX OXHiaHuH a1a

HeNpepBIBHbIX HE3aBUCHMBIX C1y4alHbIX BEIMYHH C TOMOLLbIO popMy sl (3.13).
Yxaszanue. BocnoabsosaTbest ycloBHEM HE3aBUCHMOCTH ¢ (X, y) =

=1, (x) §, () 1 cBecTH 1BOHHOA HHTerpan SS (xy) $, () b (¥) dx dy x
IBYM NIPOCTBIM HHTErpalaM.
3. Halitn neutp pacnpenenenuss u cpepHee KBaipaTHYeCKOe OTKIOHe-

HHe 1751 pacnpeneleHus (2.2) 4ucla OYKOB.
OtBeT.

Me=1+2+3‘é‘4+5+6=3,5; 6= ?—Z:IJI.

*) DTo caenyeT M3 TOrO, YTO NpPH YKA3aHHOM YCJIOBMH IIOTHOCTh
pacnpenenenus ¢ (y) cayuafiHoit Beauuuunl n==¢ — a (OTKIOHeHus)) Gyaer
yetHol (yHkuMed u, 3Haunt, Bce mpousseseHus y2**+1y (y) 6ynyT Hewer-
HbIMH G YHKUHSAMH.
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4, To we ans CyMMbl 4YHCE€J OYKOB, BbIMAAdOIIKHX HAa ABYX HIpa/b-

HBIX KOCTSX.
) 70
ME=T, o= ]/—12_— 2,42.

OTBeT.

Y k a3 a 1 ue. Bocnoab3oBaThCs TEOpEMaMH CAOKEHH MATEMATHYECKHX
oxulanuil u aucnepcuil.

5. Haiitu marematnueckoe oxmujaanue uyucaa 6eJblX MIApOB B HCMbiTa-
HHM JIO cxeMe ynpawHenus 2 x ruase [

OrtBem

ME:F.

Ykaszauue. [lpexcrasitb € B BUIE CYMMBI XapaKTEPHCTHYECKUX
cayyaitHbIX BEJWYMH, CBA3aHHBIX C KaX/blM BbIHHMaHHEM WIapa.

6. Halith ueHTp W mucmepcuto pacnmpenenenus (2.4) uucaa mpousse-
IeHHbIX BBICTPENOB Npu CTpeib6e no cxeme mnpumepa 3 (ctp. 31). Pac-
CMOTpeTb WYHCIOBOH NpHMep NpH p=1{g ¥ RaTb TOIKOBaHHE MaTEMaTh-
YeCKOro OMHIaHHA.

Orser.

@

ME=Zn(l—p)"“p=-l—:

n=1

B

@®

ot = ME* — (MEF = 3, n*(1 — p)* ' p—

n=1
1
Mpu P=15> ME=10; ecsn BepOATHOCTb MOMaNaHUs INPH KaXIOM

1
BBICTpENE PaBHA 1, TO B CPE/HEM HANO MPOH3BECTH 10 BoicTpenoB  gas

MepBOro nomnanaHug.
Y ka3 auue. Bocronb3oBaTbes CTeneHHbIMH psaaaMu aas

1,1
T—qp " T—0q¢"

7. Hafitn uentp m mucnepcmio pacnpenenenus IMupcona (2.27).

OTtBeT
__w pa oa—1 e _— pa r(a-f-l)_a.
ME—égxr(a)x le de_m—W_T.
_ P T(e+2 a’__ua
f—ME’—(M&)’—m——B-OH_—z'—P——F.

Yxasanne. Bocnoib3oBaTeCs WHTErPHPOBAHHEM 10 YacTAM HAH
OCHOBHBIM CBOHCTBOM raMMa-)yHKLHH,
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8. IIOKaSaTb T€OpeMy CJOXKEHHS UEeHTPaTbHbBIX MOMEHTOB TpPeThero
nopsaka s He3aBUCHMbIX cnyqaﬁﬂux BEJIMYUH E, .

ME+n)—(@+b=ME—a+Mun—0b)°"

9. Haiitn kospduuuent acummerpun OGMHOMMANBLHOTO pacmpefeeHus
4acToThl W,
OtBer

M, —np) _npgg—p)_q—p
o’ (1) (npg)* V npq

Y xa3aHue. BoluHCIMTb CHadana TpeTHH UEHTPaNbHbIA MOMEHT nas
XapaKTEPUCTHYECKOH BeIHYMHBI \:

MQA—=pP=01—pPp+0O0—pPg=pq(g—0p)

8aTeM BOCMOJb30OBATbCSl TEOPEMOH CHOMEHHs I UEHTPaJbHBIX MOMEHTOB
TpeThero nopsiaxa.

10. Jloka3aTb, 4T0 KO9PGULUHEHT acUMMeTpHH pacnpenenenus [Tupcona
(2.27) BxBoe Gosblle TaK HasblBaeMOro KO3 @HIKMeHTa BapHauuu

O __1
Co=fz =77

Ykaszanue. [pu BbluncaeHud neurtpaibHoro momenta M (€ — a)®
BbIPAa3UTb €ro uepe3 HaualbHble MOMEHTHI.

11. BblYHCANTb UEHTPalbHbIA MOMEHT 4YETBEPTOro MOPAAKA s 00-
11ero HOPMAJbHOro pacmpejenenus BepostHoctel (2.26).

OTsBer.
1 © _ x—ap
ME— 4=-——:-S —a) 2at et a‘.
E—a) V5 OI’(;c aye dx =3

Ykasanue. 3aMeuuTb ¥ — @ ==16 ¥ [POUHTErPHPOBATb MO YACTAM.



FTABA IV
3AKOH KOJIbIMX YUCEN

Ins kawmofl cayvaiiHOH BeJMuMHBI Heab3sl NpeaBUAETh, KaKOe OHa
NpUMeT 3Hayewue B MTOre HCmbiTauud. Ho noeegeHue cymMmbl 60ib-
HIOro YHMC/a CayyalHbIX BEJHYHH MOYTH YTpayWBaeT chydaliubiil xapaktep
M CTaHOBHTCA 3aKOHOMEPHbIM; 3JleCb HeO0XONHMOe IMpoK/IaibiBaeT cebe
JIOPOTY CKBO3b MHOMECTBO caydaiiHocTeH. TeopeMbl, B KOTOPHIX BbIACHAIOTCH
YCIOBUS TOrO, 4YTO COBOKYMHOe aeHCTBHE MHOrMX CJAyYaHHBIX NpPUYMH
NPHBOAHT K pesynb'ra'ry, NOYTH He aaBncamemy OT CJaydas, MOJYyUYHJIH
obllee Ha3BaHUE 3aKOHA GOJbLIMX YHCEJ.

§ 138. O cayuaitHeIX cOGBITHSX
C O4YeHb MaJILIMH BepOSTHOCTAMH

HanmomHuM, uYTO BepoOATHOCTH p cay4yaHHOro coGbLITHS ecThb
YHCI0, O6BEKTHBHO XapaKTepu3yiollee BO3MOXHOCTb ero nossJje-
HUSI TIPH  IaHHOM KoMmmaekce yciaoBuid. OTHOCHTe/NbHAs yacTOTa
3TOro cOOLITHS €CTh CiAyyaHnas BeJHYHHA ®, C pacnpeae/eHHeM
BEPOATHOCTEH, LEHTPOM KOTOPOrO CHYXKHT KAaK Pa3 BEPOSTHOCTb p
(§ 11, npumep 3). B 1O Bpems Kak 3HayeHHe BEPOSTHOCTH He
MO¥eT ObiThb HalleHO HeNnoCpenCTBEHHO M3 ONbiTa, KauIOe n-KpaT-
HOE MOBTOPEHHE HCMBLITAHUA HAeT OllpelesieHHOe, OMbITHOe 3Hauye-
HUe OTHOCHTE/]bHOH 4acTOTh. Mbl ywe yKaspiBaJM B Hayaje Ha-
IIEro Kypca, 4TO 3HAYEHHE OTHOCHTENbHOM YacTOTH ®, NpPH I0-
CTaTOYHO OONBIIOM KOJHYECTBe HCMLITaHHH 7 OKa3biBaeTcs, Kak
npaBuJo, BecbMa GINU3KHM K BEPOSITHOCTH p. DTOT OGLUUH [PUHLHN
CBA3bIBAET TEOPHI0 C TMPaKTHKOH, HO OH OKa3hiBAaeTCs CJHMILKOM
HEOMNpeNe/JEeHHbIM /IS KOJMYECTBEHHLIX OLEHOK (Mbl 3HaeM Yixe,
4YTO OTHOCHTE/bHAA 4acToTa O/M3Ka K BEPOSATHOCTH, HO HE 3HAEM
MOKa, HaCKOJbKO HMeHHO). [To3TOMy B OCHOBY najbHEHLIMX BHI-
BOLOB Mbl MONOXHMM ApyroH, Oonee y3ku#, Ho 3ato u Oosee
onpeneneHHb NPUHLKN, OTHOCALIMACA K COOBITHAM C OYeHb Ma-
JIBIMH BEPOSITHOCTAMH.
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Ecau cobrniTHe uMeeT OYeHb Ma/lyio BepPOSTHOCTb, TO OHO
MPOUCXOOHT KpalHe peako. Haipumep, ecin coGuiTHe uMeeT Be-
posithocth 0,000001, TO OHO NPOMCXOAMUT MPUOIM3UTENbHO OXHH
pa3 Ha MMANHMOH HMCOBITaHHME *).

Oneit  y6exnpaer Hac B TOM, YTO [pH MaloM KOJHYECTBE
ucnbiTaHuil  caydaiiHoe coObiTHe ¢ Takod Majlod BEpPOSITHOCTHIO,
KaK [paBHJ0, He [POUCXOAUT COBCEM; I[03TOMY BO3MOXKHOCTbIO
ero rosBjeHus Mbl npeHeOperaeM. Hanpumep, Bpsa /n KT0-HUGY b,
obnanasi onHuMm OuneroM B Jotepee, rae Ha 1000000 Guneros
NPUXOAUTCS ONUH BHIMLPBILI, CTAHET BCepbe3 pPacCYUTHIBATHL HA
9TOT BBLIMFPHII (XOTS ONWH M3 MU//IHOHA oOnasarenell Takux Ou-
neToB 0Gs3aTenbHo Buurpaet!). Hy, a ecau Owl B JioTepee Gbio
500 000 Gunertos? uaum 10 000? BosuumkaeT BONPOC, HACKOAbKO
Maza JO/MHHA GbiTh BEPOSATHOCTD C/y4alHOro COOBITHS, YTOOH MOXHO
6bi10 npeHe6peyb BO3MOXHOCTBIO €ro MOSIBMEHHS B €IHHHYHOM
uenwitanun. OTBET Ha 3TOT BOIPOC He MOXET ObiTh JaH B
TEOPHH BEpOSITHOCTEH, OH OTHOCHTCH K €e [PaKTHYeCKMM [1pH-
JIOXEHHUSIM M 3aBHCHT OT CyllecTBa peumlaeMoii npoGJemsl.
[MosicHUM 3TO CeAyIOLIMM MPHMEPOM CpABHEHHSl ABYX CydaiHbX
COOLITHH.

a) Ilycte npu astomaTnyeckodt 06paboOTke HEKOTOPOH meTalu
BEPOATHOCTb NOJyyeHHUs HecTaHxapTHoro pasmepa pasHa 0,01,
npuYeM HecTaHgapTuas getanb Oyner OpakoBaTbcs npu cGOpKe.
Ecau nertans Hemoporasi, TO BrOJHE JIONYCTHMO HE NPOU3BOLHUTD
CIVIOIIHOK KOHTPO/b Brex netasted nepen c6opko#t, T. e. npeHe-
Gpeub BepossTHOCTBIO 0,01 HecTaHLapTHOCTH AeTasH.

6) [lycTb npu H3roTOBJEHHH MAPALIIOTOB BEPOSTHOCTbL MOJY-
YyeHUsi HepacKpbiBawollerocsi sospeMs napaunora pasua 0,01, flcuo,
4TO B 3TOM c/lyuyae npeHe6peub BeposiTHOCThI0 0,01 HepomycTHMO,
TaK Kak 3TO NpHBeJOo Obl K rubesm MPUMEPHO KaXAOro cOTOro
napaunoTucTa. B 3TOM cayyae crenoBaso Gbl OpraHM3oBaTh KOH-
TPOJb BCEX H3rOTOBJEHHBIX [APAILIOTOB.

B kaxno#fh o6GnacTu NPUNONKEHHS TEOPHH Be-
POSATHOCTEeH HasHayaeTCs OomnpejpeJeHHas TpaHu-
Ia «oYyeHb MaJbX» BeposTHOcTe#. B oTHowme-
HHM 3TOH rpaHUUB NPUHHMAETCH TaK HA3HBa-
eMbl! NpHHLUUND MNPaKTUYEeCKONH HEBO3SMOXHOCTH

*) PasymeeTcsl, 3TO OTHIOAb HEe O3Ha4aeT, YTO OHO MPOUCXOAHUT HMEHHO
npu MWILIHOHHOM HCNBITAHHH, OHO MOXET IIpOH30ﬁTH H NOpH OJHOM U3
NEepBbIX HUCOLITJIHHH,
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Mano0BepOATHHX cOOHTHUN: cyumaemes, umo cayualinoe
cobuimue, uMmeiouee BepOSMHOCMb MeHee HA3HAUEHHOU 2paHULbL,
He npousoii0em npu eOUHUYHOM UCHbIMAHUY.

ITOT NpUHUMN HrpaeT OCHOBHYIO POJb B MPUMEHEHHAX TEOPUH
BEpOSITHOCTEl K MpaKTHKe; OH MO3BOMMT HaM BLIACHHTb NPaKTH-
YyecKOe 3HAUeHHe PAcCMaTPUBAEGMbIX Jajee TeOpeM.

MHoraa s1oT npuHuun opMy/HPyIOT HECKOJbKO MHaye M Ha-
3HBAIOT «NPHHIHNOM TNpPAaKTHUYEeCKOH yBepeHHO-
CTH»: eCIN BepOSITHOCTb COGHITHS A MeHblle Ha3HayeHHOH rpa-
HHLW o, TO HMeeTCs NPAaKTHYeCKas YBEepPeHHOCTb B TOM, 4YTO
cobuite A He npou3OHNeT (NP eAUHUYHOM HCmbiTanuu). [pu

3TOM BePOSTHOCTb MPOTHBOMOJOWHOrO coObiTusi A OyneT Gosbuie,
yeM 1 —a, TO ecTb OyaeT Tak e O/JuM3Ka K EIMHHIE, KaK Be-
pOSITHOCTh COGHITHS A 6/u3ka K Hymo. [TosTomy nupuHuMn npak-
TH4eCKOH yBEpeHHOCTH (pOPMYyNUDPYIOT TaKke M C/leLyloluM 06-
pasoM: eC/IM BepoSTHOCTb COObiTHS Oosbiie, uYem 1-—a, TO
HMeeTCsl MpaKTHUYecKas yBEPeHHOCTb B TOM, YTO OHO Mpou3OHIeT
(MpH eIMHUYHOM HCIMBITaHUH).

CrenaeM elue Clelyiollee BaKHOE 3aMeYaHWe O MPAaKTHYECKOM IPH-
JOMEHHH MPHHATOrO Bbllie npuHIMNA. JlomycTHM, YTO, PYKOBOACTBYHCb
HeKOTOpOH rumoTe3sofl, Mbl HAlULH, YTO BEPOATHOCTb COOHITHA A OUYeHb
mana (MeHblie Ha3HaueHHoH rpanuubl). Ho, npousseas ucnbiTanue, Mbl
06HapyKHMH, 4TO Co6biTve A npowusouwo. Toraa Gyler pasyMHBIM MOL-
BEPrHYTb COMHEHHIO Hally HMCXOAHYIO THIOTe3y M UCKaTb Hec/yuailnyto
NpUYMHy NOosiBneHHs coObiTis A. OCO6EHHO SPKO 3TO BBIPAKEHO B Cle-
AylolleM CTapHHHOM aHeknoTe, mpuselennom beprpanom B ero «Hcuu-
clienuy sepostHocTely (1889 r.). «Onnaxanl B Heanose a66at lammanu
ysuzea ueloBeka M3 BasuaMkarhl, KOTOpBIH, BCTpAXHBag TPH HrpajbHble
KOCTH B uallKe, AepiaJj MapH, YTO BbIOPOCHT TPH LIECTEPKH; 4 JeHCTBH-
TeNbHO, OH HEMENJEHHO MOAy4H) TpH uiecTepkd. Bbl ckameTe, Taxas
ynauya BosmoxHa ¥). Onuako uenoseky u3 DasuukaThl 310 yaanoch Bo
BTOpO# pas *¥), u mapu nosTopuaock, OH Kian KOCTH Hasal B HalKy TPH,
yeThipe, NATb Pa3, M Kawabli pa3 BbibpacbliBaj TPH wWecTepku. ,Yept mo-
6epu, — BCKpHYan a66aT, — KOCTH HaiuThl CBHHUOM®. Tak OHO u 6blIOY.

*) BepOATHOCTb STOrO PH YCJOBHH, YTO KOCTb NMPaBHIbHa, COCTaBIAET:

11
6 216"
#¥) BepoTHOCTb 9TOTO MNPH YCJIOBHH, YTO KOCTb IPaBHbHA, COCTaB-
ASeT yxe
11
(216)2 7 46656 °
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§ 14. Teopema $1. Beprynau u ycToilunBocTn
OTHOCHTEJLHBIX 4aCTOT

[TycTs npm HekOTOPOM HCHBITaHUM cayyabiHoe cobwTHe A
MMeeT onpeneneHHylo BeposTHOCTb p. IlycTh, Janee, ykasaHHoe
ucnbiTanwe  noBropsieTcs # pas *). Kak Mp  ywxe 3HaeM, oTHO-
CHTE/NbHAA 4yacToTa cayyahHoro cobuiTusa OyndeTr ciyyalHol Besn-
YMHOH ®,, y KOTOPOH MLEHTp pacnpene/enus COBNanaeT ¢ Bepo-
ATHOCTBIO p. YTO ke KacaeTcs cpelHero KBaapaTHYeCKOrO OTKJO-
HEHHSI BENMYMHB ©,, TO OHO OymeT YMEHBUIATHCH C yBe/lHYeHHeM
KOMM4ecTBa HCNuiTaHu# 7, Kak nokaswiBaeT cdopmyna (3.22):

O(u),)::?—?.

Orciona crenyer, 4To ¢ yBelMYeHHEM KOMHYECTBA UCMHITAaHMM
3HaYEHHsl OTHOCHTENbHOW YacTOTH cayyahHoro cobeiTa OynyT
pacceuBaThCsd BCE MeHblle W MeHblle, TO ecTb OydyT BCe TecHee
rpyNIMPOBaTLCS OKOJO BEPOSITHOCTH 3TOTO COOBITHS.

YToyHeHneM STOro MO/NONKEHUs siBAsSeTcS ONyO6/HMKOBAaHHAs B
1713 r. 3ameuyare/bHas

Teopema fl. Bepuynnn. Ecau 8 nocaedosamessrocmu
He3Q8UCUMbIX UCNbIMAKUI 8ePOSIMHOCMY D CAY4AiHO20 coObmus
ocmaemcs, HeU3MEHHOMU, Mo 8epOSMHOCMb MO20, 4MO OMK.LOHE-
Hue omuocumensroli uacmoms ®, om p npes3oiidem 3adarHoe
uucro € >0, cmpemumcss K HYAI0 npU HEOZPAHUYEHHOM Y8eal-
HeHUW Hucaa ucnomaxui n:

lim P{|o,—p|>¢e}=0. 4.1)

CTpeM/ieHHe K HYJIO BEPOATHOCTH HEDABEHCTBA
lo,—p|>c¢

03HayaeT, 4YTO MPH AOCTATOYHO GOJBLIOM # 3Ta BEPOSTHOCTD
CTaHeT MeHblIe Ha3HAa4yeHHOH rpaHUUb OYeHb MalbiX BEPOSTHOCTEH
(cm. § 13). Ilpu aToM Mbl OyneM HMeTb NPAaKTHYECKYIO yBepeH-
HOCTb B TOM, YTO yKa3aHHOE HepaBEHCTBO He OyJeT BLINOJHSATHCH,
W, C/nefOBaTe/IbHO, B TOM, 4TO OyAeT BHIIOJHATbCS MPOTHBO-
NOJIOYKHOE HePaBeHCTBO:

lo,—p|<e. (4.2)

*) CM. cHocKy K cTp. 36.
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Ipyrumu cnosamu, Teopemy $1. Bepuymmm moxuo dopmynupo-
BaThb TakK:

[Tpu docmamourno Goaswom roaunecmse ucnsimanuii docmu-
2aemcs npaxmutecKas YBePeHHOCMb 8 MoM, 4MO OMKAOHeHUue
OmHocumensHoli acmoms cay4aiinozo colwmus om ezo 8epo-
amHocmu He npeg3oiidem no abcoriomunii 8esuuure Haneped 3a-
Oanno20 wucaa & (xax Oot maso oHO HU Obisol).

Teopema §I. BepHymnmu sBiseTcsi BecbMa YacTHHIM CyyaeM
Teopemul YeOhileBa, KOTOPYI0 MH JOKaweM panee, B § 15. 3a-
MeTHM, 4TO, Kak Ob BeqWKO HH ObIIO 7, MBI HE MOXEM KaTero-
pHYECKH yTBep¥IdaTh, 4To OyneT uMeTb MECTO HepaBeHCTBO (4.2),
a MOXeM HMeTh TOJbKO TNPAKTHYECKYIO YBEPEHHOCTb, B CMbIC/e
§ 13, B BbINO/AHeHHH 3TOro HepaBeHcTBAa. YTOOH MOAYEPKHYTD
OT/IHYHE YCTAHOBJEHHOTO MOJIO¥EHHS OT OOBIYHOrO MOHSITHS Mpe-
Ilesla, MHOrJla BBOLSIT CIELHaNbHOE MOHSITHE «72pedesa no 8eposm-
Hocmu». Hanpnmep, Teopemy DBepHy/im 3anucbiBaloT B CHMBO-
JMYecKoM BHJe:

o Zp (4.3)

" ns oo

(ynTaercs Tak: ®, CTPEMHTCS MO BEPOSATHOCTH K YHCIAY p Tipu
n— oo).
Ecnu npn n-xkpaTHOM NOBTOPEHHM HCHBITaHHs chayuyalHoe co-
m
6hitHe A ¢akTHyecKH MOSBHIOCH M pa3, TO OTHOLIEHHE - 6yner

YaCTHBIM, OMBITHHIM 3HaYeHWeM OTHOCHTeNbHOH YacToThl ®,. [lpu
HOCTaTOYHO GONMBIIOM 7 MOXHO ObITh NPAKTHYECKH YBEPEHHHLIM B
BHLIMOIHEHHY MNPUONUKEHHOrO paBeHcTBa

m
Zp (4.4)

¢ KakoH yroaHo Hamepen 3anaHHOH ToyHocThblo. Ha npaxTuke

m
3TO NPOSIBAAETCST B TOM, 4YTO 3HA4YCHHUSHA ry OTHOCUTEAbHON 4YacTo-

TH ®, 00JafalOT ycTOHYHBOCTbIO, O KOTOPOH Mbl FOBOPHU/IH B Ha-
yaje KHHTH.

CootHouenne (4.4) MOXET CIAyxuTb A NPUOIHKEHHOrO Bhi-
YUCIeHUsT HEH3BECTHOH BepPOSTHOCTH C/MyyalHOro COOBITHS MO OMbIT-
HbiM paHubiM. Hanpumep, B cTatuctike Hapononacenenus XIX seka
6BIJIO YCTAHOBJIEHO, YTO OTHOCHTE/NbHAs 4aCTOTa POKAEHUS Malb-
4yuKoB ycToHuuBa ¥ coctasaset 0,512. OTciona MOXHO 3aK/IIOYUTH,
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4TO PpOXAEHHE MaJbuMKa HMEeT ONpeleleHHyl0 BepOsiTHOCTD,

6an3kywo k 0,512.
[Mpn KOHKpPeTHHX 3HAYEHMAX 7 TOYHOCTH MPHOJMKEHHOTO pa-

BeHCTBA (4.4) HyxHaeTcs E OleHKe; Mb JaiuUM 3Ty OUEHKY B
clenyioleR riase.

§ 16. Teopema YeGbimesa

Ilnsg He3aBUCUMBIX C/yyaHHBIX BeIHYMH OOLMH 33KOH 6OJb-
wHux uyucesn Boipaxaercsi Teopemoit 1. JI. YebwilleBa, nOKa3aHHOH

UM B 1867 r.
PaccMoTpuM noc/e10BaTe/IbHOCTb MOMAPHO HE3ABHCHMBIX CJy-

yaltubix BenwuuH &, &, ..., &, ... ¢ KaKuMu yroaHo pacnpe-
nenenusivu  BepositHocTel. JlomycThM, YTO BCe 3T cayuyafinble
BEMHYMHB HMEIOT ONpelesieHHHe MaTeMaTHYeCcKHe OXUAAHUA H
IUCNIEpPCHH:

Mi,=a,; ME,—a)=0" (k=1,2,...). (4.5)

O6pasyem cpepniolo apHpMeTHHECKYIO M3 MEPBHIX 7 Cayuai-
HBIX BEJIHYMH:

'E';'__:El"f“ez'*;l""l'sn. (4.6)

MaTeMaTHYECKUM OXHIAHHEM BEJHYHHLI en CIYXUT CpenHee
apudMeTHYeCcKOe M3 MATEMaTHYECKHX  OXHIAHHUH  BeaH4uH
€, &, ...y B

& a a e a -
Me f— 1+ 2+ + n=a . (47)

n n n

Hucnepcusi we cpenHe#t apucdmeruyeckoit &, He paBHa cpen-
Hell apudmeTnyeckoft M3 amcnepcuif, a MeHblle ee B 7 pas:

ot ) =h (7 +o ... fa IZk- (4.8)

Ecnn Bce ancnepcun o) OrpannueHbl OLHUM M TeM Xe YHC/IOM:
G<H (k=1,2...),

TO OUCNepCHsi cpelHed apHpMETHYECKOH CTPEMHTCS K HYJI0 NpH
n— 00, TaK Kak

aE)<i.

n
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Otciona cneayeT, 4TO ¢ yBeJIMYeHHEM 7 3HAYEHHs cpenned apud-
MeTHuecko# §, OyNyT pacceMBaThCsi BCE MeHblle M MeHblIe, TO
ecTb OynyT Bce TeCHee IPYNNHPOBATbCS OKOJMO CBOEro LEHTPa
pacnpenenedus *).

Ilns yTOuHeHHS! 3TOrO MOJOWEHHs OLIEHHM BO3MOXHHIE OT-
KJOHeHHs Cay4yaHOR BenuunHbl &, OT ee LEHTpa C IOMOLLLIO
YHHBEPCAJbHOTO HepaBeHCTBa YebwieBa.

HepasenctBo Yebumiena

HepasenctBo YeGnilmeBa naeT OLEHKY BepOSITHOCTH TOrO, 4TO
OTKJIOHEHHE J060H cayualiHol BemuuuHbl & OT LEHTpa ee pacnpe-
Henenus a= M§ npeB3ofineT 3amaHHOe MOJOWHTENLHOE YHCIO €:

P{IE——a|>s}<°2(E). (4.9)

€2

Oka3biBaeTCsl, YTO 9T BEPOSITHOCTh, BOOGLIE FOBOPS, TEM MeEHbILE,

uem Menbiie anucrepcus 6° (8).
[MpoBseneM 10OKa3aTeNbCTBO HepaBeHCTBa YelOniiepa mJs Herpe-

phiBHBIX cay4aiiHbix BeanunH. [1o ocHOBHOH dopmy.ie (2.20) nmeem:

P{lt—a|>el= [ ¢Wax,

|x—a|>e

roe MHTErpan B NpaBOH 4YaCTH paclpoOCTPaHAeTCss HA MHTepBajbl
(—oo0; a—¢) u (a+¢& —o0), B koTOphX | ¥ —a| >e. Tak
KaK B 9THX WHTEpBaNaX HMEET MECTO HEPaBEHCTBO

(x — a)?

1< =
a 3HAYHT, U HEPaBEHCTBO
1
s <z (x—a) o),

TO

€
|x—a|>¢ |x—=al|>e

tp(x)dx<—1,— S (x—a)* ¢ (x)dx.

#*) D70 MOXHO TOMKOBaTb TakKHM O6pa3oM, 4TO MpH O6pa3OBaHMH Cped-
Hefl apudMeTHUECKOH MPOUCXONMT YacTHYHOE B3aHMHOE MOralleHHe Cay-
yaliHRIX OTKIOHEHHHA Pa3HBIX 3HAKOB.
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Tenepb nns 3aBepuieHus BuiBoga HepaBedcTBa (4.9) mocraTtouno
3aMEeTHTb, YTO

(x—a)’p(x)dx<< S (x —a)® ¢ (x) dx =0*(8).

\x—a|>¢ —®

PEKOMeHIlyeM YATATEJAI0 B KauecCTBE YNpaHEHHs [MPOBECTH
AHAJIOTHYHOE [0KAa3aTeJbCTBO HepaBeHCTBA '~le6buueBa. st AUCK-
PETHLIX BEJHYHH.

Teopema Yebuwena

[Tpumenum Tteneph HepaBeHcTBO YebnieBa (4.9) k cayuainoi
BequunHe &,

P{IE —a | >e <t M (4.10)

Kak 6n Mano uum Obi10 Hanepen 3alaHHOE MOJOXHTENbHOE
YHUCIO €, BCEraa MOXHO BHIOpaTb HACTO/NbKO 6OJblIOE 7, 4YTOOH
npaBas 4acTb HepasedcTBa (4.10) crana xak yromgHo Mana, B
YaCTHOCTH, MEHbllle HAa3HAYEeHHOH TrpPaHULBl «OYeHb MaJjbiX» BepoO-
aTtHocTedl. Torma mbl OyleM wuMeTb MPAKTHYECKYIO yBEPEHHOCTb

B TOM, 4TO HepaBeHCTBO |&,—a,|>>¢ He GyieT BHINOMHATHCA,
M, CNeIOBAaTeNbHO, B TOM, YTO OyieT BHIMOJHATBCA MPOTHBO-
MOJI0XKHO® HepPaBEHCTBO:

|5, —a,|<e

Takum o06pasom, npu Oocmamouro 6oansuwom Koauvecmse
He30BUCUMBX CAVHALHbX BeAUHUH OOCMUZQeMCcs NpAKMUHECKas
YBEPEHHOCMb 8 MOM, 4MO OMKAOHEHUe ux cpedHel apugbmemu-
yeckoil om ee yenmpa pacnpedeneHus He npeg3oiidem no abco-
AIOmMHOl Beaunune Haneped 3a0aHHO0ZO ulcaa € (KaK Ob Maao
OHO HU Obin0!).

B manom paccesnun cpexuefi §, OKOMO LeHTpa ee pacipele-
JieHns 1py OOJIbILIMX 3HAYEHHSX 72 W 3aK/I04aercd 3aKoH 60JbUIMX
yucen. TouHoe MaTeMaTHueckOe BHIPAXKEHHE 3TOrO 3aKOHA [aeT

Teopema Yebumera. Ecau nocsedogamenbHocms
§,84 « .05 8, ... cCOCTIOUM U3 NONAPHO HE3ABUCUMBLY CAYHQATIHbLX
BeAUHUN C O2ZDQHUMEHHBIMU OUCnepcuUsmi, mo OAfL  CcpedHell

apugpmemuueccois &, u3 nepgux n sesuwun &, &, ..., &,
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npu AI000M ROAOHCUMEABHOM & UMeem MmeCmo COOMHOUlLeHUe
lim P{[§, —M&,|>¢} =0. (4.11)
n—-o

dopmyna (4.11) nonyyaercs u3 HepasexctBa (4.10) npeaesbHbiM
nepexoaoM, TaK Kak 11paBas yacTb HepaseHcTBa (4.10) cTpemutcs
K HyJMI0 1pH n— 00, a /MeBasd yacTb, Oynyun BGPOSTHOCTbIO, He
MOXeT ObiTb OTpHLATENbHOMH.

YactHu#t cayvaft tTeopemb YebObnmeBa

Ecnu Bce cayuyaiinbie BeMMuMHBl &, 5,, ..., &,, ... HMeOT
OIMHaKOBble LEHTpH pacnpenenesds M5, =a (k-_.l 2, ...),

TO LEHTP pacrnpelaeneHus cpelHed apudmeTHyecKon En TaKxe
coBmagaeT ¢ a:

s 1
M:,,=7(ME,+M§2+ co - ME)) =g,

u noatomy dopmyna (4.11) npunumaet Bul

lim P {[§, —a|>¢} =0. 4.12)
n—->o
dopmyna (4.12) ponyckaeT CHMBOJHYECKYIO 3aMuch
< Bep
e h (4.13)

BNOJIHE AHANOTHYHYIO 3amucu (4.3) *).

HokasaTenbcTBO Teopemb . Bepuynnm

Ecan B KayecTBe Be/HYHH §, B3Th XapaKTePUCTHYECKHE BeJIH-
yuHB ),, BBeleHHbe B § 7, TO HX cpelHss apudmerHyeckas
OyneT paBHa OTHOCHTE/NbHOH yacToTe ClyyaHHOro CcOOBITHS:

bttt

Tak kak npu stom ML, = p; ¢* (h,) =pg <1, 10 dopmyna (4.12)
npusuMaeT Bua (4.1), uTo M nokasuiBaeT Teopemy $1. Bepuyniu.

#* B 1928 r. un-kopp. AH CCCP A. . Xunuuu pokasan, 410 11s
OMHAKOBO PAcHpefe/eHHbIX HE3aBHCHMBIX CIyyalHBIX BeIMYHH QopMyna
(4.12) uMeeT MeCTO MNPH ONHOM TOJBKO NPENONOKEHHH O KOHEYHOCTH HX
LeHTpa pacnpeieleHHst a 6e3 BCAKMX OrpaHH4YeHMH Ha qucnepcuio o (ko-
TOpas MOXeT ObiTb U OECKOHEYHOH).
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§ 16. Ycro#iunBocTs BbIGOPOYHBIX CpPEeXHHX
M MeTOL MOMEHTOB

PaccmoTpuM  CHauala CTaTHCTHYECKYH0 3ajauyy O CpPeIHHX
3Hauenusix. [lycTh n3 coBokynHocTH N 3/1eMEHTOB, Pas/uyalo-
LUMXCA HEKOTOPHLIM KOJHYECTBEHHBIM MPH3HAKOM X, OTOGHpaloTCd
cayyaiiHbiM  o6pasoM #  371eMeHTOB. MOwHO /M cyMTaTh, 4YTO
cpesHHe apudMeTHYecKMe 3HAauYeHHd [pU3Haka BO Bcell COBO-
KYNMHOCTH ¥ B OTOOPAHHOM COBOKYNHOCTH GyIyT O/M3KH MeXIy
coGoi?

Teopema YeObilieBa naer pellleHHe 3TOrO BONPOCA MpPH YCJO-
BHU, YTO BHIOOpKA SIBASIETCS MOBTOPHOH, TO €CTh NPOU3BOAUTCS
0 CXeMe «BO3BPALLEHHOro llapa», onucaHHod Ha ctp. 36. Cps-
KEM C KawIblM OTGHPAeMBEIM 3/IEMEHTOM CJyuyalHyIO BEMMUHHY §,,
PaBHYI0 BO3MOXHOMY 3HAY€HHIO ‘NPH3HAKA Y R-TO 3JeMeHTa BH-
6opku. [Ipu yc/n0BHHM MOBTOPHOCTH BHIOOPKH OTOOP KawXIOro 3Jje-
MeHTa NpOU3BOAMTCS M3 OIHOH M TOH K€ HCXOAHOH COBOKYIHOCTH,
M 1103TOMy BCe cayuafinple BeswumHwl &, &,, ...,&, OyayT Hesa-
BHUCHMB M OyIyT MMeTb OJHHAKOBbiE pacrpejeseHust BePOSITHOCTeH
tuna (3.2). Kak 6bi10 nokasano B § 10, wLeHTp pacnpexpeneHus
BCEX 3TUX Be/JHYHH COBNALAET CO CPedHUM apHU(METHYECKHUM 3Ha-
yeHHeM MPHU3HAKA B HCXONHOM («rexHepanbHOM») COBOKYIHOCTH,
TO eCThb C TaK Has3biBaeMOH «renepa/ibHOH cpendeft» a:

Mi,=a (k=1, 2,.., n).
£ 46 ... 4,
n

6yneT cnpaseinuBa Teopema YeGniuiesa B dopme (4.12) — (4.13).
DTO 3HAYUT, YTO CpeliHeC BO3MOXHOE 3HAYeHHe [PH3HAKAa B BHI-
6OpKe CTPEMHMTCS 110 BepOSTHOCTH K TeHepa/ibHOH cpenHelt 1pu
HeOrpaHH4YeHHOM yBeJuyeHud o6bema BbIOGODKH.

Cnenaem orciofa npakTuyeckue BoiBoAbl. OMbITHBIM 3HaueHHEM
KaOWION CayyaliHOM BeluuuHBl &, SBIGETCS TO 3HAueHHe, KOTOpOe
Mbl (DaKTHYECKH OOHapywxHBaeM y K-rO 3/eMeHTa BbIOODKH; OMbIT-

HBIM 3HAYEHHEM cayyaitHOM BeqHuMHBl &, CyKUT 8ub0pOUHAs cped-
HAA X — cpellHee apudMeTHueCKOe 3HAYECHHE MpH3HAKa Yy OTO-
OpanHuix 3semeHToB. [losTomy cooTnoweHnue (4.13) MoweT 6wITh
MCTOMIKOBAHO TaK: mpu OocmamouHo Goasuom obvese (n) cay-
4QiiHO[ NOBMOPHOL BbIOOPKI MONCHO Obimb RPAKMULECKU Y8epeH-
HbLM 8 MOM, 4MO 860 OPOHHAS CPeOHAS Gy0em CKOAb Y200HO MAAO
OMAUHQAMBCS OM 2eHepabHOl cpedHell, TO €CTb B TOM, 4TO Gyaer

[Tostomy nns apudmeTnyeckoit cpeaueit &, =
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HMeTb MECTO NMPHGIMKEHHOE DPABEHCTBO
X=a (4.14)

OTclona ciaenyer Takke, 4TO 8u660po4Hbe cpednue o6radaom
yemoiiuugocmsio, TO €CTh B IBYX C/lydaiiHbIX MOBTOPHHIX BHIGOP-
Kax JOCTATOYHO GO/IBWIOrO 06'beMa BLIGOPOUHBIE CPENHHE NOKHH
6biTb NPUOTHMEHHO PaBHB. IJTOT BHIBOA XOPOLIO COr/acyeTcs
C OMKITOM.

[TonuepkHeM, uTO cTeneHp O6M30CTH BLIOGOPOYHOH CcpenHelt
K reHepaibHOM 33aBHCHT TOJbKO OT o0beMa BHIGOPKM 72 M He 3a-
BHCHT OT OTHOlIEHHs o0bema BHIOOPKH K 00beMy reHepasbHOH
coBokynHocTH ¥). 3ameTnM eute, 4TO ecan 06DbeM reHepanbHOH
COBOKYMHOCTH OY€Hb BEJHK [0 CPAaBHEHHI0 C OOBEMOM BHOODKH,
TO MNOBTOPHOCTb BLIOOPKM OKa3biBae€TCH HECYLIECTBEHHOH u Hawu
BLIBOAB MOXHO [DHMEHSITb MO OTHOLIEHHIO K OGeCNOBTOPHBIM Cily-
yafiHpIM  BhHIGOPKaM, uTO OcOo6eHHO BaxHO Ha npakTtuke. J[leno
B TOM, 4TO reHepanbHas CpejHss, BOOOLLE rOBOps, HEH3BECTHA
M O ee 3HAYEHUH CYAsIT MO BeJHYMHe BHOOPOYHOH cpenHeit. Ha-
CKOJIBKO 3TO MOXeT ObITh BaXHO, BHMIHO M3 CJEAYIOLLErO NpuUMepa.
IlonycTuM, 4TO I/ HEKOTOPHIX PacieTOB Hal0 3HaTh CPEIHIOI
[POJO/KUTENbHOCTD  CAYXOb  OOJBIIOH NapTHH  3JEKTpOoJaMil.
Yrobul TOYHO y3HAaTh CPedHIOI0 MPOLOKHUTENbHOCTh CAYHOb
08 Bced NapTUW, HALO MOABEPTHYTh HMCMBITAHHIO BCE JIAMMH; HO
TOr4a y Hac He OCTaHeTCs HM ONHOH namnbl, L/ KOTOPOH mMena
6bl 3HaueHue noJyueHHast cpenHss. [IpakTduecku Takue cpennue,
KaK CPELHIO MPOIOMKHTENbHOCTb CJAYXObl JaMM, HaXOIST BwGO-
pPOUHBIM MeTOAOM, TO eCThb ¢ MNOMOUIbIO CcAyyaHHOH BHOODKH.
KoHneyHo, npubankeHHOe orpejeneHue redepalbHoll cpelHedt no
BHIOOPOYHOR cpenHel HyXmaeTcs B OLleHKe TOYHOCTH; 3Ty OLIEHKY
Mbl ganum B raase VI

O MeTOone MOMEHTOB

[MpubinwenHomy paBeHcTBy (4.14) MoxHO naTh M Jpyroe
TOJIKOBaHHe.

[ycth § — HexoTopas ciayyalHas BeJHYMHA C KOHEUHBIM LEHT-
pom pacnpenenedis Mi=—a. ByieM npou3BOLMTH He3aBHCHMbIE

*) Hanpumep, 1°/,-Has Bbi6opka u3 coBokynHoctd B 1000000 s.e-
MEeHTOB faeT G6olee TOYHble CBelJeHHs O reHepaibHOH cpenaHed, ueM
29/,-Has BIGOpKa W3 coBokynHoctd B 1000 azemeHTtOB (pH TOi ke Be-
JHYHHE G).
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WCNBITAaHWA, B pe3y/bTaTe KOTOPHIX BenWuWHa § mpumer onpene-
NeHHBIE 3HAYEHHS X, X,, ..., X, OTH ONHTHHE 3HayeHWs Be-
NMYHHE § MOXHO pPaccMaTpHBaTh M KaK 3HAYEHHS DA3HBX Cly-
yafineix Benmumn &, &, ..., §, C TeMm ke pacnpenenexneMm
BEPOATHOCTEH, UYTO M y BeNMYHHH §, npnueM Bemnumub &, §,,. ..
..., &, MOXHO CuYuTaTh HE3aBHCHMBIMH B CHJIY HE3aBHCHMOCTH
ucnuitainf. [Ipy TakoM TOJKOBaHWM cpelHee apudMeTHuecKoe H3
ONBITHHX JaHHBIX

)_sz,—{-xz—f;z...-l—x,,

MOXHO PacCMaTpPUBATb KAaK OMNBLITHOE 3HAYEHHE cayuyaliHON Benu-

ynnpl §,, A7 KOTopoH cnpaBennuBa Teopema YeGhiiea B popme
(4.12). TosToMy nafi NOCTAaTOYHO OOMBIIMX 7 MOXHO OXHAATb
BLIMOJHEHHSE C JOCTAaTOYHOM TOYHOCTBHIO MNPUOGAHKEHHOIO paBeH-
CTBa

X ~Mi=a. (4.15)

OTciona cnenyer, UTO npubAUNCEHHBIM 3HAYEHUEM Mamema-
musecK020 0XCUOAHUS CAYHATHOU BeAUMUHB S8ASTemMCS CpedHee
apugmemunecKoe u3 ee 3HALERUI, NOAYHEHHOLX ONBIMHLM NYMe M.

3To nonoKeHUE MO3BONAET NPHOIHIKEHHO HAXOAHTH HE TOMBKO
LIEHTp pacnpeleneHyus, HO W JApPYrHe MOMEHTH pacnpeueseHus,
KOTOpbIE OMpeNensioTcs TOWe KaKk MaTeMaTHYeckHe OXHIaHus
HekoTOpHX Beadnund. Hanpumep, nns nucnepcun Ml nonyuaem
Takyio npubawxennyio gopmyny:

— )\
FE=ME—a) = &%—“)— (4.16)
rue cymma GGDETCSI 10 BCEM ONBITHBIM NaHHLIM x,, x,,... , X

Xp — a)?
JleficTBUTENbHO, 3HAYEHHE Z(,’f—) MOXHO paccMaTpuBaTh

n*

KaK YacTHOe 3HauyeHHe cpelnHel apudMeTHUECKOH M3 n ONMNHAKOBO
pacnpeeneHHbX HE3aBUCHMHIX CnyuyalHeix Beanund (§, — a)® ¢ ma-
TEMaTHYECKHM OXHIAHHEM

M@E,—ae)=M@E—a) =075 (k=1,2,..., n).

[Tostomy

P{lZﬁ’;——a)’-—c’(E)l> e} —0 nmpn n—oo.
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B cdopmyay (4.16) Bxoput 3Hauenue LEHTpa pacnpeneneHus a.
OO6BbIYHO 3TO 3HAYEHHE HEM3BECTHO M €CTECTBEHHO MOMBITATHCS
3aMEHHTb €ro NpuOIMKeHHbIM 3HauenneM X. OkxasbiBaeTcs, OfIHa-
KO, 4TO mojyuvawouiascs npu stom ¢opmyna

o' (5) =~ 20 =3 (4.17)

n

yxe He 6yOem 8epHa (B TOM CMbiCJe, B KAKOM BepHH NPHO/IHKEH-
Hole opmynsl (4.15) u (4.16)). eno B TOM, YTO XOTsS 3HAYEHUE

X — Xx)?
( k ) MOXHO W 31eCb pacCMaTpUBaAThb KakK YacTHOE€ 3Haue-

HHe cpeiHelt apudMeTHUeCKOH M3 2 cayyadnbix BennunH (§,—%,)%,
HO MaTeMaTHYeCKUM OXHIAHUEM 3THX BeNUUYHMH YXe He 6y1er
caywutbh 6°(5). JleHCTBHTENbHO, HENOCPEeACTBEHHBIH MOACYeT Ma-
TEMAaTHUYEeCKOro OXHIaHHusd JaeT:

M(E,“’E—n)2=M [(El_a)_(gl_-_!—_%in-.ien__ a)]z::

(i1 =) (50)— . — ()] -

—G(E)<1——) +ZE 4 4Rt ey,

M aHajlorHuHO aas  Joboro k: M(E,Z—E,,)”=—n—~cr2 (&) *).
B cuny /AMHeHHOCTH MaTeMaTH4yeCcKOro OXHIAHWA OTCloZa cre-
AyeT, YTO CJAyyaHHble BEJHYHHHI ;—(;k—E) 6ylyT uMeThb

CBOMM MaTeMaTHUYeCKUM OxuiaHueM Kak pa3 6°(§); m XoTd 3TH
BeJMYHHB He OydyT He3aBUCHMBbI, 3aKOH O0JbHINX uucen Oy-
AeT IS HUX copaBedauB **); nosTomy 3HaueHus HMX cpeaHed
apupMeTHYeCKOH

X

7 G — £ _Z (€ — €,

n n—1

*) IpuuMHa 3TOro 3aKa4aeTcs B Jmueuuoﬁ 3aBHCHMOCTH MEX1y Be-
amannamu £, ..., €, ¥ ux cpenneit €, — (E +& 4 ... 46y

*¥) JlokasaTeJbCTBO STOTO ONMYCKaeM.



§ 16] YCTOHYMBOCTb BHIBOPOYHBIX CPEIHHX 93

GyAyT Malo OT/AMuaThcs OT MX ueHTpa 6°(8) mpu AOCTATOUHO
6onbIIOM uHcne 7.
Takum obpasoM, Qopmyny (4.17) MOXHO WHCNpaBUTH BBene-

n
HHEM B NPaBylo 4acTh MHOXMTens ——. Mcnpabnennas npu-
GamkerHas (opMysa LN BHYMC/EHHS AMCIEPCHH 1O ONBITHHIM
NaHHHIM HMEET BHI
X — 2
o’ (%) = Z_(_’L__l_ (4.18)

n—1 '

Bennuunna, crosiuias B MpaBof 4acTH 3TOTO COOTHOLIEHHS,
Ha3blBaeTCs 8u00pouNoll Oucnepcueil w 0603HauaeTCs yepes si.
[TonesHo 3ameTHTh, YTO MpPH OOMBILIMX 3HAYEHHSX 7 YUCIO n— 1
OTHOCHTEJIbHO Mas0 OT/HYaeTcs OT 7 M nosTomy ¢opmy.sl (4.17)
n (4.18) maoT npakTuyecKkd OAWHAKOBbHE pe3yabTaTe. Ho npu
Ma/blX 3HAUEHUSAX 7 Pas/HuMe MeXAY 3TUMH GOpMyJaaMH BechMa
3aMeTHO.

KoneuHo, Bce npuBeneHHble Bbillle NPHOHKEHHBIE HOPMYIbI
py KOHKPETHOM 7 HYXIAlTcs B OLeHKke norpewHocTH. HekoTo-
pble OLleHKH Mbl ykawem B raase VI.

B03MOXHOCTb NPUGIHKEHHOrO HAXOXIEHHS MOMEHTOB pacrpe-
JleNIeHHs] TIO ONBbITHHIM JaHHbIM NO3BOJSET pellaTh 3aJ1ayy HaxOX-
JleHUsl NapaMeTpoB pacnpejeneHus, €CAH THM pacrnpeieseHus
H3BECTEH.

[Tosichum 3Ty 3ajgauy Ha npuMepax PpacCMOTPEHHBIX BhIlie
pacnpenesieHui.

1. lna o6uiero HOpPMaJbHOrO pacnpeje/eHls C IVIOTHOCTbIO

_(x~ay
e 252

1
)= 7=

MapaMeTphl @ ¥ G° ABASIOTCA LEHTPOM pacnpesieNeHusi U Aucrepcuet
(cM. § 12). Oun Moryt ObITb HaieHb M3 ONBITHLIX JAHHHIX He-
nocpeACcTBeHHO N0 ¢opmynam (4.15) u (4.18).

2. Jlns paBHOMEpPHOro pacnpejeneHdss BepOATHOCTEH Heus-
BECTHEIMM MapaMeTpaMH MOryT ObiTb HA4anO M KOHEU HHTepBasia
BO3MOMNHBIX 3HaYeHud (a,; a,).

Kak mul 3Haem u3 § 12, MOMeHTH pacnpene/neHus BblpaXaloTcs
yepe3 3TH napameTpsl Mo opmy/am:

a, —_ al

2V3

a a
a= &-—-——‘_.L_’; c=0(3)=
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Otciona HaxopuM:
o,=a—cl3; a,=atosV3,
rae a ¥ 6° naxomstcd no ¢opmyaam (4.15) u (4.18).

3. s pacnpegenenus [lupcona (2.27) napamerpsl a u B cBA3aubl
C UeHTpoM W gucnepcueil dopmyiamu (cM. ynpaxuenue 7 k raase IlI):
a=ME=%—; 62262(§)=p;—.
Orciona HaxoanM:
— az . a
&=;»
rie a u o HaxomsaTcs mo ¢opMyiam (4.15) u (4.18)

Ecau u3BeCTHO, UTO TMMIOTHOCTL pacnpefeneHus 3aBHCHT
oT [/ Heu3BEeCTHHIX MapaMeTpoB @, O,,..., &, TO, BHpa-
Wasl yepe3 HHX mepBble / MOMEHTOB pachpeneseHHs, Mul MoJy4aem
! ypaBHeHu#, M3 KOTOPHIX (BOOOLLE rOBOpsi) MOXem HaTH Bce
I napametrpos. CaMu e MOMEHTH paclpeneseHdss MoryT ObiTb
HalileHHl MO ONBITHLIM JAHHHIM, KaK yKasnisajoch Buiue. Crenyer
3aMeTHTb, OAHAKO, YTO 4YeM BHILUE MOPANOK MOMEHTAa pacrnpene-
JeHusi, TeM GO/blie HYXHO ONLITHHX JaHHbIX JJS €ro CKOJbKO-
uuGyb TOYHOro BhluMcAeHHs. [losTomy Ha mnpakTHKe dacTo
OCpaHMYMBAIOTCH pacnpeineseHusiMH TONbKO C J1BYyMSi HEH3BECTHBLIMH
napaMeTpaMH, KOTOpble HAXOAAT C MOMOLLbIO NEPBHX ABYX MO-
MEHTOB pacipele/eHHs.

YnpaxHeHHus

1. Ha TenedonHoM CTaHUMH NPOU3BOAMIMCL HAOMIONEHHS 3a yHCIOM §
HelpaBUIbHBIX coenuHenuid B MuHyTy. HaGmonaenus B TeyeHue 4aca Aaju
cielyloulue pesyJbTaThl:

— R0 O — 0 S N W
DO TR — GO DD = O b —
O S W — O W
——0 O I O N — o —
—O W W S OB
D = RO — WO

Halitn uneutp u nucnepcuio pacnpeseneHus ¥ NPOBEPHTb BHIMOJHEHHe
OCHOBHOIO yCJIOBMA aJs pacnpeneneHus [lyaccoHa ME=o?=a. Halitu
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cooTBETCTBYIOIEe pacnpelenenne [lyaccona. CpaBHuTh Tabiuuy pacnpe-
lleJeHUs ONMBITHBIX NAHHBIX C COOTBeTCTBYIOMIEH Tabnuuel pacnpenenenus
[Tyaccona.
O tBe 1. CpeaHee YMCIO HEMPaBUIbHBIX COeMHeHHHA B MHHYTY PaBHO
X =2, ycnoBue ans pacnpenenenus Ilyaccona s;",x 2,1 = x. Pacnpenene-
uue INyaccona ans 3amaum: n
2,

P{E:m}:me (a=2).
CpaBHeHne ONbITHHX HAaHHBIX C paCHYETHBLIMH.
Yncno He-

MpaBHIb- YactoTa OTHOCHTEb. BeposTHOCTB
HBIX CO€[H- Has 4yacToTa |0 pacnpenene-
HeHHil nuo [lyaccoua

0 8 0,1333 0,1353

1 17 0,2833 0,2707

2 16 0,2667 0,2707

3 10 0,1667 0,1804

4 6 0,1000 0,0902

5 2 0,0333 0,0361

=6 1 0,0167 0,0166

60 1,0000 1,0000

2. MaMepennn 100 o6paGoTaHHbIX NeTatedl RaiM CAeAylOLIHE OTKJIO-
HEHH OT HOMHHAJIbHOTO pasMepa:

—2 20 1| 2|—1}—2 3| -l 0
0j—1{ 3] 1} 2|=3} 1] 0] 1 1
0 1=t 1| o 2| 2| 1| 0] —I
1 1| 4{—I 1 =1 0] 2| —2
2 0j—2| 0| 0|—1 1| 4|—2 1

—3 0| of 1} 4y 0/—2 2| 1 2

—1 1 oy—1} 0| 3| 1}—2| 3| —I
1 21 2| 0{—2| 1] O0|—1} O 3
3| —2|—11—2| 1| 0} 0]—3| 1 0
2 1| 0| 3|—=1| 2 1} 0|—I 0

Haiiti neutp u nucnepcuio pacnpefeneHus ¥ NOCTPOUTb COOTBETCTBYIO-
lee HOpMalbHOe pacnpeneiexue BeposiTHocTeH. CpaBHHTL TabaHuy ¢YyHK-
UMK pacnpeneqeHdss MO ONBITHbIM JaHHHIM (Ta6JHLY HAKOMJIEHHbIX OTHO-
CHTEJBHBIX YacToOT) ¢ cooTBeTcTByloWeH Tabumued QyHKUMH HOpMalbHOrO
pacnpeneneHus (cM. CTp. 49).
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Otser Cpennee orkionenwe X==0,4; BhOOpOUHas AHMCIEpPCHA

2
$p=2,57. CooTBETCTBYyIOllEEe HOpMalbHOE pachpeielenue umeeT a = 0,4,
¢ = 1,6 #, 3HaYUT, MIOTHOCTb

| _ =0
2.2,57
? (x) = — T — e ’ .
1,6V 2n
CpaBueune ONBITHBIX MaHHBIX C paCyEeTHBIMH:
Hakonaennas
OTKIOHEeHHuS YactoTa  |grhocuTensnas F(x40,5)
* m YacToTa
—3 3 0,03 0,0349
—2 10 0,13 0,1175
—1 15 0,28 0,2869
0 24 0,52 0,5249
1 25 0,77 0,7541
2 13 0,90 0,9053
3 7 0,97 0,9736
4 3 1,00 0,9948
100

3nech caenyeTr CYMTaTh Kawjaoe 3HayeHWe X CPenHuM s COOTBET-
CTBYIOLLETO MHTEpBala; HarpuMep, 4acToTy m = 10 OTHOCHTb K MHTEpBa-
ay — 2,5<x< — 1,5, 370 06CTOSITEAbCTBO Mbl YYHTBIBaEM NPH CPaBHEHHH
¢ ¢yuxuded HOpPMalbHOTO pacrpejielienus, Geps ee B Buie

1ol 0,5 —
Fa405=-5+ 7@ (H‘_G__“)

rae P (£) — unterpan BeposTHOCTEH.
3. Haiitu pacnpeneienne [lupcona (2.27) ans caenyioue#f Tabauiint
ONbITHbIX NaHHbIX (B TMPHBEIEHHbIX €IUHMIAX):

3uauenus x 0 1 2 3 4 b} 6

Yacrota m 1 33 41 18 ) 1 1 100

[TpoBepHTb BLINONHEHHE OCHOBHOTO yC/MOBHS 1Sl pacnpenefenus [lup-
cona Cy=2C, (cM. ynpaxHeHue 7 k rnase III). CpaBuurb Tabanuy Ha-
KOILIEHHbIX YACTOT MO ONBITHBIM AdHHBIM C Ta6jHUEH COOTBETCTBYMOLUEH
¢yukumn pacnpeaenenns [Nupcona.
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OtBet. x=20, s,2, =1,0. Monaraem ans pacnpenenexus [Tupcona
(2.27): a =—;— =2, 6’= B—Z—: 1, orkyna a =4; § = 2. CootBeTCTBYyIOLLEE
pacnpeneneHue [TupcoHa uMeer MJAOTHOCTb ¢ (x)= l;gx‘e""‘. Ycnosue
a5 pacnpenenenus ITupcoHa: .

Co===05 C,=109=2C,

CpaBHeHHe ONMBbITHBIX JAaHHbIX C PacyeTHBIMH:

HakonaexnHas
x m OTHOCHTeNbHaAR F(x+40,5)
YacToTa
0 1 0,01 0,0190
1 33 0,34 0,3527
2 41 0,75 0,7350
3 18 0,93 0,9183
4 5 0,98 0,9788
5 1 0,99 0,9951
6 1 1,00 0,9990
x+40,5

3necy F(x —[—-0,5).—_-1:; S wde= ¥ dx.
0



FTABA V
NPEJEJbHBIE TEOPEMbl U OLIEHKW CPEJHUX

JIlisi oueHKH OTHOCHTE/bHBIX YaCTOT H HEKOTOPBIX NPYIMX CpPEemHHUX
BeJHYMH pelllaiolllee 3HayeHHe MMeeT TO OOGCTOATENbCTBO, YTO paclpefe-
JleHue BEePOSTHOCTEN STHX BENUYHH CTPEMHTCS K HOPMaJbHOMY pacmpeje-
nenwio. s JOKasaTeJbCTBa COOTBETCTBYIOIIMX IpelelbHBIX  TeopeM
u3BeCcTHbI pyccknit Matematuk A. M. JlanyHoB pa3paboTan BecbMa Mol
Hblii METOX XapaKTepUCTHYECKHX (YHKUMH, KOTOPBIH NMO3BOJMA eMy JOKa-
34aTh TaK HasblBaeMyl0 LEHTPaibHYIO MpeaenbHylo TeopeMy (cM. § 19).
[pexne 4eM NMPHBOAMTL NpenebHble TeopeMbl, COOGIMM 3leCh Heo6-
XOJMMble CBEIEHHS O XapaKTEPHCTHYECKHX (PYHKUMAX.

§ 17. MonsATHe 0 XapaKTepuCTHYECKHX (YHKUHUAX

Xapaktepuctuyeckoit gpyuxumeii f(u) cayvaitnoil Beamuunbl § Hasbl-
BaeTC MaTEMAaTHUECKOe OXHIAHHEe BeJuyuHbl e'“%:

f () = Me'™, G.1)

rae i — JefCTBHTEIbHBIR MapaMeTp.
Jins IMCKpeTHOH cay4aiHOM BeauyHHBI

f)= e 4, 6.2)

rie p, €CTb BEPOSTHOCTb 3HAYEHMs X, M CyMMa GepeTcsl Mo BCeM 3Hade-
HUAM X; Beanuuubl €. Jlas HenpephlBHOH ciyuyailHOM BeIHYHHBI

(o]

f) = S e%g (x) dx, 6.3)

-—Q

rae ¢ (x) — MJIOTHOCTL pacmpeleledns seauunnbl & Murerpan (5.3) scerna
CXOAMTCS, W NPUTOM aBCOMOTHO, TaK Kak | e'™¥¢ (x) | =¢(x), a uHTerpas
OT ¢ (x) CXOMMTCSH, NMpH 3TOM

@

@< S:p(x) dx=1,
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OcHoBHHEe cBOficTBa XapakTepUCTHUYECKHX QYHKUHH

1. Xapaxrepucruyeckas QpyHKuMs OJHO3HAYHO oNpelelseT pacnpeje-
JieHHe BeposTHOCTel CciyyaiiHoH Beiuuunbl *). lpyrumu cloBamu, €Cnd ase
clyyaliHble BEJMYMHBI MMEIOT OJMHAKOBbIE XapakTepHCTHYeCKHe yHKUuH,
TO OHH MMEIOT TAKXe M OJMHAKOBble paclipejieleHHsl BEpPOSTHOCTEH.

2. Ecan xapakTepucTnueckasi Gynkums f (i) Henpepwigroii cayyahuoit
BeJH4HHbI § ABJAETCS NMPeNe]oM MOCHeJ0BAaTEbHOCTH XapaKTEPHCTHYECKHX
yHkuuit f, (11) Kakux yrogHo cayyaiHbIX BeamumH &, (n=1, 2, 3,...), 10

¢yHkuus pacnpenesesus F(x)=P {E <x} ABAAETCA NpeaeaoM Mociaeno-

BaTeabHocTH Qynxumi pacnpesenenns Fp, (x)=P {€, < x|, TaknM o6pa-

30M, us lim f, () =/ (1) creayer, uto lim F, (x)=F(x) a1 Bcex x *¥),
n- o n—-Q

ATO CBOMCTBO BaXHO TeM, YTO BO MHOI'MX Cly4asX Npele/bHbH me-
pexon B HOC/AEI0BATENbHOCTH XapAKTEPUCTHYECKHX QYHKUMH OCYILECTBS-
eTCs mpole, YeM B MOCAEN0BaTeNbHOCTH (YHKUMH pacnpenelenns. [lo-
STOMY [0Ka3aTeJbCTBO NMpeJe/bHbIX TeopeM C MOMOILbIO "XapaKTepucTH-
YeCKHX (QYHKUMH OKasbIBaETCs B 3THX CJyyasx 6o/iee KODOTKHM M NMPOCTHIM.

YKa3aHHble Bbillle CBOHCTBa Mbl npuMeM 0e3 JOKasaTe/lbCTBA. - -

3. XapakTepucTHueckass ¢YHKUMSI CYMMbl HE3aBHCHMbIX CJy4aiHBIX
BEJMYMH PABHA NPOM3BEJEHHIO XapaKTEPUCTHYECKHX (YHKUMH ciaraeMbix,

JlokaxeM 3TO CBOHCTBO A ABYX HE3aBUCHMBIX ClyvailHbIX Beauunu §
W 7 C XapaKTepHCTHYeCKHMH QyHKuMaMu f; (i) u f, ().

Tak Kak ciydaiiHble BemunHbl €' u ™" Taime GYNyT HE3aBUCHMBIMH,
TO /sl BHIYHCIEHHS XAPAaKTEPHCTHYECKOH OYHKUMM fri, () 4na Cymbl
€ 4 n MOXHO IpPHMEHHTb TEOpEMY yMHOMEHHS MaTeMaTHYECKHX OXHUIaHUA

fe_“‘ ()= Me't E+m — Mel’u:emr) — Me"”EMe“"l,

fery, =1 W) f, () (5.9)

Takum 06pa3soM, HaXomIEHHE XAPAKTEPUCTHYECKOH OYHKIMH cyMMbl
HE3aBUCHMBbIX Cy4allHbIX BeaMuMH MpPOLLE, YEM HaXONAEHHE COOTBETCTBYIO-
lero pacnpejefeHus BeposTHoOCTeH (KOTOpUe CBOAMTCSA K CBEPTKE IUIOT-
HOCTell pacnpeneieHus ciaaraemblx, cM. § 9).

4. Ilpu suueiinom npeoSpaszosanuu Cydailiioll BeJWUMHBL, TO ecTh npH
nepexone oT ciaydaiHoil seauuunbl § K caydailnoll Beanunne n=A4 4 B,
XapakTepucTHYecKas (QYHKuHs npeobpasdyercs no gopmyne

f,) (0) = e’“”fg (Bu). (5.9)
DT1a QopMy.JIa- IpoBepseTcH HemocpeICTBEHHO:
Me'#1 — Me'# (A+B% — eiAuMe"(Bu)g‘

TO €CTb

¥) MoxHo aaxe ykasaTb o6uLyl0 QOPMYJY BblpameHHs GyHKUMM pac-
npeneeHus yepes xapakrepucTuyeckyro GyHkuuio; cM. 5.B. Tnegenko,
Kypc teopuu Bepoariocteit, THTT/JI, 1954, raasa 7. Tam we Moo Hafiti
LoKasare/bCTBA GOpMyaMpyeMblX Hamu coHcts. [list  uuTaTeneil, 3Hako-
MbIX ¢ uuterpaiom Pypoe, 3aMmeTHM, yTo uHTerpal (5.3) ectb mpeobpaso-
Baude Pypbe OT IVIOTHOCTH ¢ (X).

*#%) bonree o6wue TeopeMbl 3Toro poja cM.b. B.'neaenxo, Kype
TEOpUH BEPOATHOCTEH.
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[IpumepH XxapakTepucTHYECKHX GyHKUHIK

110
1) lan cryyafinofl Beamumubl A |—|——| xapakTepHcTHueckas pyH-

p|a
KUMs JIErKO IOJCYMTHIBAETCA no dopmyie (5.2):
() =ep 4 &g =pe® 4 g,
2) Hactota cayyaifHoro coGHITHS ecTb CyMma
B =+ hy .y,

Tle BCe ), HE3aBHCHMBl M HMMEIOT OHO W TO e pacmpejieieHue

110
M| —|—ik=1, 2,...,n) (cM. § 7). XapaxTepHCTHYECKYIO PYHKLMIO Ya-

pl4a
CTOTHI 4, NOACYUHTaEM TO CBOHCTBY 3:
fp.n(u) =f)“ (1) f)\2 @)... fk,. ()= (pe’." + 9" (5.6)

3) OrHocuTe/ bHas 4acTOTa CJly4aHHOro COGLITHS eCTh wnzﬂ’.'; Xa-

n
PAKTEPUCTHYECKYIO QYHKUHIO ee MOoacuuTaeM 1o ¢opmyaaMm (3.5) u (5.6):
u [ u
fon =1, (=) =(pe'" +q.

4) CayuvaiiHas BejMyMHA, PaBHOMEPHO pachpejeleHHas B HHTepBale
( — a; a), HMeeT MIOTHOCTb

{g‘& (~a < x<a),
PO=10 (1x1>a

Ee xapakrepuctHueckyio GYHKUHIO MoAcunTaeM No ¢opmyne (5.3)

a . .

f) = Se,,,x 1 dx_e‘”“—-e"““_sinatt

- 2077 2aiu. T au
-—a

(6.7)

5) Cnyuaitnas peaudnHa €, c npocTeHuIdM HOpMalbHBIM pacnpefene-
HHeM (2.22) UMEeT XapaKTepPHCTHYECKYI0 (YyHKUHIO ¥)

1 @ _* _=®
fo@= Vo S e Zx —e 2, (5.8
-

*) Buluucienue HHTerpaita (5.8) MBI OmyckaeM.
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Cayuyaitnasn Beanunna € ¢ oOLMM HOPMAJLHBIM pactipejenelineM (2.26)
cBsizania co cayyaioil seanunnoit €y mneiinoil sasucumoctbio € =a - of,.
Ee xapakTepucTHUECKYIO QYHKLHMIO moacuutaeM no gopmynam (5.8) u (5.5):

o2y

f () = e'%f, (cu):e’“"e— 2 (65.9)

Otciofa caefyer, B 4aCTHOCTH, YTO €C/HM B3aHMHO 11€3aBUCHMBIE ClydaliHBIe
BeIHUHHBI &, §y,. . ., €, IMEIOT OBLIHE HOPMAIbHBIE PACIpCaeelns ¢ UeHTpa-
MH @y, @y, ..., @, H JUCIEPCHAIMH G2, O3, ..., Gy TO HMX CyMMa HMCCT
lopManbloe pacmpejefeHne C UEHTpoM a=a,; +a,-} ... 4 a, u auc-
c;u2
nepcuedt 62 =0 4 o} + ... 4 0% neficTBHTE bHO, U3 f (W)= e 2
a2y?

(k==1, 2, ..., n) creayer fu)=/f, (W) f,w)... 1, (zz)=e'A““e— 2,

CBs13b MEM Y XapakTepHCTHYECKONH byHKUUEH
MMOMEHTaMHi pacnpeneleHus

Tak kak xapakTepucTnHueckas ¢yukuus f (@) 0aHO3HAYHO ompesaenser
pacnpe/ielicHie BeposTHocTed caydaHHoH seanyuHbl €, TO BCE MOMEHTHI
pacnpeaelelus MOTYT ObITh BbIpajelibl yepe3 XapakTepHCTHYECKYIO ByHK-
wio. Jlas mosyyennst aTHX BhIPQOKEHUH Mbl nIpoanddepeHupyeM paseHcTBO

f (1) = Me'*s

¢0pMaﬂbHO Mo 1 (Moj 311aKOM MAaTeMaTHYeCKOI'0 OXHAalill, TO €CTb [OA
3HaKOM CYMMBbI HJIH mn‘erpana). Mbpt MOJAYYUM MOCJIENA0BATC/ILHO

f () = Mie'™s,
17 () = M ()2 &',

N .

f;"” (1) — M ('iE).ke.’”a'.

MoXHO 1OKa3aTh, YTO Takoe AU(pepeHIUpoBaHHe 3aKOINO, eCiH
cnyuaiinas sesnyuHa § UMEET MOMEHTBI 10 A-TO MOpAKa BKJIOUHTCIbLHO.
[Tonaras 8 noayyennbtx ¢opMynax 1 =~0, HaXOAUM CBI3b MEWK1Y [POU3-
BOAHBIMH XapaKTePHCTHYECKOH (QYHKUMM B HYJ€ W HayaJIbHLIMH MOMCH raMH:

fO=Ml=1,
1 (0)=iMg,
" (0)=— Mg,
¥ (0) = i*MEE,
B npuioxeHHsx BCTPEUAlOTCs TakXKe (pPOU3BOAHBIE OT Jorapupma
KapakTepucTHueckoi ynkuuu: ¢ (1) = In f ().

4 Jl, 3. Pymumuckuil
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Uncao %% (0) nasuisaeTcs ceauumsapuanmo k-ro nopsaxa cayyaii-
no# sesnunun € Jlerko nposeputb, 4to
i (0)=— ME& 2" (0) =23 (8).

CeMHUMHBAPHAHTHL HIPAIOT GOJBIUYIO POAb TPH PACCMOTPEHHH CYMM
HE3aBHCHMBIX CayuyailiiblX BCJIWUHH, TaK KAK [PH CJAONKEHHH HE3aBUCHMBIX
CAyYaliHBIX BENMUMH MX CEMHHHBAPHAHTBI TOME CKAajblBAIOTCS.

§ 18. Mpeneavnan Teopema Myappa — Jlanaaca;
OlIEHKA OTHOCHTE/bHBbIX YacTOT

B nacrosiuiem naparpade Mbi paccCMOTPHM MpefelbHOe pac-
npeeieHie OTHOCHTC/ABHOH 4acTOTH  clyuyaHHOro coObiTHs npu
HEOTPAaHHUCHHOM yBeJIHYEHMH uucaa wucnbitanuil. Kak uasectHo
u3 § 7, pacnpelneneHne OTHOCHTEbHOH 4acTOTe ®, IS MOBTOP-
HOH BLIGOPKH siB/IsieTCs OHHOMHA/bHBLIM, TO eCTb

Plo,=7}=Cp"q"™" (m=0,1,2,...,m), (5.10)
rle 71— YUCJIO (HE3ABUCHMBLIX) HCMBITAHUH, p — BEPOATHOCTb pac-
CMaTPUBACMOro COOBITHSI B KawaoM ucnbitanud. Ecam  umcno wuc-
npITalui BEJIMKO, TO pacueT BepoaTHocTeH no  dopmyne (5.10)
CTAHOBHTCS BECbMa 3aTPYAHUTETbHLM. XapakTep 3aTpyIdHEHHH
cTaneT eule 60JCe SICHHM, €C/IH Y4eCTh, HYTO B MPAaKTHYECKHX
TIPUJIOWCHUSIX HAC HHTEPECyeT He BEPOSITHOCTL OTAEC/AbUOIO PABEH-

m .
CTBA ®,==-—, a BEPOATHOCTb HEPABEHCTRA o, —p|<e, oue-

HUBAIOLLErO OTKJ/OHEHHE OTHOCHTE/AbHOH 4acTornl ®, OT ee BeposiT-
pocToro npejpena (cMm. § 14). BeposTinocTo yKasauHoro Hepa-

BEHCTBA PaBHA CyMmMme Zij‘p"’q”'”’, pacnpocTpaHeHHON Ha Te

m
3HaueHusl 7, A KOTOpbIX |— — p| <€, TO €CTh Ha 3uaue-

HUSI M, 3aKNIOYCHHBIE MCXMY np— ne u np -} ne. Bosuukawoume
31ech BHIYHCAMTEAbHHIE TPYIAHOCTH MOsicHUM npumepom. [lycTtb
nac uHTepecyeT BeposiTHOCTh Toro, 4to npu 10000 wucnmTanni
OTKJOHCHHE OTHOCHTENbHOH 4acTOThi COOLITHSI OT €ro BepPOSTHOCTH
p=0,2 He npessoitner e=0,01. 3necy n=10000, np = 2000,
¢=0,8, u 119 TOYHOTO MOACYETA HHTEPECylOLed HaC BeposAT-
HOCTH HAM NPHAETCS BLIMHCAUTH CyMMy ©oJjiee ABYXCOT C/lardeMbix
!
BHAA m%%(())(z)—o;_m(o,m'" (0,8)10 =™ nnq m ot np—ne=1900
10 np-}ne=2100 HenocpeacTsennoe BHYUCACHHE TAKOH CyMMh
CO CKOJIbKO-HHOYAb  yJOBJETBOPHTC/ALHOHR TOYHOCTbIO Tpedyer
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orpomHoii satpaTh Tpyaa. [loatomy ywe naBHo BO3HHK/IA 3azaua
NPUOIDKEHHOr0 NOACUeTa BEPOSITHOCTEN C 1OMOILBIO 3AMEHBI TO'=
HOro GHHOMHANBHOTO pAclipe/lesieHts BeNHYHHL ®, HEeKOTOPHM
rpe/lebHHM HeNpepsBHLIM pacnpepencunem *). Ykaszaunas sanaua
Gbina ycnemdo petniena Myaspom (B 1730 r.) s wactHoro ciy-

yas p:q:%, a 3atem Jlamnacom (B8 1783 r.) ana obutero

cayvas modoro p, 0 < p<C1. OkasniBacTtes, 4TO /sl OHIOMHAND-
HOTO pacrnpejesielust CyllecTByeT HpejieabHoe (1py 72— 00)
pacipenenciie W 3TO npeieibHOe paclipejlesleHle SBMBICTCS  HOp-
MaJbHbIM.
Hast yroGerBa  HOpMYJIMPOBKH  COOTBETCTBYIOLLEH TeopeMnl
IPEABAPUTEILHO NPOHOPMHPYEM OTHOCHTEIILHYIO UYACTOTY ©,,.
Hopauposanues cayuaiinoll sesununsl & Ha3viBaemcst Alikeli-
Hoe npeolpasosanie ee 8 HOBYIO BeAUUUHY
e B Mt
°T o(®)
AT0 npeobpazoBanne CBOAMTCS K [IEPEHOCY HAYala OTcueTa B
ueHTp pacnpeneienuss (ME) u BHIGOPY B KayecTBe eAMHUUNL Mac-
mTaba CpPeHCero KBaapaTHUECKOro OTKAoHeHus & (5).
Hopmuposaunyio ornocHTenblyio qactoTy 0603HaunM yepes t,,:

___®n— Mwn e 4
T, = sy 7 (5.11)

Teopema Myaspa—Jlananaca

ITpu HeozpanuueHHOM YBeAUHeHUU HUCAQ UCNOLMAHUL npe-
OesbHblAL pacnpedeseritess 8eposimuocmeli HOPMIUPOBQAHHON 0m-
HocumeabHol Hacmomot cAY4aliHO20 cOObIMUS ABASIEMCA  NPO-
cmeiiee HOpMAAbHOE pacnpedesenile, mo ecms

lim P{|=,|<t}=D (), (5.12)

20e D (t) ecms unmezpan sepossmmuocmeds (2.23).

Srta Teopema sIB/SIETCS UACTILIM Clyudem Gojee obuefi Teo-
peMul, KOTOPYl Ml pokawem paziee, B § 19. 3uech ke Mul yka-
WEM JiMuIb xapakrtep npumcuenuit Teopemn Myaspa — Jlannaca.

*) Boiwiicaetine seposiTiocTeH HEPABCHCTB B HEMPEPLIBHOM pacmpene-
ACHHIL CBOIITCSE K BBIUICACHITO HITCIPAIA, YTO OOBIYIIO 3HATHTEALUO HpPOLLE,
YCM  BbIYHCACHIE CYMM st AMCKPETHOIO pacnpejeiciis.

4*
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[ITpumenenne teopemn Myaspa—Jlanaaca
K OHeHKEe OTHOCHTENbHHX YacTOT

Teopema Myarpa — Jlannaca nossossieT OLEHHTb BEPOSTHOCTH
HepaBenctBa |0, —p|<e npu ROCTaTOuHO GOJbIUMX 7 (W NpH
3HayeHusx p, He caumwkoMm Oan3kux Kk O wan 1). Bosbmem Ha-
cTObKO Gonbmioe 7, YyTOOb C YIOBAETBOPSIOUIEH HAC TOYHOCTBIO
MOXcHO OBIIO CYMTATh, YTO

P{lx,| <t} =) (5.13)
Torma u3 paBHOCHABHOCTH HEPABEHCTB
0, —pl<e u |5,|=|22L|<VE
l/zg Vg
n

BLITEKAET, YTO BEPOSTHOCTb HMHTEPeCylollero Hac HEePaBEeHCTBA
|w,,—p|<e NpUGJINKEHHO paBHA HHTErpally BepositHocTeH

Pllo,—pl<<e}=d(), re ¢= Vo (5.14)
Ve
Npumepn. [JlondaTHe O 1OBepPHUTEAbHHX OLLEHKAX.
JI/s1 yuc/0BOIO 1PUMEpa, NMPUBEAEHHOTO B Hayade HacTOsILLEero
naparpaga, p=0,2; ¢=0,8, n=10000 u ¢=0,01. Bepo-
SITHOCTL  MHTEpecylollero Hac nepasectsa |0, —0,2]<C0,01
BLIYHCAsieM NPUGIIKeHHO 1o dopmyae (5.14):

0,01 Y 10000
V0,208
P{|o,—0,2|<0,01} =~ P(2,5)=0,988 %),

Ecau cuutaTh BepostHocTh P=— 0,988 nocratroyno Gnu3koi
K eNMHHLE, TO MOXHO ObITh MPAKTHUYECKH YBEPEHHHIM B TOM,
uyro |, —0,2|<C0,01, TO ecTb 4YTO mNpH JECATH ThiCAYAX
HCNbITAHUH N0 CXeMe MOBTOPHOM BLIOGOPKM OTHOCHTE/bHAS YacTOTa
CayyaiiHoro CcoObITH OTKAOHUTCA OT €ro BeposTHOCTH p==0,2
menee uem Ha 0,01. Beposithocte 0,988 B 3TOM Cayuae

=2,5;

*) 3nech npubmkennas ¢opmynaa Bepha 0 TPCTbero 3llaka, 4To
o6bAcCHAeTCs  10BOAbHO GoablumM 3sHadenueM 7z (10 000). Tounble ouenku
norpewtoctd  GopMyabl  (5.14) MOKHO HaAHTH B CHEUMaNbHBIX CTaThsX
C. H. Bepumreiina, B. ®eanepa u ap. 3ameTuM, YTo ecau 4uCIO 12 MeeT
HOPSUIOK JIMIIb HECKOJILKHX COTEH (IpHYeM np W ng BCe Ke 3HAUNTCALHO
Goabute 1), 10 BMecTo ¢opmyant (5.14) pexoMenjayercs NpUMeHsTb He-
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Ha3biBAGTCS KHAOEHCHOCMBIO» Ol eHKU
lo, —0,2|<0,01,

a caMa 3Ta OlIeHKA Ha3LiBAeTCH 008epUMenbHOll OleHK ol omHO-
cumenvHoli wacmomsl ®, ¢ HagexHocTbio 0,988,

Ha npakTHke HaleXHOCTb OLECHKH 3aJaeTCsi 3apaHee B COOT-
BETCTBUH C HA3HAYEHHHIM MPENENOM «OUYEHb MajbiXx BEPOSTHOCTEH»
(cM. § 13). Hanmpumep, ecan Mbi peliuad npeHeOpeub BO3MOX-
HOCTbIO nosiBAeHHst coOuiTusi ¢ BeposiTHOocTbi0o 0,001, TO HasHa-
yaem naaexuocts P=—1-—0,001 =10,999.

[To 3ajganHOM HajewHocTH P HaxoluM COOTBETCTByloOLLee
3nauenue f=—"¢(P) u3 ypaBHeHus

OHy=P

¢ noMouibio TaGauLl MHTErpajna BepPOSITHOCTEH; HanpuMep, Aas
P=0,999 naxonum 7¢==3,29. Toraa J10OBepHTE/bHAH OILICHKA
c 3a11aHHoi>'| HaLEKHOCTHIO P PUHUMAET BHIL

lo,—p|<e, rae e=t P)1/ (5.15)

Hepasenctso (5.15) o3Hauaer, YTO OTHOCHTE/NbHAZ 4ACTOTa O,
¢ 3anaHHOH HalewHocTblo P JO/MKHA JexaTth B HHTepBaJle

CKOJIbKO 60Jice TOUHYIO dopmyay

1
et

/ ﬁlxq,( 2
1 \ lo, —plI< [ = ]//zpq

Kakosa TOYHOCTb 3TOil mocseniell GopMyJbl, MOKaKEM Ha NpuMepax.

1) p:é—; n=200; k=35;

> (k — uenoe).

p{]m,, 1l< 5\ _ 056325,

200/ —
L o4 @ ( 5’_5_> —0,56331.
'Vnpq V50 Vlll)l]

2) Jln HECHMMETPHYHOTO MHTEpBala TOYHOCTh MEHbINE, HANpHMep, MpH
p=01; n=>500; k=5 P{0,]<o,<0,11}=03176
! _L 01401 %(D <—5—5_~> —Llg < —ﬁ) —0,3235.
Y npq V45 V npq Vnpq

3aecb pacuer BeaeM no dopmyiae Tuna (2.24).

4* 1. 3. Pymuwuckui
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(p—e, p-}+e), rne e=*(P) ]/[—Jng Tako# wuHTEpBan Haswl-
BACTCH «O0BEPUMEAbHOIM UHMEPBALOM>.

Ilist paccMOTPeHHOro Bhillie [IpUMepa AOBEPHTENbHAs OlleHKa
OTHOCHTEIbHOW 4acTOTH € HapewHocTblo P==0,999 6yner:
0.2-038
10 000

Ato 3HauuT, uYTO C HamewHOCTbIO P=0,999 Mb MoOxeMm
OMAATL, YTO OTHOCHTENbHas 4actToTa ®, OyIer nexarh B JO-
BepuTeabHoM unTepBase (0,1868; 0,2132). lis yactorh 1, = nw,,
JOBEPUTE/bHBIN HHTEepPBan Gy1eT COOTBETCTBEHHO B £ pa3 GoJbuie:
1868 <1, <2132 (npn n=10000).

[lpakTHuecKass HEHHOCTb HOBEPHTENbHLIX HHTEPBAJIOB 3aKJIO-
YyaeTcsl He TONBKO B BO3MOXHOCTH 3dpaHee MPeNCKa3aTh TPaHHILb
4YacTOT (H/IM TPaHULLI OTHOCHTE/NbHbIX 4YacToT). Ecau ucnbitanus
Npou3BeneHbl B JEHCTBUTENBHOCTH W IIPH 3TOM O0Ka3anoch, YTO
(akTHyeckass YacTOTa BbILIA 3a JOBEPHTE/bHbiE TrPaHULbl, TO
9TO 3aCTaBASIET HaC MOJBEPrHYTb COMHCHHMIO MPABHIBHOCTb BHIUM-
C/IeHHsi BEPOSTHOCTH MHTEPECYIOULero HAC CAy4YdHhHOro coOLITHS.
Takasi NOCTaHOBKA BOIPOCAa OKA3bIBACTCS HOJIE3HOH, Hanpumep,
B Ie/e peryiupoBaHHs MAacCOBOrO MPOW3BOACTBEHHOTO MpoLecca.
ITosichumM  3TO  cJeAyIOULMM CXxeMmaTuueckuMm npumepom. [lycTe
aBTOMaTHyeckass 06paboTKa HeKOTOpOH ZHeTatu ,OTpery/lupoBaHa
TaK, Y4TO 00/51 HECTAaHAApTHHX neranel He npeswimaer 1°/,. Ias
TOro 4TOGH NPOBEPHTb, HE MPOUCXOAUT JH YyBEIHYEHHE 3TOH
A0AH, TO €CTb HE MPOUCXOAUT /AU HapylIeHHE YCTAHOBJEHHOTO
1poLIecca, MOXHO NPOHU3BECTH BhHIOOPOUHYI0 mnposepky. [Ipu BbI-
Gopke *) B n neranei yacToTa M, =0, HECTAHNAPTHBIX JeTaneh
JNO/KHA JIeKATh B JIOBEPUTENbHOM HHTEPBA/E

n(p_s)<p'n<n(p+s),

TO ecTb He JO/kHa  npesbuath  uucaa  np-}-ne,  rae

lo,—0,2]< 3,29 . =0,0132.

=1t(P) ]/p_q' P — 3anannasi namexHocTb, p— lpennosarae-
n
Masi BEpOSITHOCTb MOJMyueHus Hectanaaptao# Jaetann. Ecay,

*) BoiGopka momkua Gbith cayuafinolh u mosropHod. Ho ecau o6bem
BHIGOPKH OYEHb Mal MO CPaBHEHHIO C O6beMOM BceH mapTuu neranelf, To
H A1 OecrmoBTOPHOH BLIGOPKH YKa3aHuble ¢OpMYyibl 20T AOCTATOYHO
XOpOUIYI0 TOYHOCTD.
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nanpumep, p=0,01(=1%,), »=1000 u P=0,999, o
np=10; =3,29, ne=23,29)/1000-0,01-0,99=10,4; np -
-+ ne=20,4 u, 3HauYMT, KONMYECTBO HECTAHNAPTHHIX JLeTaneil
B BLIOOpPKE He JO/MKHO MpeBbiliaTh ABaanatu. Ecmu we B npo-
M3BEeACHHOH BHIOOpPKE KOAMYECTBO HECTaHAAPTHHIX JeTasnel oka-
WeTCst 6oablle ABaAUATH, TO HAAO 3aKAOYUTb, 4YTO MPOU3BOA-
CTBEHHBIA MpolecC HapyuleH H IO/ HeCTaHAapTHHIX JeTanel
npesbicHaa fonyck B 1°/,.

§ 19. HdoBeputenbHbie OUEHKH CpenHHX.
IlonsasTue 0 wueHTpaabHOH# npenenbHoil Teopeme JlsnyHosa

HopmanbHocts  mnpejesbHOrO  pacipenesneHuss B Teopeme
MyaBpa— Jlansaca cB#3aHa He € KakMMU-1HO0 crenudrIecKumm
cBOficTBaMH  OHHOMMA/ILHOPO  pacfipefeseHusi, a JHlIb € TEM
06CTOSATENbCTBOM, YTO OTHOCHTE/IbHAS YacTOTa ®, €CThb CPEMHsist
apudmeTHUeCcKas LA HE3aBUCHMBIX C/ydyaliHbIX Beauuun h, X, ...
..., h,. DTa Teopema NONYCKAET HENOCPEACTBEHHOE 000G6iUeHne
Ha cpeasne apudmernyeckue AR Mmo6ofl  10caA€10BATENbHOCTH
HE3aBUCHMbIX C/AYyYalHbIX BENMYHH C OJMHAKOBBIMH pactipejene-
HUSIMM  BEPOATHOCTEH (B MPeAnoJOWeHHH KOHEYHOCTH MX LEHTpa
W AUCHEPCHH).

Mycrs &, &, ..., &, ...—[00CE10BATENbHOCTL B3ANUMHO
HE33aBHCHUMbIX CydaliHbiX BeJMUYMH, Kawaas M3 KOTOPHIX HMeeT
OIHO M TO We pacipeje/nexne BeposTHOcTed ¢ uentpom ME,=a
u aucnepcnet M (§,—a)’=c¢"(k=1, 2, 3, ...). OOpasyem
cpenHue apudMeTHUeCKHe IJsi IEPBbIX 72 BEAHYHIL

F_btht.. 4

n

s yno6cTBa GOPMYAHPOBKH COOTBETCTBYIOLLIEH TeopeMnl BBejeM
ele HOPMUPOBaHHbIE Cpe/iHie (W/M HOPMUPOBAHHBIE CYMMbi):

e En— My G St G - ME S+ ) (5.16)
" o (E,) o 45 ... 5

B cuny HesaBucuMOcTH  cayualHbIX  BEJHYMH  §, HMeeM
= . g
(em. raasy 1) M3, =ga; c(t:”)_—-]—/;_l—_.

4**
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[Toaromy

< ::&T,,— a__G +&+... :I—E,,)—na.
" o cVn
Vn
Teopema. [lpedeavuiss (npu n— o0) pacnpedeseriies
HopmuposanHsix cpednux (5.16) ssasemces Hopmasbroe pacnpe-
Oesenlte, mo ecmo
lim P{|x,|<t}=2(¥), (5.17)
n-— w

20e O (t) — unmezpan seposmuocmedi (2.23).

JloKa3aTcibCTBO 3TOH TEOPEeMbl MPOBEEM METOJOM XapaKTepHCTHYeC-
kux QyHKLUui, IPHYEM OrpalHuuMCsi HempepbIBHBIMU CJ1y YalHBIMH BeJHUHHAMH.
O6031a4HM 4epe3 ¢ (X) NJIOTHOCTb pacipeeletns Als HOPMHPOBAHHOK cay-

o o —a
4auiloH BCJHYHHDBI Eg}) = kT2 (a‘ra MJIOTHOCTH 1O YCJIOBHIO OaHa
[}

H Ta X€ JJs BCeX Beauunu §g). [pu stom

Sgo(x)dx:l,

M(Ek—a)_o
G a— b

M (5, — ap?
ME—d .

S x9 (x) dx = MEQ) =
S x2g(x)dx =M [520)] 2=

OGo3naunm, aanee, uyepe3 f (1) XapaKTEPHCTHYECKYIO QYHKUHMIO, OCILYIO
NS BCEX HOPMHPOBAlIHbIX BEJTHYHII &ko):

fw)y= S €™ o (x) dx.

PaccMoTpuM Temepb MOC/EN0BATENbHOCTb XapaKTEPUCTHYECKHX (YHK-
wnil f, (1) s cayvafinblx Bednun <,. Bripasuw f (u) uepes fw), nas

YCro CiauaJja BbIPA3uM BEIHYHHY T, Yepe3 Eg))l
_ ) (E| _a)+(ez—a)+"' +(En_a\_
Tp— 7: S —_
n

==+ P+ D

[Monbaysch coficTBaMH 3 M 4 XapaKTepUCTHUECKHX QYUKUMA M Hesa-
BHCHMOCTLIO CyYalHBIX Beamunn £y, naxomum:

fu )= [f (#—’;)J
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TO €CTb
.
l ‘1—/—_—: x n
f,,(n):[Se " cp(x)dx] .
1
Pa3naras, nanee, nogsinrerpaibhyio GyHKUMIO B PAA O CTENEHIM V——
n

1
H OrpaHUuMBaACh 4jellaMu nopsnka ; , MoJayyaem:

.u
[ — X
je Vn 9 (x) dx—j 1+l f_x—u—xz—l—...> 9 (x) dx =
2n

—-\S‘ x)dx—-l—l j')c\o(x)dx———jx*?(x)dx—l-...,

TO €CTb

f%_-x 2

Vn u a
e o(x)dx=1— ___ n
S 0 2/z+n'

rae a, — 0 npu n - oo *),
Teneps Jjierko uaiitTi npegen nocjaenoBaTeNLHOCTH

n
1? a
y=|(1————4--2).
T () ( 2n n
[lo usBecTHBIM IlIpaBH1aM MaTEMAaTHYECKOrO allaju3a HaXOMHM:
u?
lim f,(u)y=e 2
n () = .
n >w

Taxum 06pasoM, MocaenoBaTeJbHOCTb XapakTepHCTHUeCKHX Qyukuwmit f, (1)
u?

CXOMMTCS K XapakTepuctnyeckoi dymkuyn fo(m)=e °  npocreiiero
HOpMaablioro pacnpeienenus (cm. § 17). Otciona caepyer, yTto 1ocieno-
BAaTEbHOCTb GYUKUMA pacnpencaenus IS HOPMHPOBAHHBIX CPEAHHX T,
CXOMUTCS K QYHKUMM pacnpejedielins NpocTeRllero HOPMaJbiioro 3akoHa,
a 3TO PaBIOCHILHO yTBepwieuuio (5.17).

[okazannas Teopema MO3BOJIsieT MOJYYUTb JOBEPHTE/bHHIE
OLlEHKH CpPeNHHMX, TO eCcTh HalTH TO4HOCTb (E) MAJNs HepaseH-
cra |§, —a|<e ¢ samannoli nanexnoctblo Po C sToH uesbio

Ml 3amensieM  HepaeuctTBo |, —a|<(e  paBHOCH/bHLIM, a

*) Ecam uurterpainl GepyTcs no KonedHOMY HUTepBaly, TO CTpeMie-
uMe o, K HyJO IPH 71 ~ 00 OUYEBUAHO, [AAd HECOOCTBENHBIX HHTErpajoB
370 TpebyeT CleUHaIbHbIX OUENOK, KOTOPble Mbl OfYyCKaeM.
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3HAYNUT, N pPABHOBEPOSITHLIM €My HEPAaBEHCTBOM

|E—a| Vi
<

)
Vi
Tak kak no noxasanHomy

lim P {|=, | <t}=0 (),

n->Q

eVn
o

, To ecTb |1, |<f=

TO NPH AOCTATOYHO GOJBIUIOM 7 BEPOSTHOCTb Hepasenctsa | <, | <t
6ynet npubamkenno pasia P (f).
CnenoBatenbHO, BEPOSATHOCTb HMHTEPECYIOULEr0 HAC HEpaBeH-

ctBa |§, —a|<Ce OGyner takwke npubswienso passa @ (f), rae

€ n
= 3anasasicb Tenepb OlpeJleeHHOH BepOSATHOCTbIO P,

KOTOPYIO Mbl CUHTaeM AOCTaTO4YHO 6au3koi Kk 1, Mbl HAXOAMM 110
tTab/ullaM HHTerpaia BeposTHOCTeH 3uauenne f=—=1(P), ynosaer-
Bopsioutee  ypashenuo @ (f)=P, u nonayuaeMm OogepumesbHyio

OueHKY cpeOHelr §

|En—a|<e=t(P)T/°—= ¢ HapexnocThio P.  (5.18)
n

OTKNOHEeHHUS ONLITHOW cpenHell OT mMaTemaru-
yeckoro oxunaunusda. [lycTb Hac uutepecyer ooHa cay-
yafinag Beauuuna & ¢ ueHTpoM @ W aucnepcued ¢* W
OycTb I8 onpeaeneHus ee  4aCTHbiX  3HAYEHHH  T[POM3BO-
JUTCH JIOCTATOYHO ©OO0JbINOE YUCAO 7 HE3aBUCHMbIX HCILITAHUH.
KakoBnl 6b HH ObiIM [OAYyYeHHble MPH 3TOM ONbITHLIE 3HAYEHHd
X, X, .o, X, Mbl MOXEM C BEPOSTHOCTbIO P yTBepwaaThb,
YTO HX cpeluss apudmernyeckas

k=xl+x2+"'+xn
n

6y11eT ynon.uemopmb IleaBeHCTBy
|x —a| <t (P)—=

Vn'

TO €CTh GyJCT NeWaTh B JOBEPHTEAbIIOM UHTepRale (@ —¢; a - ¢),

riae e =1(P) —2_ . 30 y1BEPHACIHE BLITCKaeT H3 ouchku (5.18),

Vo'

(5.19)
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eC/M CBAI3aTh C KaX/bhiM R-M HCHBITaHHeM caydalHylo Benwmuy &,
C TeM ke pacipejenelHneM BeposiTHOCTeH, 4To M y & npu ITOM
YACTHLIM  3HAYEHHCM £, OyleT x, a uacTHHM 3HayeHHeM E
Gynet X (He3aBUCHMOCTD e clydyaliubiX BeanuuH §, cielyeT H3
NPeJNoI0WEeHHOH HE3aBUCUMOCTH HMCMBITAHUH).

Otkanoneuus BolGoOpouyno#t cpenHell OT reue-
paabnof. Ecnim pacecmatpuBaTh BO3MOXHBLIE 3HAYEHHSI NPH3HA-
Ka y KawIOro 3/]emMeHTa BbIOOPKH KaK CayualHylo BeHUHHY C
pacupenenennem (3.2), To BbOOpouHas cpendss x Oynet 3Ha-
yeHdem cpelnelt apucpmeTHyeckol M3 yKasaHHbX BeanuuH. [lo-
3TOMy oOHa Oyjaer yloBaeTBOpsaTh HepasenctBy (5.19), rae a
ecTh relepaibHas Cpeinsis (kak UedTp pacnpejenenus (3.2)),

0= l/(x,——a)”%—}—(x2 2+ - (x, ——azM

IlpyruMu cNOBAMH, € BEPONTHOCTLIO P MOWHO OXHM4aTh, 4TO
BLIGOPOUNAs CpelHsis X OTK/IOHWUTCH OT reHepaJbHON cpejiteil a

te Oosice dyem Ha t(P) —'%
n

[oBepute/nbHas oueHKa cpenHell MoweT ObiTb HCNO/Ib30BaHA
NpH KOHTPOJIE H peryjupoBaHHM MPOM3BOACTBEHHOrO [poLecca,
B KOTOPOM HYXHO MOJJEPKHBATb 3HaueHHe HeKOTOpOro i1apa-
MeTpa, HanpuMmep pasMepa JeTa/ju, B ONPELE/ICHHbIX MWECTKUX
rpanuuax I0OMycka; ecau npud BulGOPOUHOM NPOBEpPKE CPCHHMX
Kaxkoe-1u00 cpeiaHee 3Haueline BbiileT 3a rpaunuu LLOBEPUTEJb-
Horo uHTepBana (@ —e; a-t¢), rne e=1¢(P) V_, TO Hau1o
GyieT [1POBEPHTb, HE HAPYIEH JIM yCT4HOBACHHLI pexum. bosce
TOYHasl pu3pa60'r|<a 110100H KX OPUHLKIIOB 1IPpUBL/IA K CO3IaHHIO
ClICUMANIbHBIX METOLOB 14K Ha3LIBAEMOrO «CTATHCTHYECKOrO KOHT-
po/ig KayecrTsar.

[TlonsTHe O HeHTPANbHOHW npenesNbHONR Teopeme
Jlanynosa

Boiiie Mbl YCTaHOBU/IH, 4YTO HOPMAJIbHOE pacnpeuesiciiie Bepo-
ATHOCTEH SABASIETCH  1pPelle/IbHbIM - IS HOPMHPOBAHHKIX  CPEIUHHX
WiH, 4TO TO We <amoe, s HOPMUPOBAHHLIX CYyMM  OJIMHAKOBO
paciipele/ICHHbBIX  CAraeMblX.
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LlenTpanbhas npejlenibHas TeopeMa ycTaHaBauaer —oblue
yC0BUsi, UPH KOTOPHIX NPCAEAbHBIM paclipejie/leHneM HOPMHPO-
BaHHLIX CYMM B33aHMHO HE3ABHUCHMLIX ClydyaHHLIX cadaraeMbix Oyjper
HOpMaJhHOe pacipelenedue. Jta npobiema B obweli ¢dopme
BrepBhie Obina mocTtasineHa B uccaenoBaxusix [1. JI. YeOGniuiesa,
HO T10/1y4Y€HHbIE MM YC/IOBHA ObUIM JIOBOJIBHO OTPAHHUYMTE/BHBLIMH.
ITpu BecbMa OOUIMX YCJOBHSIX 1EHTPa/JbHas Npeje/nbHas Teopema
6b1a nokadawa B 1900 r. A. M. JlanyHoBbim, B CBSi3H C ueM
9Ta TeopemMa H HOCHT ero umsd. JIsnyHOB Jd0OKa3an AOCTATOUHOCTB
CelyOHX ABYX yCIOBHH:

a) BCe CayyaillHble cJ1araemble MMEIOT KOHe'Hble abco/MoTHbIe
LEHTPaJbHblEe MOMEHTH TPeThero nopsika

M|E, —a,| (a,= M3, k=1,2,...)
6) oTnolenune

D MG —a

k=1 0 Opi n-—00. (5.20)

3

n 2
2
D (Ek)J
k=1

3ameTHM, UTO 1/ OIHMHAKOBO pPAaClIpele/eHHbX CJ/laraeMbix
ycaosde 0) BHIIOJHAETCA aBTOMATHUYECKH, TAK KaK [pH  3TOM
oTtHoulenue (5.20) npuHuMaeT Bui

nM[E—a]P 1 M|E—a)
7
[ne?] ®

Cumbicn ycnoBuit JlsiryHoBa COCTOMT B «rpejenbHON 11peHebpe-
WHMOCTH» OTAEJBHBIMH ClaraeMuiMiH NpH 0OPa30BaHUK CYMMBI, B paB-
HOMEPHO MaJIOM BJIMSIHMM HA CyMMY Kaw/10ro OTIeNbHOro cJa-
raemoro.

370 ewe oTYyeTIMBEE BUAHO B HECKOAbKO Go/ee OOLIMX ycJo-
Busx Jlungebepra, B KOTOpPhHX TpeGyeTcsi paBHOMepHas MaJoCThb
BEPOSITHOCTeH  GOMbIINX  OTKAOHeHuH |§, —a,| no cpaBuenuio

2 B
¢ aucnepcueit cymmn 0 (§, 4§, 4 ... 4&,). Tpy6o roeops,
Cpely C/araeMbix He JOMKHO ObITb TaKHMX, BO3MOXHblE OTKJ/OHe-
HUSl KOTOPHIX JOMHIMPOBA/IN OLI Hal BO3MOWHBLIMH OTKJ/IOHEHUSIMH
BCEX OCTa/bHbIX.

LleuTpanbhas upenenbuas Teopema JIsnyHoBa no3ponuna o6b-
AICHATb LIKPOKOE PachPOCTPAHEHHE HOPMAILHOIO 3aKOHA pacripe-
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JelleHHs B MpUpOJE M B TEXHHKE TeM, UTO paccefiHe u3yuyae-
MBbIX BE/MUYMH BbI3bIBACTCH OYEHb GOJBHIMM KOJHYECTBOM C/1yyaHHbIX
IIPHUYUH, BAMSIHME KaxAOH M3 KOTOpbIX HHYroxHo Mano. C apy-
FOH CTOpONBl, YCTAHOBJEHWE TOYHHIX YC/AOBHH IlEHTPa/NbHOH Iipe-
JenbHOH TeopeMbl MO3BOJSET CTPOrO OTPAHHYHTL 06JACThb MpHMe-
HUMOCTH HOPMaJbHOIO 3aKOHa paciipejesieHus.

B 3ak/iouenue Hamo0 OTMETHTb, YTO BaXHOCTb 3aKoHa 6Oiib-
LIHX YUCeJ W II@HTPaJbHOH I[pefe/nbHOl Teopemsl A/d BCeH Teopuu
BEpPOSiTHOCTEH W ee [MpPUIOWKEHHH BbI3LIBAET MHOTOYMCTEHHLIE
HCC/ICNOBAHUS 110 HX YTOYHEHHIO H 0000HICHHIO B Pa3HbIX Hallpas-
Nenusx. Beayulag posb B 3THX HCCAENOBaHMAX CO BpemeH YeObl-
uieBa W 10 HalMX JHe# nNPHHAMNEKNUT PYyCCKMM W COBETCKHM
MaTeMaTHKaM. B uacTHOCTH, C/leiyeT OTMETHTb HCC/IEI0BaHHS
B 006/1aCTH 3aBUCHMBIX C/AyyaliHblX BE/AWUMH, HauaThle elle yue-
nukom I1. JI. YeOnmeBa— A. A, MapkoBHM ¥ NpOLOMKEH-
Hple 3aTeM coBeTCckMmu  MaTematHkamu C. H. Bepuurrefitom,
E. E. Cayuxum n ap. Teopema YeObiuiesa, HallpuMep, oKasniBaeTcs
CNpaBejl/IMBOX M IS MOC/IeJOBATENbHOCTH  3aBHCHMbIX  CJ1Y-
4alHBIX BeJHUYHH El, Ez,... C OrpaHuyeHHbIMU  JHCIIEPCHUSIMH,
€C/M  TOJNBKO CBf3b MEWJY HHMH JOCTaTOYHO OLICTPO  yObi-
BAaeT C yBeNMueHHeM pa3HoCTH HomepoB *). [TonoGunie ke ycio-
Bufl Oc/1ab/1eHUs] CBA3M [103BOJSAIOT PACHPOCTPAHUTL HA 3dBHCHUMbIE
BeJMYHHH H IIEHTPAJbHYI0 MpefeabHyl0 Teopemy JlanyHoBa.

Ynpaxnenns

1. lokasath TeopeMy MyaBpa—Jlamn/aca HEeOCPEACTBEHHO C IIOMOILLIO
XapakTepUCTHYeCKOH PYHKIMM YacToThi ., (5.6).
Yxaszanue. C nomomnto cdopmya (5.6), (5.5) u (5.11) noctpoutsb

xapakrepuctuueckyio  dywkumio  f, (z)  HOPMHPOBaHHOM YdCTOTHI
—n
T, :ﬁ-.:p' U 3ateM C MOMOIIbLIO pasJjoxeliusa B pﬂ}l AKCIONEUT
V npq . _
. on q L u P
iV v VoV 7
e ' H e

npeobpa3oBaTh XapaKTEPUCTHYECKYIO QYHKIHMIO K BHY

u? w

(o @ _a=p Y
Intu) ( 2n l3!nVn qu+”'>

¥) Tounoe yCI0BHE MONHO 3alMCaTh C MOMOUILIO KOIPDHUMEHTA KOp-
peasuuy (CM. § 25), aa cnpaseMBOCTH TeopeMbl UeOblleBa oKashl-
BaeTcsl AOCTAaTOYHbIM, YTOOLI

r€; €)—~0 opn  |i—k|— oo.
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2. Ouenurb OTHOCHTEJLHYIO 4YacToTy o, npu p=0,01; »=1000
¢ Hagexnoctoio P=0,99. ChopMmyupoBaTh BbIBOA.
OTser.

. 0,009
lo, —p| < 2,576 ]/W =0,0081,

10 ectb 0,0019 <o, <0,018l. C Hagesmnocthio 0,99 MOXHO oxuAaTh,
YTO NPH THICAYEKPATHOM [MOBTOPEHMH HCMBITaHHS HMHTepecymolllee Hac
coGbiTHe npousoiineT ot 2 go 18 pas 2 <p,=nov,<<I18).

3. B0 mpousseneHo 12000 Gpocaumit MoOHeTHl, HpH 3TOM rep6
phinagan 6019 pa3. Hackosbko Xopolo corjacyercst 310 C npeinonoxeHneM

1

O TOM, 4TO BEPOATHOCTb BblMaleHus rep6a pasHa ~2—?

Otser. [lpu yka3aHHOM npemIoNONKenUH BEPOSTHOCTb HABJIOACH-
HOTO MM 6OJbUIEr0 OTKJIOHCHHA PaBHa

T Jp—
3 LY L PP ’2000__1/12000 =10,738
. {‘ a0 T 12000 f T V0,505 o

A1a BEpPOATHOCTL HE MaJa, TaK 4To ﬂpOMSIielleHllblﬁ ONbIT HE paetT
OCHOBAHUA COMHEBATbCH B BbICKA34dlIHOH I'HNOTE3€ O BEPOITHOCTH BbiMa-

zennst repba.
4, PacnpejiesieHHe HEKOTOPOro NpH3iaka B GOJbIIOH napTvu u3nenwit

naercs Tabanueh:

3uauenns |3 4 |3 45 ‘3,50 3,55 ‘3,60] 365 | 3,70 | 375
npu3Haka x
Yactora M| 150 | 380 | 1320 | 1530 {970 | 470 | 100 | 80 | 5000

Ipoussoautcst ciyuaiinas sbidopka B 100 mspeanit. Ouennth Bbi6O-
POYHYIO CPEMHIOI C HaleXHOCTbIO P=10,99.

OTser lenepambias cpemnas a=3,55; o=0,05- ¥ 1,844 = 0,068,
Ouenxa BbiGopounoi cpesieit npu P=10,99:

- 0,068
X—a 2,576'—’.—__— == 0,0175,
‘ I< ¥ 100
3,5325 < x < 3,5675.

5. Cayuaifitas BHIGOpKa M3 HEKOTOPOM MHapTuu wu3lenui nana cienylo-
miee paclipesie/cue nplsnaka:

TO €CTb

Suadenne |4 45 |3 45 3,50 3,55'3,60 365 | 3,70 | 3,75
[pU3HaKa x
Yacrora m 3 ) 12 i 28 | 28 14 I 8 2 100
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Mox1o au CYHTATb, UTO CpeaHee 3HayeHHe MpU3HAKA B 3TOH IIapTHH
He OT/MYAeTCa OT CPeAlero 3Hauellns B MapTHH TpeablyLIero npuMepa
(ecau 1PHHATbL YCIOBHE HEU3MEHHOCTH G B PasHbIX MapTusix)?
- 57
Otser. 3necr x=3,55 4 0,05 - m=3,55—|—0,0285. OTkr/a0HeHHe
OT reHepaibHOH cpenHell M3 mpeiblayllero mpuMepa COCTaBJseT
€ =10,0285. BepoATHOCTb TaKuX MM GOJBIUMX OTKJIOHEHHH paBHa

0,0285 1100
0,068

P{l?—al>0,0285}%1—(l)< ><0,00003.

JTa BePOATHOCTb OYeHb Mala, MMOITOMY HeJb3s CUMTaTb, 4TO BbIGOPKa
npou3sefeHa H3 MapTHH CO CpeAHUM 3HaycHHueM a=3,55 (upH ycIOBHH
o =0,068).

6. Jloxasath, uTo pacnpeneiende [lyaccoHa MOMHO paccMaTpHBaTh
KaK InpefesbHoe A GUHOMHAJLHOIO — pacnpefefeHus INpH 72—+ © U
p— 0, eciu np =a oCTaeTcsi HeUIMEHHDIM.

a o
Y xaszaunwue. 3aMenns p=-—-, nepefit b ¢dopmyne

- nn—10H...(n —m-+41)a™ a \"~—m
cromgrm ===t (1= )

K npefeny npu n —» co.

7. [lpu caoweHnn GOJbIIOTO 4YMCJAA 7 CHaraeMblX, OKPYTJIEHHHIX
10 eAMHHI omHOro M Toro ke paspsga  10™™,  npuHuMaertcs, 4TO
NOTPEIHOCTb OKpYTJehus KaXAoro CJAaraeMoro ecTb CiyyailHas Be-
audnHa (€) C paBHOMEpHbIM pacnpejeleHHeM BEPOSITHOCTeH B MHTepBajie
(—0,5-107™4-0,5-10~™). [Noka3aTb, YTO a6COMOTHAs NMOTPELIHOCTb CYyM-
Mbl ¢ BeposiTHOCTbIO 0,997 He npesbicut V 37:-0,5-107™,

Yxasauune. [lorpeilHocTb CyMMbl paccMaTpHBaTb KaK CYMMy 7
OJMHAKOBO pacrpele/eHHbIX HEe3aBHCHMbIX CJAaraeMblX — MOIpelHocTed
okpyraetius. CuuTaTh, 4YTO IPH AOCTATOYNO GOJBIUOM 7 HOIPEMHOCTb
CyMMbl HMeeT pacrnpeaenenne, 6iu3koe K HopMaabHOMY ¢ uenrtpoM 0 u
CpPeallMM KBAJAPATUYECKUM OTKJIOHENHEM

o=V aunsE=Vn

(cM. mpumep 2 § 12, c1p. 74).

10-m
2Vy



FJTABA VI

NMPUMEHEHUE TEOPMHU BEPOSITHOCTEMH
K MATEMATWYECKOH OBPABOTKE
PE3YJIbTATOB U3MEPEHUM

§ 20. Cayyaitnple omuOKM M3MepeHHsl, HMX pacnpeneleHHe

Owubroil ual nozpemwHoCmsIo U3MEPEHUS HA3blBAeMCS pa3-
HOCMb X — a MeNHCOY pe3YAbMAMmOM USMEDEHUS X U UCMUHHbIM
3HaUeHUeM U3MepTeMOll BeAUUHb a.

Bcsikoe namepenue conpsixkeHo ¢ ouinOkamu. [ToBTopsii uame-
peHHe ONHOH M TOH Xe BeNHuyHHbl JaX¥e B OJMHAKOBLIX YC/IOBUSX,
Mbl foJlyyaeM OObIYHO pa3zjivuHble pesyabTaThl. [lo 3TUM pesyiib-
TaTaM Mbl AOKHH CYAHTb OO0 HCTHHHOM 3Ha4yeHHHM H3MepseMOH
BE/IMUHMHBL. $ICHO, 4TO KAaK HEnocpeincTBEHHbie pe3y/abTaThl H3Me-
peHusi, TaKk ¥ J1060# pe3yJbTaT ux 0OpaGOTKW 1al0T He TOuHoe,
a quub pUGIHKEHHbe 3HaueHus Benuununl a. M3 scex rakmx
npubaKeHuii Hamno BbIOpaTb B KakOM-TO CMBIC/IE Hauayullee.
Jlanee, HanO OLEHUTb TOYHOCTb MOJNYYEHHOrO HPUOAHKEHHH, TO
eCTb YCTaHOBHTb TpaHHIly, KOTOPYI0 3aBeAOMO (C 3alaHHOH
BEPOSITHOCTBIO) He MPEB30OHAET OTKJOHEHHE HCTHHHOTO 3HauyeHms
OT HaiincHuoro npubIHKEHUd.

[1pUMEHUMOCTh METOLOB TEOPHW BepPOSITHOCTEH K penieHuIo
yKa3aHHblX 3a/a4 OCHOBAHAa Ha TOM, YTO BO3MOWHbBIH pe3yabTar
u3MepeHus sBAsETCH  CAyyallHOH  Be/JMUYMHOM ¢ Ompejie/leHHBIM
pacupeseneHieM BepoOATHOCTEH. YCTaHOBHM THN 3TOro pacipe-
JleJIeHHsl B C/yuyae ApAMbLX U3Meperull (KOTJ1a 3HA'UeHUs u3Me-
psieMOH  BeNMYMHBl  CYMTHLIBAIOTCH  HENOCPEACTBEHHO CO  INKaJbl
npu6opa).

Mu Gynem cuuTaTh, YTO pe3yAbmamoi U3MepeHUs He codep-
ocam cucmemamunecux owunbox. Cucremarniueckas OIHOKa
BHI3BLIBACTCH  1OCTOSIHHO AEHCTBYIOLIEH nNpPHUHHOK, W BeJaHulHa
9TOH OWHOKK NHMO0 MNOCTOSIHHA BO BCEX W3MepeHusix, Jubo me-
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HACTCH 110 ONpeNe/]eHHOMY H3BeCTHOMY 3akony. [lostomy cucre-
Ma1Hiyeckne OWHOKH MOTYyT OblTb YCTPaHEeHbl [YTeM BbiBEPKH
W HACTPOHKH W3MEPHUTENbHOrO mnpubOpa HJAM BBEJEHHEM COOT-
BETCTBYIOIIUX 1IONPABOK K pe3ysibTaTaM H3MepeHHs.

[Tocne ycTpaHeHHf CHCTEMaTHYECKHX OIUMOOK pe3yJ/bTaThl
u3Mepenust Bce elle OyAyT cONepKaTh HeyCTpaHHMble, Hen3bex-
Hple OUIMOKHM, KOTOpHE MOJYYM/IH HAa3BaHWE CAYHALHBLX OwUbOK
usmeperuss *). Dt OUIMOKH BHI3LIBAIOTCS MHOIOUMCIEHHBIMH TpYI-
HO YJIOBUMbIMH MPHYMHAMH, KaX1as M3 KOTOPHIX MPHUBOLMT JIHlib
K HE3HAUUTEJbHOMY Ko/leOaHHuI0 pe3ylbTaTOB H3MepeHust (Hanpu-
Mep, I1pH B3BELIWBAHWM HA AHANUTHYECKHX BECaX K TaKWM I[IpH-
YMHAM  OTHOCSITCS  He3HauuTe/dblble  KoJeGaHHs TemmnepaTyphl
W BJIQXHOCTH BO3lYyXa, KoneGaHud CTosa, rMonajanHe COPHHOK
Ha B3BelIMBaeMblil mpeaMeT W T. I.).

Kaxpasi W3 yKa3aHHbIX MpPUYHH MOPOXAAET CBOK, TAK Ha3bl-
BAEMYIO I4eMEHMAPHYI0 OWUOKY U3MEPEHUs; OUYEBHIHO, UTO
pealbHO Hab/ofaemasi cayvaBnas oumubka  sBASETCS CyMMO#
9THX 3JieMeHTapHhiX OWHOOK. Ecan cyuTaTh, YTO KOJIHYECTBO
37eMeHTapHBIX OUIMOOK OYeHb BEJMKO, a pO/Jb KaXI0H M3 HuX
B 00pa3oBaHun peanbHOH cayuyaiHo# ommbku ovenb Mana *#*), To
B CWIy LIEHTPaJbHOH TMpejenbHOH TeopeMmbl cjayyainas ounbxa
H3MepeHus Ao/bkHa OOJiee WM MeHee TOYHO C/el0BaTh HOPMaJb-
HOMY 34KOHy pacnpeie/ieHusi BeposiTHOcTeH. Pelaoumum 108010M
B 110/1b3y HOPMAJIbHOTO 3aKOHa paciipene/enus CAyyaHbiX ouiu-
60K SIBJISICTCS 1IPAKTHYCCKOC [MOATBEPXEHHE ero aHajn3OoM MHO-
FOYHC/IEHHBIX OMBLITOB H  HaG/IodCHUE. DTOT aHa/iu3 1IOKa3HBaer,
yto Habsojalolleecs paclipejesnene ClydaliHbpix OLIMOOK H3Me-
peHHsl  OuyeHb XOPOLIO corJacyetrcs C HOPMaibHBIM  3aKOHOM,
TO €CTh YTO OTHOCHTENbHble YacTOThl CAyuyaHHbIX OWHWOOK onpe-
J1e/IeHHOM  Be/IMYHHBI JIOCTaTOYHO OJHM3KH K BepOSiITHOCTSAM Ta-
KUX OlIMOOK, PACCUMTAHHBIM MO HOPMAaALHOMY 3aKOHY pachnpe-
IeeHHs.

B cuny yKasaHHHX OPWUYMH B TEOPUH OWIHMOOK TPHHUMAIOT
B KauyecTBe OCHOBHOIO MOCTYyJaTa, 4TO ApU NPAMX U3MePEHULX
cayuaiinan owubra T caedyem HOPMAALHOMY 3GKOHY pacnpe-

#) MHorjaa B pesyibTaTe HapylleHHsi YCTaHOBJEHHBIX YCJOBMH H3Me-
peHHsl WIM TIpY HenpaBHIbHOM 3amHCH NOKasaHWH npubopa MOABJAITCA
elle u rpy6ole ommbku (mpomaxn). CooTBETCTBYIOLIME pe3yJbTaTbl H3Me-
penns HeOOXOMMMO cpa3y e OTOpachiBaTb H HE YUYHTBIBaTb NpPH Hajb-
Hedlweit obpabotke.

#¥) JTO — TAK Ha3blBACMasi (IMMOTE3a 9JeMEHTApHbIX OWHKOOKY.
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Oeaenus geposimuocmei; *). [lpn 3TOM, yuuTLIBas OOLIYHO Ha-
6211012101 y10Csi  CHMMETPHIO  [10JIOKHTEAbHBIX W OTPHILATE/bHbIX
ClyyadHbiX OWMOOK, NPHUHUMAIOT elle, YTO Hewmp pacnpedese-
Hus cayuafineix  owubox pasew Hyawo. Taxum o6pasom, 1IOT-
HOCTb paclpene/edns sBeposTHocTed cayyafiHoH omubku T pasha

12

1 T2
sO)=r=e 7 (—oo<t<too)  (61)
Mapametp 6 =1 "M HasmBaeTcs cpedneidl readpamuneckol
owubkoli usmepenus wiw cmandapmosm. OH  Xapakrepusyer
TOYHOCTh M3MEpPEHHH (WM TOYHOCTb npubopa).
3Hasi 3aKOH paclnpejieseHHs cayyaliHbiXx OWHOOK, Jerko Hahi-
TH 3aKOH pacnpelesendss BO3MOXHHLIX Pe3yJabTATOB H3MEPEHHs,
TaK KaK BO3MOXHbIH pesy/ibTaT usMmepeHus & W ciyyalinas owue-
Ka T CBsi3aHbl NPOCTOH 34BHCHMOCTBIO:

E=a-r; (6.2)

npu 3toMm 3 Mt=—0 crenyer M§=a; 310 — TaK Ha3biBaeMoe
yC/OBHE HECMElleHHOCTH, KOTOPOE MPaKTHYEeCKH CBA3AHO C OTCYT-
CTBHEM CHCTeMaTHyeckux ownbok. Takum 00pa3oM, BO3MOMHBIA
peay/bTaT M3MEPeHHs § MPH yKa3aHHbIX BbILIE yC/AOBUAX Caefyer
HOPMA/JIbHOMY 3aKOHY pacrpec/eHds BepOSTHOCTEH € IeHTpOM
a w aucnepcuel o°.

§ 21. Pemienne nBYX OCHOBHbIX 3aJ4a4 TeOPUH OWHUGOK.
OneHKa UCTHHHOTO 3HAYEHHS H3MepsieMOH BeJHYUHBI
U OlleHKAa TOYHOCTH mpuGopa B cjiyyae NpPSIMbK
PAaBHOTOUYHBIX H3MepeHHi

Myets X, X,, ..., X,—pe3y/abTaThl 1 MNpPAMbIX HE3aBH-
CHMLIX H3MepeHH# HeKOTOpOH 1OCTOSHHOH BeNWYHHB a. Mul
NPEAINONOXKHM, UTO BO3MOXHbIE Pe3y/bTaThl BCEX H3MEPeHui

*) Hago 3aMeTHTb, 4TO chyyaiiHble OIUMOKH, KaK M pe3yibTaTbi
H3MepeHHus, BCEraa BbIPAXKalOTCA B HEKOTOPbIX LEJbIX eAHHHIAX, CBA3aH-
HbIX C IIAaroM LIKaJbl HM3MEPHTEJbHOro MNpHOOpa; HO B TEOPHH yrobuee
CYMTaTb ClyyaiHyl0 OWMOKY HenpepsieHoil CcayyaiHol BeJMUMHOH, u4To
3HayuTeJbHO YIpOlIaeT Bce pacyeTol. Jlanee, B TeOpud yaoOHee CUHTaTh,
YTO Cayyaiubple OIUMOKH pacmpejeseHbl Ha BCeH OCHM, XOTHl MHOrla TO
YCJOBHE JaXe MPOTHBOPEYMT (PU3UYECKOMY CMbICAY BalauM (HampuMep,
BeC Teja He MoxeT ObiTb OTpHUaTenblibIM). [IpakTHuyecku yciioBhe Heor-
PaHUYEHHOCTH T He CKa3blBAETCS Ha BbIBOAAX, TAK KAK BEPOATHOCTb BbIXO+
Ja t 3a onpeje/ieHHble TPaHHUbI OYeHb Mald.
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£, &, ..., §, NOLYMHSIOTCH HOPMA/JBHOMY 3aKOHY pacripeleeHHs
C OLHHUM M TEM XKe LEeHTPOM

M:,=a k=1, 2, ..., n) (6.3)
(ycmoBue HeCMELLEHHOCTH) M OZHOH M TOH e Aucnepched
M(E,—a) =07’ (k=1, 2, ..., n) (6.4)

(ycnoBne paBHOTOYHOCTH H3MEpEHHH).

Kak mb yxe sHaem u3 raassl 1V, § 16 (ctp. 91), B kauecTse
NPUO/IMIKEHHOTO 3HAauyeHHsi a 11e71ecoo0pasHo  MPHHATh CpejHee
apudmMeTHYeCKO® 3HAayeHHe M3 pPe3y/bTaTOB H3MEepeHHil:

a%}=x1+xz+'"+xn. (6.5)
n

Haime#i nepBofi 3anaueil sBaseTCs OUEHKA TOYHOCTH NPUO/IU-
weHHoro pasenctBa (6.5).

YuuThiBasi, u4TO BCe CayyaHHble Be/IMUHHB &, HE33aBUCHMBI H
MMeIoT HOpMajibHOe pacrnpejle/ieHde BeposiTHOCTEH C LIeHTPOM a
W aouciepcHed 6%, Mbi Haxomum (M. ctp. 101 u 73), uto cpeanss
cayuvaiinasl Beid4una

T A S
n

TaKx¥e HMEET HOpMaJbHOE pacClipeliesieHHe ¢ LEHTPOM @, HO ¢
4 O
nucnepcueit e [JosTomy BepOSTHOCTb TOro, 4TO CpejHAs

ownbka § — a He npes3oiaeT no abCOMOTHOH BeAHYHHE HEKOTO-
poro MHOJOXHTEJIbHOIO YMC/AA €, PaBHa

P{E—a|<e}=D(), (6.6)
eV n

rae t=c—€(5:)= ,a ®(f) ectb wmuHTErpan BeposiTHO-
creft (2.23).

OO6bIYHO BEpOSITHOCTb OLEHKH (P) 3anaeTcs 3apatee u BhLOH-
paetcs Joctatouno OGauakod k1 (nanpumep, P=—0,999).
DIanee, us ypasteuns @ (f)==P HaxopuTcs COOTBETCTBYyIOLLEE
sHauenre ¢ (o TaGJAMLAM WHTerpaja BepoOSTHOCTEH; Hanpumep,

npn P=—0,999 uaxonum f=—3,291). D10 npHBOAUT K OLEHKE
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|&—a|<e, rme e=?—=. [loacTaBass B STy OLEHKY BMECTO

cnyqaﬁublx BEJIMYHUH ek HX OIbITHLIC 3Ha‘leHHﬂ X, H, 3HAUHT,
BMCCTO cpeﬂHeﬁ E €e OIlIbITHOe 3Ha4YeHHe x Mbl  T101yYUM TaK

Ha3biBAEMYIO KAACCUHECKYI0 OUEHKY .

X —a t -2
l |< Vﬂ
Wi

x — /_<a<x—}—tV_. (6.7)

Ouenky (6.7) Hamo noHuMaThb CJeAYIOWNM 00pa3oM: BepOATHOCTD
TOrO, YTO MHTepBal (X —¢; X—¢), rae e——tV__, 6yner 3a-
K/II0YaTh HCTHHHOE 3HAYeHHe @ W3MepsieMOH BeNUYMHBI, paBHa

3apanee 3anaHHomy uucay P=® (¢). UYuncio P HasuiBaercs

Hadexcrhocmsio oyenxu (6.7).

Knaccuueckas ouenka (6.7) uMeeT TOT CyLIeCTBEHHbI Hejo-
CTaTOK, 4YTO [PH ITOM Npeirno/araeTcs M3BeCTHOH aucnepcus o2,
Ecnv e 3Ty aucnepcuio 3aMenuTb ee MpHO/HKEHHBIM 3HauyeHueM

n

2 (xk—;)’
2 __ 2 k=
0 =Sh= n—1

(cm. raasy 1V, § 16), To HamewHoCTb OUeHKH (6.7) ymeHbluTCS.
OkasbiBaeTcsl, YTO M MpPH HEU3BECTHOH JIUCIIEPCHH G° MOWHO

JaTb TOYHYIO OLEHKY I]pH6JII/I)KeHHOI‘O PpaBEHCTBA a4 = X, eC/H

MCXOIMUTb He W3 pacrnpeliesieHust BeJMuMHbl § —a (KOTOpOe 3aBH-
cuT OT 6%), a W3 pacnpelcicHus Apyrof cayyalHoH BeHUUHH

T —a

1 “ —
Vavasi 11/§ & —Ey
Ecan sce g, (=1, 2, ..., n) HE3aBUCHMBl H HMEIOT OJHO

M TO e HOpMajibHOe paciipejle/leHie BeposiTHOCTEH ¢ LEeHTPOM a,
TO cayyalHas BeJMuHHA { MMeeT paclipejle/ieHue, Ha3bBaeMoe



§ 21] PENIEHHE IBYX OCHOBHBIX 3AJAY TEOPHH OLUHBOK 121

pacnpedenenuies CmblodeHma, ¢ MAOTHOCTHIO

£\
St n)=3"<l—|—n_1) ,

__ ")
vea=or(5-)

(I' — dynkuna  dinepa) *).
Taxkum o6pasom, BepOATHOCTb HepaBeHcTBa |{|<(f pasua

rne

n

t
P{lel<t= (s mat.
—t

Mmes Tabauusl 9TOro HHTErpasa, Mbl MOXEM 0O 3a1aHHOH Be-
poATHOCTH P HallTH COOTBETCTBYloulee 3HaudeHune f=*¢(P, n),
t

yAOBJ/IETBOPSIIOLLEE Y PABHEHHIO SS(t; nydt=~P. Tlpu s10OM
-t

vepageuciBo [{|<(t? OGyaer  uMeTb  3alaHHYI0  BeposiT-

Hocth P.

[Tepexonsi CHOBA K OMBITHBIM 3HAUEHHSIM X, BeAUUHH §, U 3ame-
¢ T2

yasl, 4TO ONBLITHHIM 3HAYEHHEM BEJHUHMHHI —Z—,Z(—P—I—E) B/sIETCS
2

KaK pa3 BbIGOPOUHAsI AHCHEPCHR Sy, Mbl [10JyuaeM HCKOMYIO OLEHKY

= |<t=1t(P; n)
V'
HJIH
;—t];"_<a<;—{— l—]%_— ¢ nanexuoctbio P.  (6.8)
n n

*) Bpison pacnpenenenus  Croionenta cM. B, B. [Henmenko,
Kypc tcopun sepostiocredt, TUTTJL, 1954, § 23. Yucao seanuun (n)
CYHTAETCH 31eCh PUKCHPOBAHHBIM.
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Huwe npusomnres  tabamma *) 3navenwit t=—=¢ (P, n)
ISl pa3/inyHbIX 3HauyeHH# KOAMuecTBA H3MepeHHUH # U OOHIUHO
3a/1aBaeMbIX 3HAYEHHH HaJeKHOCTH P.

R 095 | 099 | 0,999 'l\\P 095 | 099 | 0999
n \n

5 | 2,78 460 | 8,61 20 2,093 | 2,861 | 3,383
6 2,57 403 | 6,86 25 2,064 | 2,797 | 3,745
7 | 245 3,71 | 5,96 30 2,045 | 2,756 | 3,659
8 2,37 3.50 | 541 35 2,032 | 2,729 | 3,600
9 2,31 3,36 | 5,04 40 2,023 | 2,708 | 3,558

10 2,26 3,25 | 4,78 45 2,016 | 2,692 | 3,527
11 2,23 3,17 | 4,59 a0 2,009 | 2,679 | 3,502

12 2,20 3,11 4,44 60 2,000 | 2,662 | 3,464
13 2,18 3,06 | 4,32 70 1,996 | 2,649 | 3,439
14 2,16 3,01 422 80 1,991 | 2,640 | 3,418

15 2,15 2,98 | 4,14 90 1,987 | 2,633 | 3,403
16 2,13 2,95 | 4,07 100 1,984 | 2,627 | 3,392
17 2,12 2,92 | 4,02 120 1,980 | 2,617 | 3374
18 2,11 2,90 | 397 o 1,960 | 2,576 | 3,291
19 2,10 2,88 | 3,92

B nocaeaueii cTpoke TaGaHilbl (IIPH 72 = oo) NAIOTCSl 3HAYEHHUs, COBIMa-
RAIOlHE C COOTBETCTBYIOIUMMH 3HAUYCHUAMH M3 Tab/HMUbl HHTErpala BEpO-
ATHOCTEH:

@ (1,960) = 0,95, D (2,576)=0,99, P (3,291)=10,999.

OGbiAcHseTC 3TO TEM, 4To npH n—> oo pacnpeneienne CrblojienTta
CTPEMHTCAA K HOPMAlbHOMY paclpeneleHHIO, KaK BHAHO H3 TIpeaelbHOro

COOTHOILLEHHA
12

tz ——ﬁ —_———
lim <1+ ) Yoo .,

n- o n—1

PacueT cpenHux

Ilns npumenenus oueHku (6.8) Hano no pesynnTaTam u3Mepe-

o X o
HHUSl BbLIYHC/AHTL CpelHee 3HayCHHE ,’CZ% " Bbl60p0‘-lelH crat-

¥) Jta Tabauua saumctoBaHa u3 knurm: H. Apanei#t u K. Byx,
Bseiectine B TEOPHIO BEPOSITHOCTEH M MaTeMaTHYeCKYIO CTAaTHCTHKY, HJI,
1951, cTp. 227,
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Xp — % )? —
napt s":}/z%k]—). Heuocpencrsennniit pacver x u s,
10 yKasanubiM (opMysaM 4aCTO OKa3hBAeTCH BECbMa IPOMO3LKHM.
Muoraa  moxHo CYUICCTBEHHO yNpPOCTUTbL pacyeT ¢  (OMOILbIO
IOAXOSILLErO JIMHEHHOr o npe06pa3osauuﬂ pPe3yabTATOB H3MEPeHHs:

Xp=c -+ huy; uk::x";c (k=1, 2, ..., n). (6.9)

3a Hauyano oTcyeTa ¢ BHIGHPAETCS HEKOTOPOE CpelHee 3Ha-
yeHue MeX1y HaWMEHLUIMM H HauOOJbLINM 3HAYEHHHAMH X, €1H-
HHIY Macwitaba £ BLIOWPAIOT TakK, 4YTOOL 3HAYeHUR 4, BhIpaxa-
JICb LE/BbIMH YHCAaMH (YTO Bcerja BO3MOXHO, TaK Kak pe3yib-
TaThl H3MEPEHHS] OKPYTLASIOTCH [0 ONpele/]eHHOro paspsaja, CBf-
3aHHOro ¢ eauHuuedl wkanol npudopa). Ilpomnssenst 3ameny (6.9),
Mbl MOJYYHM CJeAylollye pacyeTHoie (POPMYJbI:

% 7 G 2l
x=c-} hu, rae @=*4<-—=; (6.10)

3 (0 — 30 = Dty — hit)* = * (¥, — 2 3 1y - nt*) =
=h* (3 u;, — nit*)

#, 3HAYHT,
u — nii?
sn_—:hl/zﬁ—l—. (6.11)
[Tpuwmep.
Tabnnua
4,781 4,775 4,764 4,789
4,795 4,772 4,776 4,764
4,769 4,791 4,771 4,774
4,792 4,782 4,789 4,778
4,779 4,767 4,772 4,791

naeT pe3y/abTaThl NPOM3BeseHHbIX Musinkenom nepsbix 20 u3-
Mepenuil 3apana sJjektpona B 107 aGe. an.-cT. eannuu. [das
006paBOTKH 3THX pe3y/]bTATOB COCTABHM pacyeTHylo Tabiwuiy,
BLiGpas Hauado otcueta ¢=—4,780 u eauunuy Mmaciutaba
h==0,001 (npu sToM nans ynob6CcTBa pacyeta Mol pacnosaraem
peayabTaThl B nopsiake ux Boadpacrtauus). [as pacuerta nam Hyw-
Hhl B4 CTOA0IA — cTOA0EL [pPHBELEHHHIX OTKJIOHeuni (#) Hu
croabel, ux KBaipatos (u®).
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Cymma yucen KAW10ro Pacuetnas Tadmuua
ctonbua ykasaHa B nocjenHed
CTpoxe X X —4780 )
0,001
Zuk=—29;
) 4,764 —16 256
u,— 1871. 4,764 — 16 256
2 u; 4,767 —13 169
4,769 —11 121
4,771 - 9 81
Ipumensis  dopmyas  (6.10) 4772 _ 8 64
u (6.11), nonyuaem 4,772 — 8 64
4,774 — 6 36
99 4,775 -5 25
o ey . 4,776 — 4 16
U= = 143 4778 —2 4
4,779 —1 1
AR
vl _ — . 78 2 4
x = 4,780—0,00145=4,77855; 4789 9 81
4789 9 81
4,791 11 121
n (u)*=20 (20) =42,0; 4791 11 121
4,792 12 144
ET— 4,795 15 225
s, = 0,001 / 8
=0, 00981 CyMMbi —29 1871

WcTHHHBIE  3apsia 3/EKTpPoHA e, BuipaweHnbit 8 107'° a6e.
91.-CT. €IAMHHIL, Mbl MOXEM CYMTATh NPHOIHIKEHHO PABHLIM

e==4,7786.

OueHum 370 NpuG/INIKEHHOE PABEHCTBO, 3a4aBasCh HANEXHOCTHIO
Buisoga P=0,99. [lo ta6aune ua ctp. 122 nas P=0,99 u
n=—20 uaxonnm t =2,861.

CnenoBaTebHO, C HAaLeXHOCTbIO BhiBoaa P=—=0,99 Mb MoxeM
yTBEPXKAATb, YTO HCTHHHBIH 3apsil 3aK/IIOYEH MexIy Opene/naMu

0,00981
=4,7722
Vn V20
H
s ., 0,00981
n_—4 77855 - 2,861 ——— = 4,7848
Va 77855 + V20 !



§ 21] PENIEHHE IBYX OCHOBHHX 3AZAY TEOPHH OUIHBOK 125

TO €CTb 4TO
47722 < e < 47848  (P=0,99).

Ecnn yBennuuth HamexHocTh BmBoga 1o P=0,999, to co-
OTBETCTBYIOLlee 3HaueHHe f yeauuutcs 10 3,883 u, crenosa-
TE/NbHO, YBEJHYHTCH HHTEpBAN L/ e:

47700 < e < 4,7870  (P=0,999).

Jns yMeHblueHHs STOro MHTEPBaia HALO yBeJIHYHBATb YHC/O
H3MEpPEeHHH WM MOBBLIIATbD TOYHOCTb OTAEJbHBIX H3MepeHHuH.

OueHka TounocTtu npubopa
(TounHocTH M3MepeHHH)

TouHOCTb HM3MepeHuH XapakTepH3yeTcsi BeJTHYHHOM G — CTad-
JapTOM pacrnpelenenns cAyyaHHbiX OLIHOOK H3MEpeHHs.
[TpuGmmKeHHsIM 3HayeHHeM 6 ABifeTcs «BbOGOPOYHHH CcTaH-
—\2
Xp — X
napt» '§,= ]/Z-(ﬁ"?]—) Ins oueHkn npHONHNKEHHOTO pa-
BEHCTBA G == §, MOXHO BOCINO/b30BaTbCd TEM, YTO pacnpenene-
HHEe BEPOSITHOCTEH cayuyaliHOH BeNHuHHbI

1 /2": . 2.2
= — (;k—-—e)
1 °] k=1
3aBHCHT TOJBKO OT 7 ¥ He 3aBUCHT HH OT a, HU OT G. Ecam
Bce §, (B=1,2, ..., n) He3aBUCHMB M HMEIOT OLHO U TO Ke
HOpMa/lbHOE paclpele/eHde ¢ LEHTPOM a W aucnepcHelt 6%, TO
pacnpesiesieHde BEJIHYHHB ) MMEET IVIOTHOCTb
12
R(t; n):Ant""e 2 (n= 3; t?O),

rae A,,=n_—3l——— (I' — pyukuns Dftnepa) *). Takum 06-

2
pa3oM, BepoATHOCTb HepaBeHcTBa f, < y'< f, paBHa
t
Pit, <y<t}b={ Rt mar (6.12)

t

*) BelBog pacnpesnesedus seanundbl y cM. B. B. THe neH ko, Kypc
Teopuu BepositHoctedt, TMTTJI, 1954, § 23 u § 64.

5 J4.3. PyMIWHCKHA
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HMurerpan (6.12) nossonser HaliTH BepOSTHOCTb HHTEPECYIO-
LLero Hac HepaseHcTBa §, — &< 6 < §, ¢, KoTOpoe MH GyieM
3amucLiBaTh B BHIE

s, (1 —9) <o <ls,(1+9) (6.13)

€
0603Hayas yepes g==_ OTHOCHTE/IbHYIO omuéxy).
n
Ie#icTBUTENBHO, npeoépaayeM HEPaBEHCTBO

1—qV 2“” ' o< (14g) 1/2‘5" (6.14)

B PAaBHOCW/IbHOE ¥ [10TOMY PABHOBEPOSATHOE emy HEPABEHCTBO

lfn<— 1 b/ ]/n
o <zVI3e—-b<h
[ocneanee nepaBeHcTBO umeeT Bua t, <y < ?,, U TNOITOMY ero
BEPOSITHOCTb paBHAa uHTerpany (6.12), rme

¢ }fn——l t, 1/n——1
S S ~T1=q
3anaBasicb Ternepb oOllpesle/leHHOR BepOSTHOCTBIO P (HalLewHoCTb
OLIEHKH), Mbl MOXeM HaHTH COOTBETCTByIOLlee 3HaUYeHHe ¢=—=
=q (P; n) u3 ypaBHeHus
V=1
1-g
{ R mat=nr,
Vn—1
T+q

(g<1).

u Toraa HepaseHCTBO (6.14) GyneT NMeThb 3alaHHYI0 BePOSTHOCTD P.
[lepexomsi K ONBITHBIM 3HAYEHHAM X, CAYHZHHBIX BENHUMH &, MHl
nonyyaeM oueHky (6.13) c¢ samaHHO# HamewHOCTbIO P.

3ameyanune. Ecim ¢>1, 1O BBHAY MOJOXKHTENbHOCTH
cTaHmapTa G HepaBeHCTBO (6.14) npumer Bua

t<coc(itq) 2azF

n—1
YTO PABHOCHNBHO HEPaBEHCTBY

L<y<Foo =T
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BepostHOCTb P 3TOr0 HepaBeHCTBA PaBHa
@
P= { R(tnat.
V-1
1+¢q
M3 atoro nocnensero COOTHOWIeHHs M Haxoautes g=q (P; n)
B ciyyae ¢ > 1. CnenosartensHo, npu ¢ > 1 ouenka (6.13) npu-

HUMaeT BHI
005, (149)

Hmxe npusoautcs Ttabauua *) 3xaueHnft ¢=gq (P; n) nns pas-
JMYHBIX 3HayeHHH KOonuyecTBa HM3MepeHHH 7 M OOBIUHO 3a]aBa-
eMbiX 3HaueHn# HampexHocTn P.

\3 095 | 099 0,999 \J 095 | 0,99 |0,999
n n

5 1,37 | 2,67 | 5,64 20 | 037 | 058 | 088
6 1,09 | 2,01 | 3,88 25 1032 | 049 | 0,73
7 092 | 1,62 | 298 30 | 028 043 | 0,63
8
9

0,80 | 1,38 | 2,42 35 | 026 | 038 | 0,56
0,71 1 1,20 | 2,06 40 | 0,24 | 0,35 | 0,50
10 0,65 | 1,08 | 1,80 45 022 {032 | 0,46
11 0,59 | 0,98 | 1,60 50 | 021 |030 | 043

12 0,55 | 0,90 | 145 60 | 0,188 0,269 0,38
13 0,52 0,83 1,33 70 | 0,174 0,245| 0,34
14 0,48 0,78 | 1,23 80 | 0,161 0,226 0,31
15 0,46 | 0,73 | 1,15 90 | 0.151} 0,211 0,29
16 0,44 | 070 | 1,07 | 100 | 0,143| 0,198 0,27

17 042 | 0,66 | 1,01 | 150 | 0,115| 0,160 0,221 l
18 0,40 | 0,63 | 0,96 || 200 | 0,099| 0,136 0,185
19 0,39 | 0,60 | 092 ] 250 | 0,089| 0,120 0,162

|

IMpumep.

Ins paccMoTpeHHbix Ha cTp. 124 pesynbtatoB 20 namepeHuit
3apsna 3/eKTpoHa HaMH yxe Oblo  BHIYHUC/IEHO  3HAauyeHHe
s, =0,00981. [TosTomMy TOYHOCTb paccCMaTPHBAEMBbIX H3MEPEHUH
XapaKTepusyeTcsi CTaHZapPTOM:

6==0,00981.

*) JTa TabnMuUa 3auMcTBOBaHa w3 kuuru B. Y. Pomanosckoro, OcHos-
Hble 3ajauM TeopuH owHGOK, I'ocTexusnar, 1947,

5*
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OuennM 370 npuGinKeHHOE PABEHCTBO C HaZeWHOCThIO P==0,99,
[To tabmuue wa ctp. 127 npn =20 u P=0,99 uaxozum
¢=0,58. [T03TOMy MOXHO yTBEPKLATb ¢ HALEWKHOCTbIO P=0,99,
YTO CTaHAapT OWMOOK M3MepeHUs 3aK/IIOUEeH MEeXay YHCaaMH

s, (1 —g)=0,00981 (1 — 0,58) = 0,0041
s, (14 ¢)==0,00981 (1 4+ 0,58) =0,0145,

TO €CThb 4TO
0,0041 <6 <0,0145  (P=0,99).

Ecan HazexHocTh BHBOZA yBelnuuTh 10 P=10,999, 10 co-
OTBeTCTBYlOLlee 3HayeHne ¢ yseauuntca mo 0,88 u, caenosa-
Te/NbHO, YBEJUYUTCS HHTEpBal MIsl G:

0,0012 <5< 0,0185  (P=0,999).

Ins ymeHbllieHHs 3TOrO MHTEpPBana HAAO 3HAYMTEJbHO yBe-
AMYNTL Yuca0 uaMepenufl. Hanpumep, ans naxowaeuus craunap-
Ta G C OTHOCHTeNbHOW TOuHocThlo HO 10°/, Hamo npousBecTH
350 wu3amepeun#t (npu P=0,99) umm pawe 600 wusmepenutt
(npu P=10,999).

yllpOLLleHHble OUEeHKH, «<MpaBHUJIO TpexXx CUTMa»

OueHKH pacCMOTPEHHOrO Bhillle THNA TPeOYIOT H3yuyeHus cre-
LHMaJbHBIX pacnpenenenuit (pacnpenenenne CTbloneHTa, -pacipe-
neneHue M T. M.). Ha npakTuke 4acto npHMeHSIOT ynpolleHHbe
OLIEHKH, HAlIpUMEP «IpPaBH/JIO TPeX CHUrMa». ITO NPABHJIO 3aK.I0-
4yaeTcs B TOM, 4TO OWMOKAa NPHOAMIKEHHOTO PaBEHCTBA Q==X He
NPeBOCXONHT YTPOeHHOH cpenHel kBaapaTHueckoil ouubku cpen-
He#t x. Ecan BeinunHa ¢ u3BeCTHa, TO «PaBHJIO TPEX CHUIMA»

la—ux| <36 (x)=3

c

Vn

umeet HamexHoctb P=® (3)=0,997, kaK BHUAHO H3 OUEHKH
(6.7). Ho «npaBnio Tpex cHrMa» MPUMEHSIOT W NPH HEH3BECT-
Holt @, 3ameusis ee npubamxeHHbIM 3Ha4YeHHeM S,. «[IpaBuno Tpex
CHIMa» MPHHHMAeT BHA

1a—-}]<3}—j%, (6.15)
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H €ro HaZeXHOCTb OKa3biBAaeTCH 3HAYHTEAbHO MeHbiieH, yem 0,997,
NpHYEM 3Ta HAZEWKHOCTb YMEHbLIAeTCHd € yMeHbLIEHHeM 4YHCJa
u3Mepenuit 7.

Ile#ictBuTenbHo, cpaBuusas ouenky (6.15) c¢ ouenkoft (6.8),
MH 3ameyaeM, yto npu n=— 14 oueuka (6.15) umeer HameKHOCTD,
merbmiyio, yem 0,99, u6o ¢ (0,99; 14)=23,01>3; aupu n=328
HaJdeXHOCTb OueHku (6.15) cravoButcs pasuoft 0,98.

«[IpaBH/IO Tpex CHrMa» TNpPUMEHSIOT TaKke H 1S OLEHKH
HEKOTOPHIX JPYCHX XaPaKTEPHCTHK pacmpeneneHus, Tak KaK Ha-
XOXWJeHue cpelHel KBaapaTHyeckoH ommMOKu Bceria npouie, yem
p3y4yenyue COOTBETCTBYIOLIEro pacrnpepeneHus. B kauecTse npu-
Mepa pPacCMOTPHM €l (PHMEeHEHHe «IPaBuaad TPeX CHrMa» s
OleHKH cTaHZapTa omubGok u3mepeHus. MOXKHO NOACYHTATB, 4TO
cpenHss KBaapaTHueckas olm6ka BbIOOPOYHOTO CTaHmapTa I[pH-
6/MXEHHO pP4BHA

g ( Z(Ek "_E)z)\_ Sn

n=1 )7Vim—1"
[TosToMy «npaBuaO Tpex CHrMa» (PHHUMAET BHI,
S
g—S [ e 6.16
Jo—sul <3t (6.16)

CpagHenne 3TOH olieHKd ¢ ouenkoit (6.13) nokasbiBaeT, 4To Hawe
npu n==45 ouenka (6.16) uMeeT HaLeWHOCTb, MEHbLIyI0 ueM

0,99, 460 ¢ (0,99; 45)=0,321 > s

oucHka (6.16) nmeer Haaexnocts Toabko 0,98, a npu n=—=7 ee
HAAEKHOCTb CTAaHOBHUTCS MeHblne uyem 0,95.

Mpy n==19

Jast nopbliienust HageWHOCTH «NpaBwia Tpex CUIMa» HalAO0 HMETb
00JIbILOE YHCJIO H3M0pelmﬁ n. an OlicHKe ¢ 3TOr0 MOXHO AOCTHYb, Y4H-
ThIBasl U3MEPEHHs1 O/IHUM H TEM Ke llpH60p0M Pa3HYHbIX BEJIHYHH.

Ecnu n,, n,, ..., N, — KOIHYECTBA H3MepeHHil nepsoi, BTOPOH, ...,
m-§ BEJUYMHBI, a 8§y, Sy ..., Sp, — COOTBETCTBYIOUINE BbIGOPOUYHBIE CTaH-
IapThl, TO UPaBWIO TpeX CUrMay MpuHUMaeT BHA )

S
lo—S1<8 o,
V2(n—m)

¥) CM., HanpuMep, H. Apaci u K. Byx, Bsexeuue B Teopuio se-
posTHoCTel H Matemartnueckylo crartuctuky, WMJI, 1951. Tam e Moxuo
HaliTH ynpouleHHble OHEHKH H M (QYHKUMA OT u3MepAeMblX BEJHYIH.
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rue

S___]/m,-—1>sj+(nz-—1)s§+...+<nm—1>s;

n—m
un=n,+n,~4...+ ny Hagexuocts 3Toit ouenxu npu n — m=200
nocruraet 0,995,

Ynpaxueuns
1. Ouenuts ¢ HamexHocTiyo P=0,999 uctunHoe snayeHwe e 3apsga

aMeKTpoHa Mo pe3yabTaTaM 58 usmepenuii MusinkeHa, npuseneHrbiM B
caenyomei tabmue (Bce manuble B 1077° abc. 31.-CT. eauHuu):

4,781 (4,764 | 4,777 {4,800 | 4,761 |4,769
4,795 | 4,776 | 4,765 |4,790 | 4,792 | 4,806
4,769 | 4,771 | 4,785 {4,779 |4,758 | 4,779
4792 (4,789 | 4,805 |4,788 | 4,764 [4.785
4,779 4,772 4,768 |4.772 |4.810 | 4,790
4,775| 4,789 | 4,801 |4.791 (4,799 |4.777
4.772(4.764 | 4,785 [4.788 4,799 |4,749
4.791 4,774 | 4,783 |4.783 4,797 |4.781
4,782 |4,778 4,808 |4.740 | 4,790
4,767 |4.791 | 4,771 |4,775 | 4,747

O rteerT. Cpennuii pe3yinTaT H3mepeHnit
%= 4,780 + 0,001.0,81 = 4,78081 = ¢;

Sn _no0(. 1/ 13367 — 38 _
e =001 ]/ 7 ag— = 0.00201.

Ouenka |e—x|<¢

Sn .

V'

t=1(0,999; 58) = 3,470; ¢ = ¢ 1 —0,00697;
Vn

4,7738 < e < 4,7878.

2, Oueunth € HagemHOCTbio P=0,99 uCTHHHOe 3HayeHue uaMepsa-
eMOH BeJMuHiIBl M TOYHOCTh HM3MepeHuil Mo cieayloulel Tabiuue pesyin-

tarop 100 uamepeHui:

Pesyabrar uamepe- .
e 3,18 3,20'3,22 3,24 | 3,26 3,25]

Yacrora m 4 18 } 33 35 9 1 ‘100
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- 2
Yxasaune. Ipn pacuere cpenneit x u BHIGOPOUHON mHCHIEPCHH S,

VYHTBIBATh YaCTOTY KawJOro pesyibTata u3Mepenus. C 1ol uensio cym-
X — X,

MHpOBdlHE INPOU3BOIHTb B CTOAOLAX <mu» U «mu®y, rie u=— i
Ynobuo B3ath x,= 3,22; £#=10,02.
OrsBer.

x=23,22 4 0,02.0,3=3,226~a;

5, = 0,02 ]/”4_99’-9 =0,0206 =~ o.

OueHka MCTHHHOTO 3HaueHus (@) M3MepseMOH BeaHuHHBI
sn
Vi
|a —3,226| < 0,054 umn 3,221'< a < 3,232,
Ouenka cTanjapra (o) pacmpefenenns ClydyaHHbIX OWIHOOK H3MEpEHHs:
0,0206 (1 — g) < 6 < 0,0206 (1 + g),

£(0,99; 100) =2,627; e=*¢ =10,0054;

rie
¢ (0,99; 100) =0,198;

WIH 0,0165 < 6 < 0,0247.
3. OueHuTb C MOMOUILIO OPABUAA TPEX CHCMay TOYHOCTh H3MepeHuit

10 CIeAYIOWMM JaHHBIM 1eCATH CepHil M3MEPEHHil OXHHM U TeM e mpu-
00pOM Pa3HYHBIX BEAHYHH!

12 2-9 3y 1-a 5-a €5 7-1 8-51 9-a 10-51
cepHst | cepHst | cepHsi | cepus | cepHs | cepus | cepus | cepuss | cepus | cepus
4,16 | 6,04 | 5,71 | 4,94 | 4,50 | 3,84 | 5,56 | 5,33 | 7,80 | 4,23
4,19 16,05 | 5,71 | 4,92 | 4,48 | 3,84 | 5,54 | 5,32 | 7,88 | 4,21
4,15 | 6,06 | 5,70 | 4,93 | 4,51 | 3,83 | 5,56 | 5,31 | 7,89 | 4,22
417 | 6,03 | 5,71 | 4,95 | 4,49 | 3.84 | 5.56 | 5.34 | 7.87 | 4.20
418 | 6,05 | 5,60 | 4.94 | 4.52 | 3.82 | 5.55 | 5.32 | 7.90 | 4,22
417 16,05 | 5,71 | 4,93 | 4,50 | 3.84 | 5,57 | 5.33 | 7.89 | 4.21
417 | 6,05 | 5,71 | 4,94 | 450 | 3.85 | 5.56 | 5.32 | 7.91 | 4,20
4,16 | 6,06 | 5,69 | 4,94 | 4,50 | 3,84 | 5,55 | 5.35 | 7,88 | 4,21
4,17 | 6,05 | 5.71 | 4.93 | 4,49 | 3.84 | 5.56 | 5,33 | 7.89 | 4,22
417 | 6,04 | 5,73 | 4.95| 4,50 | 3.86 | 5.56 | 5.34 | 7.90 | 4.21
417 | 6.05 | 5,71 | 4.96 | 4.49 | 3.83 | 5.57 | 5.33 | 7.89 | 4,21
4,16 1 6,05 | 5,72 | 4,94 | 4,50 | 3,84 | 5,56 | 5,34 | 7,90 | 4,19
4,17 16,07 | 5,72 | 4,95 | 4,50 | 3,83 | 5,58 | 5,33 | 7,89 | 4,21
4,18 | 6.06 | 5,70 | 4.93 | 4.51 | 3.85 | 5.56 | 5.34 | 7.91 | 4,22
417 | 6,05 | 5,71 | 4,94 | 4,49 | 3.82 | 5.58 | 5.33 | 7.89 | 4,21
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Ykasauue, [lpn pacuere kampaodl BBIOOPOYHOH AMCHEPCHH YuH-
TBIBATh YacTOTY pe3y.]bTaToB H3MepeHHsl, HanpuMep, Aai o6paGoTku mep-
BOI CepuH M3MepeHHH COCTABHTh PAcyeTHYI TabJidLy Tak:

mlu=2"""1 4,17 mu | mut
x =70,01
4,15 1 —2 -2 4
4,16 3 —1 -3 3
417 8 0 ol 0
s8] 2 1 2| 2
4,19 1 2 2 4
— |15 — —1] 13

OTBeT.
14sj= 12,93-10°% 14s:= 12,93.10-%

1457 =1573.107%; 1457 =14,93-107%
145 =13,73-107% 1457 =16,40-107%
14s; =15,73-10% 1457 =14,93-107%;
145} =16,40-10"% 147 =13,73-107%

d(s s ... :
S___l/l (ST 5% o011/ 478 g 01026 .

140 140
OueHka
S
- S 3 ———=0,00184,
lo—=31< ¥ 2.140
Wi

0,0084 < o < 0,0121.




TIABA VI
JUHENHAS KOPPEJSLUS

§ 22. O pasnuuHeIX THRAx 3aBUCHMOCTeil

HanGonee npoctTsiM BHAOM CBA3H MeXAYy BeNMYHHAMH SBJASETCS
GyHKUMOHANbHAA 33aBUCHMOCTb, KOPZA KAWIOMY 3HAYEHHIO OIHOH
BEIHYHHBI COOTBETCTBYET BIMOJHE ONPEAEIEHHOE 3HAUCHHE APYroH
Beauuudbl. Taxosa, HalpuMep, CB#3b MEXAY AaBaeHueM H 06be-
MOM rasa B cocylde npH HeuamenHo# temnepatype. Ecau B 3a-
laye Han0 y4vyecTb M3MEHCHHE JdBJICHMA (P  OAHOBPEMEHHOM
U3MEHCHHH H o0beMa M TeMmiepaTypbl, TO HOAb3YIOTCA IOHATHEM
GYHKUHH HECKONbKHX [ICpEeMEeHHbIX; [P 3ITOM CHOBA Npeanofa-
racTcsl, 4YTO KaXAOH COBOKYNHOCTH 3HAYEHHH HE3aBUCHMBIX Mepe-
MEHHLIX COOTBETCTBYET BrOJHE ONpeae]eHHOe 3HauyeHHe QYHKLHH.
PyHKINOHANbHBIE 3dBUCHMOCTH  H3Y4alOTC B MareMaTHYecKoM
anaiause.

Ho cyuiectBytoT u Takue cBA3H Mexay (PU3HYCCKHMH BeJH-
YHHAMH, KOTOPHIE He/b3fl OTHECTH K THNY (yHKUHOHANbHBIX 33aBH-
cumocredt. TaxoBa, vanpumep, CBI3b MEKAY OC4AKAMH H ypOKaeM
HIM CBA3b MCM(Y TOJIULMHOM CHEroBOro NOKpOBa 3uUMOH M 06beMOM
CTOKA 1OCJAEAYIOULEro 110J10BOAbS. 3/JeCh KaXKAOMY 3HAYEeHHIO
OJHOH BeNUYMHBI COOTBETCTBYET MHOXECTBO BO3MOXHLIX 3HAUeHHH
apyro#t Beanuuunl. Paccesinne 3THX BO3MOXHBIX 3Hauyenuit 0Gbsic-
HETCH BAMsHHMEM BecbMa 60/bLIOCO KONMYECTBA AONOJIHHTEIbHbLIX
(akTOpOB, OT KOTOPbIX Mbl OTBJAEKAEMCH, H3yuas CBA3b MEWIY
JaHHBIMK Beanuudamit. [Ipn 3TOM H4 NPaKTHKE 4Yalle BCEro orpa-
HUYHUBAIOTCH HM3YyYEHHEM H3MEHEHHs] CPeIAHUX XAPAaKTEePHCTHK OAHOH
BeJMUMHB DX H3MeHCcHHu Apyro#. [loscHum 3TO  caedyouium
cxemaTuueckum npumepoM. [lycrtb 20 onbiToB Haa BeUUYHHAMH X
M Y 1aau pe3yabTaThl, MpeACTaBjelinble Ha pHC. 19 KpywOuKaMH.

MameneHue BesMuHtbl Y IPH U3MEHEHHUH BEJIHYMHBI X MOMHO
XapaKTepu30BaTh JIOMaHOH, COCAMHSAIOWIEH CpelHHe 3JHAYEeHHHA
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BEJMYHHB Y /M KaXIOTO 3HAUEHH BEJHYHHBI X <HaanMep, npu
x=1 umeem Tpu snaueuns y=—1; 2; 4; cpenHee 3Hayenue

14244 1
-iilglt— =2 ?;> . 3aBHCHMOCTb MO/YYEHHBIX CPEAHUX OT BeJH-

YUHBL X SBJAETCH YiKe QYHKUMOHANBLHON — KaMHCO0MY 3HAHEHUIO X
coomsemcmeyem B8nOAHE ONpeOeseHHOe cpeOHee 3HaueHue 8eal-
qunbl Y *).

gy
? !
§ g
/
6 6
5 5t
4 it
3 3
21 & 2t
Ipe z e
0123456783 01234667897
Puc. 19. Puc. 20.

B npuMeHeHHH K CayyalHbiM BeJMYHHAM OMHCAHHBIA BbILIE THII
3aBUCHMOCTH NPUBOJAHT K MOHATHIO KOPPEJSLHH.

Onpenenenune. Jse cayuaiineie gesutunsi & u 1 Haxo-
0Amcs 8 KOPPeLSIGUORHON 3Q8UCUMOCTU, eCAl KaXcOOMY 3Ha-
wenuio AI0000 U3 3MUX BeAUHUH coomsemcmgyem onpedeseHHoe
pacnpedeerue gepoAmHocmell Opyzo0il 8eau4uHbl. Y Ka3anoele
pacnpe/e/eHns BepOATHOCTeH HA3bIBAlOTCH YCAOGHbLMU.

B nacTosillel raaBe Mbl OTPAHHYMMCA H3YUEGHHEM PA3TMYHBIX
cpeaHux 3HadeHuH NS YCJOBHBIX pacnpeneneduit BepoaTHOCTel;
B YaCTHOCTH, Mbl MOAPOOHO DPacCMOTPHM LEHTPhI YC/IOBHBIX pac-
npeaeaeHui.

#) [lose3H0 O6GpaTHTb BHUMaHHE Ha TO, YTO CPEIHSAs 3aBHCHMOCTb
BEJMYMHBI X OT BEJMYHHBI Yy [PHBOAHT YXe K APYrofl QYHKIHOHaAbHOR
3apucumoctd. Tak, Ha puc. 20 115 TOro e HpuMepa, 4TO U Ha puc. 19,
JOMaHas COCAHHAET CpPeAHHE 3HauYeHWs BEJUYMHBI X I KaWKAOro 3sHaye-

HUsi BCAHUMLB! ¥ | HanpuMep, npH y =5 umeeM yeThipe slauyeHus x =4,
5
ﬂt_%fttz=ﬂ5

uble (Ha puc. 19 u Ha puc. 20) 3aMETHO OTAMYAIOTCA OAHA OT APYroi.

5; 6, 7, cpeniiee 3HayeHue ; IpH 3TOM JBE J0OMa-
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§ 23. YciroBHble MaTeMaTHYeCKHE OXHAAHUS
U HX CBO#cTBa

lleaTp ycnoBuoro pacnpeneleHns BeAHYHHN 1
npu 3HaYeHUH §=—=X HJIH yCJNOBHOE MaTeMaTHuye-
CKOE OXHWIaHHe BeJHYHHH 1 NPH §==x onperensercs
Kag CyMMa MpPOM3BEACHHA BO3MOXHBIX 3HAueHull BeJIMYHMHBl 1| HA
MX YC/OBHbIE BEPOSITHOCTH:

Mxn=§yp{n=ylé=x}, (7.1)

rae P{n=y|5=x} ecTb ycnoBHad BEPOSITHOCTb pPABEHCTBa
7=y npu ycnosuu, 4to E=x, a cymma Y, Gepercs no BceM
¥

3HaYeHHAM Y BeaHuuHbl 3. JIas HenpepbBHEIX pacnpeiencHui 3Ta
CyMMa 3aMeHsieTCsi COOTBETCTBEHHO HHTErpasiom

[e 0]
M= S Yo, (v) dy, (7.2)
-

tae @, (Y) — MIOTHOCTb YCJGBHOIO pacrnpele/cHus BeposTHOCTeH
BEJAHYMHB 7} NIPH YCAOBHM, 4TO §=X.

Ycnosroe marematuyeckoe oxuaanne M,y ectb Qynkuus ot x.
Jra dyHKuMsS HA3BIBACTCA (OYHKLUEl pezpeccuu 8eAUtUHB 1) HA
geauquny §; 0603HaunM ee uepes f(x):

f(x)=M_y.

YpaBHenne y =f(x) Ha3biBaeTCsi ypaBHEHHEM PErpeccHH 1 Ha §,
a COOTBETCTBYIOLLAR JIMHHS — JuHHel perpeccuu 7 Ha §.
Haxoxnaenue u usyvenne ¢yHKUMH perpeccuy siBjisercst ogHOH
#3 OCHOBHLIX 3aJay aHa/aAu3a KOppeNsuHOHHOH 3aBucuMOCTH. [IpH
pelleHNyd 3TOH  3ajayu sl paccMaTpUBAEMoro jajee ciaydas
JIMHCHHOR KOppeasuuH BaXHYI0 posb UrpaiT popmysbl

My =M/ 3), (7.3)
Méy = M3/ (3). (7.4)
[Tocnennion ¢opmyny MOXKHO paccMaTpHBaTh Kak 00o06lleHue

TEOpeMbl yMHOWEHHsS MaTeMaTHYeCKHX OXMAAHWi Ha 3aBHCHMble
cayualinple Be/MuHubl. JeHCTBUTE/bHO, IpUMeHAs ObLiee [1paBu/Io
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ymHoxenusi BepostHocte#t (1.13), monyuaem:
f=x
M=) (x)P{ # =
X,y Tj=y
= ’gxyp{5=x}l’{r,=y|5——-x},

M

rae cyMMbl GepyTcsl MO BCEM BO3MOXHLIM 3HAYEHHSM X H Y BeaH-
uyud § M 1 cooTBeTcTBeHHO. [IpOM3BOAS BHYTpeHHEe CyMMHPOBa-

HHE 1O Y, Mbl MOKEM BHHECTH 3a 3HAK CYMMB ¥, MHOXHTENb
¥
xP {§=x}, ne sasucawu# ot y. dr0 Haer

Men— 3 5P (=2} SP {r=y |t =2}

TO €CTb

Mig= Y xPE=x} M= x/(x)P{i=x}, (7.5)

yto cosnagaer ¢ MES(Z) (em. § 10)*).
dopmynnl (7.3) 1 (7.4) aBAsgOTCS 4aCTHLIMH Cayuasamu Gosee

obuie#t hopMybi
Mu(E) = Mu(®) £ (§), (7.6)

rae u (&) — mo6as Qyukums, Ans KoTopoH cyuwiectsyeT Mu (3) 7.

[puBeneM noka3aTeabCTBO GopMyasl (7.6) a1 TOro ciayyas, Korja
sajaHa IIOTHOCTH p (x; y) ABYMEPHOrO paclpele/eHHs BeIMudnbl (§; 7).
Tpexne Bcero, BEPOSTHOCTL MOMaiaHusi B MPIMOYIONbHUK

[x<‘é<x+dx]
y<n<y-4dy

MOXET ObiTb NpEACTaBIeHa Kak BEPOATHOCTb COBMEUICHHS CAyYalHBIX
cobuthit (x <8< x-4dx) u (y<n<y-dy. Obuee npasuio

*) 3ameTuM, 4YTO €CIH BeauydHbl § H 1 HE3aBUCHMbl, TO Jid BCEX X
TOX1ECTBEHHO BhiMoaHseTca pasenctso P in=y|§=x}{ =P {n=y} u,
sHauut, Myn = Mn. TTosToMy 115 He3aBHCHMBIX BeJauuuH ¢opmyna (7.4)
nepexoaut B Goaee mpoctyio dopmyay (3.9). IT0 ke monoxenne 6yier
MMeTb MecTo M B Gojee obuieM cayvae, Koraa GYHKIHS f(x) mnocrosHHa.
JlekicteuTenbHo, ecam f(x)=1>0, 10 no dopmyse (7.3) Mn=Mb=10b u no
¢dopmyae (7.5):

Mén = ) xbP {§ = x| = bMi = MM,
X
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YMHOXEHHS BEPOATHOCTEH NPHBOAMT 3/1eChb K COOTHOIIEHAI0 MeXay Rud-
¢depeHupnanamu:
P y) dx dy =1, (x) dxg, (y) dy, .7
@
rae ¢, (x)= S p (x; y)dy ecTb MIOTHOCTb pacrpejeleHHus BENHUHHEI §,

-0
a 9. (y)dy ectb auddepeHuHan yCIOBHOH BepOATHOCTH MONAJaHHS BelH-
YMHBI v B HHTepBaa (y, ¥ +dy) mpu yciaoBud, uto &€ =x. H3 dopmyan
(7.7) BHAHO, YTO MAOTHOCTb YCJAOBHOIO paclpejeleHHs BeposATHOCTEH 9, ()
MomeT ObiTh BbipaXeHa 4epe3 MUIOTHOCTH p (X; ¥) H ¢, (X) Tak:

20 y)
¥ 0) $y (%)

[loncraensis 910 BHpaweHHe B ¢opMyay (7.2), moayyaem:

[* 8]
_ P y)
= M.n= —r dy.
f(x) xn ‘S\ y 4‘1 (x) ‘1y

Tenepb npocToil pacuyeT NMpHBOXHT K Qopmyae (7.6):

an
Mu () f(5) = S [ (x) £ (0)] §, (x) dx =
-

_ Py 7
= S u (x) $; (x) [S e d.»] dx =
—-00 -0
ZH [ (x) Y] p (x; y)dx dy = Mu ()1,

Popmyna (7.6) MokasbiBaeT, YTO cpedHee 3HAaeHUe AI060R gyHKlul
u (5)n -+ v (§), AUHEHONL OMHOCUMEAbHO I, He UBMEHAEMCA npu 3aMeHe
seAuuuHbt | HA PyHKuu peepeccuu f om &.

Ortciona BHTeKaeT elle OJHO BaXHOe CBOHCTBO (YHKUMH perpeccHu:
cpedHee ksalpamiieckoe OmMKAOHeHUe 8eaudunst 1 om dyHxyuu f (§)
MeHbue, uem cpeOHee Keadpamiuueckoe OMKAOHeHUe ee om A1060i

Opyeoti gynryun h (8):
VME—fOP<V Mh—hr@)P (7.8)

Jlns fokasaTesbcTBa 3TOTO yTBEPHKAeHUs 0603HauHM A(Z) — f() = u(%)
H BOCINOJb3yeMCst CBOMCTBOM JNHHEHHOCTH MaTeMaTHYECKOTO OXHIAHHS:

Mh—hr@P=MMnh—fEO—u@®P=
=MMh—fEP+MuEPR—2MMNn—fE)u@).

A Tak Kak B cHay ¢opmyast (7.6) nocieiHee cJaraeMoe PaBHO HYJIO

Mn—f®)]u@=MnuE)— M §u@=0,
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TO

M —hEP=MMnh—fEP+MRE—FOPF (7.9)

OTKy/a M BbiTeKaeT HepapeHCTBO (7.8).
[oxyepkHeM, yTo cBOHCTBO (7.6) OTHOCHTCS TOMBKO K JAHHEHHBIM OTHO-
CHTEJBHO 7 QYHKUMAM ; CEJHHE 3HAYeHud HeIMHEeHHHX QYHKUHA MoryT

W3MEHHTbCd NpH 3aMene n Ha f(%), Wampumep, A4 jucmepcHii HMeeT
MECTO HEPABEHCTBO
o (n)=M(n— Mn)* = [f(§)]. (7.10)

ITo HepaBeHCTBO JETKO MOAYuYHTb M3 cooTHowenus (7.9), moaaras B HeM
h(§) =b=Mn=Mf(§).
[pn stom
Mn—0P=MMh—FEP+M[fE)—b*=*[fE).

Buie bl onpenenunu ¢yskumio perpeccun 7 Ha §. Cosep-
LIEHHO aHA/NOTUYHO Onpenensercs @GyHKyus pezpeccun § Ha

Mi=2Pl=x|n=y}=g0).

Crnenyer uMeThb B BHLY, YTO €C/AH CBS3b MeXIy & M 1 He
ABAseTcs cTporo ¢yHkuHoHanbHoH, TO QyHKuuK f(X) n g(V) He
AB/SIOTCS B3aHMHO OOPATHBIMHM H, 3HAYMT, JHHUH PErpeccHH 1) Ha
§ u § Ha n He coBmanaioT.

§ 24. Jluneiinas Koppensuus

Onpenenenne. KoppesslyuoHHAL 3ABUCUMOCMS MeHCOY
CAVHAUHBMI BeAUYUHAMY & U 1) HA3bI8GEMCA  AUHEHOL Koppe-
Afayueil, ecau obe Pynryuu pezpeccun f(x) u g(y) a8asgomes
aunelinamu, B 3ToM caydae obOe JIMHHM DErpeccud SIBAAIOTCH
NPAMBIMH; OHH HA3BIBAIOTCR NPAMbLMU pezpeccul.

BuiBeseM ypasHeHue MpaMofl perpeccun 1 Ha & TO ecTob
HatiieM kosdduumenTl nunelinodl dyHkuun

f(x)=Ax—|—B

O6oataunm ME=a; My =1b; M(§ —a)*=3; M(y — b)z_—_s:.
Mpexae Bcero, ¢ nomouibio Gopmyn (7.3) HaxoauMm:
My =M/ () =M (451 B),

b=Aa—+ B,

TO €CTb

OTKyJa
B=0b—Aa.
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Hanee, ¢ nomowbio ¢opmyan (7.4) naxoaum:
MEr = MEf (§) = M (4&* + BE) = AMZ* - (b — Aa) q,

oTKyJa
A_MEn —ab__ Min—ab

ME — &

[onyyennn KoIpuUMEHT HA3LIBAIOT Kodgpuiuenmom pe-
epeccun 1, Ha & u oGosnaualT uepes p (/)
; Min —ab
p(nf)=—7—-

c
1

Takum 06pa3som, ypaBHeHHe HpAMOH perpeccun ¥ Ha § umeer
BHI

y=rp (/8 (x—a)-0b. (7.11)
AHaJIOTHYHO MOXKHO MOJYYHTb ypaBHenue npaMod perpeccun §
Ha %
x=p &)Y —0b)+a, C(7.12)
rae
Mén, — ab
p &) =—5—

c
2

ecTb KO3D(HULUHEHT pErpeccuu § Ha 1.
YpasHeHHs NpAMBIX PErpeccMH MOXHO 3anucath B 60/1€e CHM-
MeTpUYHOM BHIE, €CJAH BBeCTH Oe3pasMepHblfl, CUMMETPUYHHIHA

OTHOCHTENbHO & W 7}, KO3dduuHeHT
_ Miyn—ab

r=—
6,0,

(7.13)

KOTOpHI HA3LBACTCS KOIPgunUenmom Koppersyul Mexdy 6e-
augunamu & u v. Tlpun atoMm

PR =12 pEm=r2

O

H YypaBHeHHs [IPAMbIX PErpeccun NPpUHUMAKOT BUI
—b x—a
b =t —

, (7.11%)

AL YR A (7.12%)
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W3 ypaBHenull mpsMblX perpeccHu BHAHO, 4TO 06 3TH mps-
MHC MPOXOAAT Yepe3 TouKy (a; b) — LeHTp COBMECTHOro pacmnpe-
LeNeHnst BEJIHYHH &, ¥j; Yr/0Bble KOI(PQHUMEHTH MPAMBIX perpec-
CHH PaBHB COOTBETCTBEHHO (0603HauyeHust yriaoB cM. Ha puc. 21)

—r%. —1a
tga_ro‘, tgﬁ_rol.

B crenywoueM naparpage Mbl okaweM, 4Tto |r|<<1 u, cre-
poBatenbHo, |tga|<<|tgf]. DTo o3Hauaer, yTO NpAMas perpec-
v & CHM 7 Ha § HMeeT MeHbIUHH HaKJ/IOH
K och abcuucc, yem lpsMasi perpec-
cug § Ha 7. Yem Ommwe |r| k 1,
TEM MeHbUIe YroJ MexX1y NpPsSMbIMU
perpeccud. ITH npsiMbie CJIHBAIOT-

| ca TOrJa ¥ TONbKO TOrA4a, KOraa

! z |r|=1
la [Ipu r =0 npsimble perpeccuu

UMCIOT YpaBHeHHs y=0b; x=a.

Prc. 21, B stom cayuvae M, n=0b=Mn;
Mi=a=M:

Koadduunents perpeccnn umeioT TOT xe 3HAK, 4TO B KO3(-

ULHEHT KOppeasLMH 7, ¥ CBH3aHbl COOTHOUIEHHEM

S
RS
LN

p(n,8) pE/n)=r (7.14)

M3 Toro, uto sHaku p(7/5) u p(§/n) omuHakoswl, crenyer,
MexXay MpouYMuM, 4YTO eC/H BeJNUYHHA T‘ B cpeaHeM BO3pacTtaeTt NpH
yBEIMYEHUH BEMMYMHH &, TO M BelMuMHa & B CPellHEM BO3pacTaeT
npu yBEJHYEHHH BEJIHYHHLI T‘; HO CBsiI3b MeX1y CKOPOCTSIMH BO3-
pacTaHusd 3THX BEJHYUH CYIUCCTBEHHO 3dBHCHT OT Koscpcpnuuema
KOppe/silLiiu.

Mpumep. HopMaabHas Koppeusuus

Koppensuus Mexay € W n HasbiBaeTcs HOpPMaibHOH, eCaH MoT-
HOCTb IBYMEPHOro pacrpejenetus BepostHocTel Beauynnbl (8, 1) 3anaercs
dopmyIoi

— 1
AC—pB —3lAx-ap+2B(x—-a)(y-b)+C(y-2by
pix )’)———1‘/"‘27“"‘9 ? ’

rae A, B, C — nekotopbie nocrosunpe, 4 >0, C >0, AC— B> 0,
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INpn 3TOM NJOTHOCTH YaCTHOrO PacHpeleeHHs BEMHUHHBI & COrIacHO
¢opmyre (2.36) 6yner pasHa

[o <]
b (x)= S plx y)dy =
-
—_— 1 B 2 1 5.0
"/AC—B2 7 -EC[(y—b)"*'E'(x-a)] "5‘(44—-?) (x =a)
- 2n ¢ dy ==
o — . 1L AC-B

_VAC—-B "77°T (x—ap
VEVT '

TaK KakK
0

1
V 'C_* S\ -7 C(y =2
= e
Vr
Orciona BHOHO, YTO YaCTHOe paclpefelieHHe BelMuHHEl & ecTb Hop-
MalbHOE pacrpejeteHHe C UEHTPOM @ H AMCHepcHer
3 c .
G =53 *
17 AC— B
AHA.10T'HYHO, YaCTHOE PaClpeneneHHe BENHYHHBI n €CTb HOpMalbHoe pac-
npeneneHHe ¢ LeHTPOM b u jucnepcueh
Oz‘—‘ A
' SAC B
YcnoBHEIM pacnipefeleHHEM BeAHYHHBI M NPH QUKCHPOBAHHOM 3HAYEHUH
£ =x TakXe fBAfeTCA HOPMalbHOE paclpeaeneHHe C IMIOTHOCTHIO

205y _ Vae-}C[w—bw-g(x_a)]‘
;1 Zx) —Vf;t

dy=1 npHu moboM

)=

H, 3HAYHT, C LEHTPOM B
Mxn—_‘b-?(x— a).

AHaNOTHYHO HAXOAHM LEHTP YCJOBHOTO pacnpeje/ieHHs BEMUYMHH &
npH GUKCHPOBAHHOM 3HAYEHHH N =y

B
Nh,ﬁ:a—-—;(y—b).

Otciona BHIHO, YTO HOpPMadbHas KOppelsiuus sBISeTcs JAuHeHHOM
koppessieli. [IpAMble perpeccHu 3fech WMeIOT YPaBHEHHS

y=— Bz —a)+b,

x=— 20 =b+a,
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W SHAUHT, KOShOHUUMEHTH PETPecCHH PaBHbI COOTBETCTBEHHO
B B
P(n/s)-—-'--cv. 9(5/71)——7{-

U3 nocaeanux dopmya u ¢opmyant (7.14) aerko HalTH KoddHUHEHT
KOppesiLuy:

_ B
'——VTC:. (7.15)

TMoxpo6uee o HopMaabHOH Koppensuuu u ee 3Haueruu cM. C. H. b e p 1-
w e it o, Teopus BeposTHocTeH, ['ocTexusgar (vactb 5, raasnt 3 H 4).

§ 25. KoadpduunenT xoppenasuun

PaccvoTtpum noapoGHee BBeneHHHI B NpeabiaylieM naparpage
KO3(HULMEHT KOPPENALUNK MexAy CaydaHHbIMM BeIHYHHaMH § u 7
MEn—ab  MEn — MEM7y .

= . 7.13%
5 s®am (7.13%)

r=r(§ 9=

Stor K03hPULUKEHT XapaKTePH3yeT OTHOCHTE/LHYIO BeNHYHHY
OTK/IOHEHHs] MaTeMaTHYECKOTO OXHIaHus npoussenenns (MEn) or
IIpOM3BEAEHHS MaTeMaTHyeckux oxumauui (MEMr) Beanunn § n .
Tak Kak 3TO OTK/JOHEHHWE HMeeT MeCTO TOJNbKO AJS 3aBHCHMBIX
BEJMYHH, TO MOXHO CKa3aTb, YTO KO3(QUUMEHT KOppensiuuyu Xa-
pAaKTEpU3yeT TECHOTY 3aBHCHMOCTH Mexay & H 7.

C nomouiblo kKO03Gh(HUMEHTA KOPPENslMH MOXKHO OBOGLIHTD
TEOpeMy CJOXEHHs AMCHepcHH s 3aBUCHMBIX BENMYHH:

S+ =0® -+ (+2r & Mo@ac(m). (7.16)
Ata dopmyna nmonyvaercsa u3 Qopmyan § 12 (cm. crp. 72):
cE+n)=ME—0a)+2ME—a)(—b)+M(n—b)*
¢ MOMOLLbI0 npeodpa3oBaHus

ME—a(n—0b)=
= M&n — aMn — bME - ab =Min — ab=rs,0,.
Beapa3mepHOcTb KO3dduiMenTa Koppensiuuy MO3BOJISET Mped-

CTAaBHTb €ro B BHJAE MATEMATH4eCKOrO OXHAAHHS NPOHU3EEAEHMS
HOPMHPOBAHHBIX OTKJIOHEHHH

EO::E:a " n—b
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[e#cTBHTENBHO,
Mi, =M (E‘“ ”“”) =ME=d0=b__, (747

o Oy G40,

CeofictBa Ko3pduLUUeHTa KOPPEAAUNH

Teopema 1. Jlunelinoie npeobpa3oganus, c800suuecs
K USMEHeHWI0 macwmala Uil HAYAAQ omcHema CAY4QUHLX Ge-
AUMUR § U T, He u3Mensiom KOsp@uuueHma Koppersyuu  Me-

Hedy Humu:
rief—cy entc)=r@E 1

npu M06bX noctosiHubix ¢, >0, ¢,, ¢, >0, ¢,.
AT0 BLITEKAET W3 TOrO, HTO NpPH YKA3aHHHX JHHEHHHIX npe-
06pa3oBaHHsX HE H3MEHSIOTCS HOPMHPOBAHHLIE OTK/OHEHHS &) H 7],.
IeBicTeHTeNbHO, NpU 3aMene & Ha &' = ¢, -} ¢, (¢, > 0) nmeen:

ME =¢ Mi+tc,=c,a+c,; 0 (E)=¢c,0(8) =c,q,,
H MO3TOMY
¢ —ME_ (8 c)— (cla--l-c,)_E—a__E
= -

o(€) €9, % -

=

" 'Teopema 2. Koagppunuenm woppersuuu r(5; 1) 3arao-
qen mewdy — 1 u -1, docmuzas smux KpaiHux 3Hauwenut
moAbKO 8 Caydae JUHelHOU QPYHKUUOHAABHOR 3a8UCUMOCMU
mexcdy & u 1.

HdokasartenbctBo. M3 dopmynn (7.17) u dopmya
A ME—a)}
—_—— =
1

M:: =
\!o o

1; MT,:=1
BhITEKAET PABEHCTBO
M, = 7,) = ME = 2ME o, - M =127 (5 1)+ 1.
Orciona cnepyer, 4To
Lor ()= MG 41" =0, (7.18)

TO eCThb
—1I<r@ pn<+1.

3nak paBeHCTBa B cooTHoweHHn (7.18) pocTuraercs Toraa
# TONbKO Toraa, koraa M (5, +=1,)* =0, To ecTb koraa &, 4= v, =0.
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[Mocnennee paBeHCTBO 03HAYaeT HAMHYME JHHEAHOR QYHKLHOHAIb-
HOH 3aBHCHMOCTH
E—a —b
4.0

-+ =0,
9 G,

H/IH
O

1=0F 2(E—a)

Teopema 3. Koagpdbuyuenm roppersiyuu mexcoy He3asu-
CUMBIMU CAYHQUHOMU 8eAUHUHAMU DPABER HYMO.

310 HenocpeacTBeHHO caenyeT H3 ¢opmya (3.9) n (7.13%).

3ameTHM, 4TO O0OpaTHOe YTBepWAeHHE HeBEepPHO, TO eCTh H3
paBeHCcTBa Hy/0 KospduuHenTa xoppeasuun r(5; 1) He cneayer
He3aBHCHMOCTb Benuyun & u 7. Ecan koapduunent koppersunn

r& n=0,
TO BEJIHWYHHHI E H T‘ HA3hiBAIOTCH Hexoppeﬂupoaaﬂuu,uu.
B OJAHOM BaXHOM cny'-lae Hekoppenugoaanuocrb CJI)"-I&ﬁHbIX BE€JIHYHH

€, 1 BreyeT 3a COGOH MX HE3aBUCHMOCTb. ITO HMEET MeCTO MpH HOpMaib-
HOH KOppeasiliu.

Dekctautenbio, M3 Qopmyast (7.15) BHAHO, YTO NpH HOPMalbHOH
Koppeasuud kosdguuHeHT r (€, n) ofpaumlaercs B HYJb TOrAa H TOJbKO
Toraa, koria B==0. Ho npu 3T0M YCJOBHH ILIOTHOCTb pacnpeie’eHus
p (X, ¥) MOXHO NpPeICTaBUTL B BHIE

.V'ZC —-%— [A(x =~ a)4C(y~ b))

p(x;y)=—-§;‘—e =
VA —-;-A(x—a)ay'z» -—%—C(y—b)!
V&S Vi © '

OTKYyaa Cpasy BHIHO, YTO BE.JHYHHDI Eu 7, HE3aBUCHMBEI.

§ 26. Hamayuwee snHefiHoe NpHGIHIKeAHe
K (QYHKUUH perpeccu

B paccmoTpenHom HaMH ciayuae JAuHEHHON KoppeasuMH napa-
MeTpH (PYHKUHMH perpeccHn HaXOAATCH CPaBHUTENBLHO Jerko. B cay-
qae 6oJiee CJOWHOH KOpPPEIALHOHBHON 33aBHCHMOCTH HaXOXIeHHe
¢QYHKUHH perpeccuu IMpeicTaB/seT 3H3aYHTe/bHble TPYAHOCTH.
[TosToMy BO3HHKaeT 3alaua O HauayuleM JHHeHHOM npubanKe-
HMUH K QyHKUMH perpeccu. Kakoff cmbicn caeayeT BknadbiBaTh
8 CJOBa «Haunyuiee npuGamxenue»? B § 23 M ycranoBuim,
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uto Qyskuus f(5) Zaer Hawiydyiee npuGNHKEHHe K BeJHYHHE 7
B CMbICJIEe CpenHero KBaJaApaTHYeCKOro npuénumeuna, a HMEHHO,
4To npu MoGo# ¢yHkuuu K (§) MMeeT MeCTO HepaBeHCTRO

My —fEF<Mn—hrE].

EctecTBenno Tenmepb mox JunedHOM (yHkuMeH Hanayulero
npuGIMKeHHss K QYHKIMH perpeccuu f (x) NMOHMMaTb Takylo ¢pyHK-
unio Ax - B, 118 KOTOPOH cpelHu# KBAAPAT OTKIIOHEHHS

M[y—(44B)J

NpUHMMaeT HauMeHbluee 3HauyeHde. 3ajayel HacTosilero mnapa-
rpada sBafeTcHd Haxowiaewue napameTpoB A H B Tako#t nnnefiHoH
¢dyuxuun. OkaspliBaeTcsi, YTO 3TH NapaMeTphl HAXOAATCH MO TEM Ke
dopMysnam, 4TO W mnapaMeTpnl JuHeHHOH (YHKUMH perpeccHH
B c/yuae sauHedHo# xoppenasuuu (cM. § 24). A HMMeHHO, uMeeT

MECTO CJeAyioLias
Teopema. CpedHee wsadpamuueckoe omxAOHeHUE cAY4all-

Holi Beaununsl Y om auHeiinoll pynxuuu A: - B docmuzaem
HauMeHbWe20 3HA4eHUS moz20a U moabko mozda, ko20a

= (nff) = B="b— Aa,

mo ecmby ko204 3ma OYHKUUS uMeem BUO

2E—a)to.

Hpyrumu cioBaMH, nmpyu JMio00# KOppe/siLHMOHHON 3aBHCHUMOCTH H3
BceX MpPSIMbIX JMHWH 1ipsAMast perpeccun (7.11) naeT Hauayuwee
B cpelHeM npuGamwenue Kk neHcTBUTeNbHOR perpeccun ¥ Ha &.

HoxaszateanbctBo. O6osnaumum B—(b—Aa)=C =n
npeobpasyeM CpelHUH KBaapaT OTKJIOHEHU:

M[n— (A +B)f=M[(n—b) —AE—a)—C],

MoMb3YACh MHEHHOCTBIO MATEMATHYECKOrO OXHIAHHS U YUYHTHIBas,
yto M(§—a)=0 n M (5 —b)=0:

My — (A4 B)I=M@un—0b'+AME—a)’—
—2AM (E—a) (n—b) —{—C’:c: + A’a’: —24re,3,+C*. (7.19)
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B nonyuennoli cymme cnaraemoe 6° noctosiHuo, cnaraemoe C?
NpUHUMAET HauMenblliee 3Hayenne (0) npu B=—=5b — Aa, a caa-
raemoe

o 2
A’g® —24r5.0,=¢" (A —r —’) —ris?
1 1 (o2 2

1

G
NPHUHHMAET HauMeHblLiee 3HAayeHHe (—r”a:) npH A=r—c—’. Ten
1

caMbIM TeopeMa JAOKa3aHa.
Hafinem eute cpemuuit KBanpaT OTK/OHEHHMS 1] OT JHHEHHOH

dyHKUHMHA r%i(a—-a)—{—b, namoulell nanaydwee JuHeHHOe npu-
1
O/HKEHHEe B CPEelHeM.
W3 dopmyas (7.19) npu C=0, Azr%’- nojyvaem:

1

M {n — [rZ—j(E—-a)—i—b]}2=°§—’2°§=°§“ —r). (7:20)

dopmyna (7.20) nospoasieT BHIACHHUTL BOMPOC O TOM, Kak
HMEHHO  KO3(p(pHLHEHT  KOppeNilMH  XapaKTepu3yeT TECHOTY

cBA3H.
Heticteurtenbio, u3 dopmynn (7.20) cneayert, uto

)

Vl —rt= Py =

=a{n_[r:_?(s—a)+b]}. (7.21)

G (1)

Otciona BUAHO, YTO Ko3dduuHeHT koppensiuvu r (§5; 1) xapakTe-
, I

pH3yeT OTHOCHTENbHYIO BEJHYMHY CPEIHEro KBaApaTHYeCKOro OT-

KJIOHEHHs C/1yyalHOH BEeNMYMHBI ¥ OT JAHHEHHOH (YHKUMH HaHyuy-

wero npubaHKeHHs r——(~——a —+b, 1. e. xoappuuuenm rop-

pesayuu xapa/cmepasyem mecnomy AUHElHOd c8A3U MexwcOy §
u 1. Yem Gamwe 3nayenue r*k 1, Tem MeHbllie paccesiHu B Cpea-
HEM 3HAYEHHS BEJIHUYMHBI Y] OTHOCHTeﬂbHO 1psAMOH perpeccHu 7 Ha &,

Bce ckasanHoe Bhille OTHOCHTCS, KOHEYHO, W K perpeccuu £

Ha 1.
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§ 27. Asanu3 JuHellHON KOppeJsUHH MO JAHHBIM
caydailnoii Boi6opku. OueHKa 3HAYMMOCTH
K03 duuHenTa KOppeasuuu

[ns ananusa JuHeHHOR KOppensiuM¥ Mex1y IABYMSi BEJIHYH-
HaMM § M 7 NPOM3BOAAT PHA HE3aBUCHMBIX WCILITAHHH (ONHTOB,
HabmojeHut), HCXOLOM KaKAOTO W3 KOTOPHIX sBASETC napa
(x;; ¥;). PaccmaTtpuBas nojlyyeHHeie napel COOTBETCTBEHHBIX 3Ha-
4YEHHH

(X5 V) (35 32), vy (X5 V)

KaK Ccay4yalHyl0 BBIGODKY H3 COBOKYNHOCTH BCEX BO3MOMHHIX
3HaueHuH BenHuHHBl (§; %), MBI MOXeM HaHTH npHOIHXKEHHble
3HAYEHHs BCEX MAPaMETPOB JIMHEHHOH KOppensuMH Mexay & u 7
no merony momentos (cM. rnaBy IV). [lpexuae Bcero, Mb umeem
caenyiouve npubankeHHsle GoOpMyJbl:

a=M; %E:Zn—x; b=Mn%}=—2—J—);

_ 7.22)
2 (BN z__Z(x—’x)z. — Z(Y (
R == et = prsak

ME—a) (5 —b) ~ lx;—_"_’l‘Y—y’ (7.23)

Orciona nonyuyaem npubiamiennylo dopmyay aas  kospduuu-
eHTa Koppeslun
2E—By—9__

rE ) =r,= (n—1)s,5,

Dx—Fy—J)
. (1.24
VZ (x — %2 I/Z(y~—y)’ )

Bennuuna r, HasbiBaeTCs 86.00pOYHBLM KO3GhUILLEHMOM KOoppe-
AAKUL.

Hanee, 3amensia B cdopmynax (7.11) u (7.12) Bce maremaru-
YecKHe OWHAAHHsl COOTBETCTBYIOUIMMH CPEAHWUMH 3HAYEHHSMH, Mbl
nosyyaeM 86.00poHYI0 NPAMYIO pezpeccuut T Ha §

y_.y__r _(x-—x) (7.25)
W 80L00pOURYI0 npAMYIO pezpeccud & Ha 1

x—X=r,2(y—y). (7.26)
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§ § -
Koadduunentn 7, Ei H rn}—‘- Ha3BIBAKOTCA 86L00pOUHBLMIL K0IPPU-
1 2

yuenmamu pezpeccuu.

Baxto ormMeTHTb, uTO BHIOOpOYHbIE NpsiMbie perpeccun (7.23)
" (7.26) o6nanal0T MHHHMaJbHHM CBOHCTBOM, aHa/NOTHYHBLIM pac-
cmoTpenHoMy B § 26. A MMeHHO, cyMMa KBAaapaToOB OTKJIOHEHHH
HaOMONEHHBIX 3HAuYeHH# J; OT BHIGOPOUHOH NPSAMOH perpeccuu
(7.25) menbuie, yeM CyMMa KBaApaTOB OTK/IOHEHHH uX oT J060H
Apyro#t mpamofi:

n n

Z {)’i’— [}’+’n %:(xi_x)] }’<E {Yi“(Axi+B)}

i=1 i=1

2

JIoka3aTenbCTBO MPOBOAMTCA TeM e MerodoM, 4to u B § 26.
To ke camoe MOXKHO CcKa3aTb M O mpsMod perpeccun (7.26).

g g

Puc. 22. Puc. 23.

Pucynkn 22 u 23 n0Ka3biBalOT, O KAaKUX OTK/IOHEHHSX HIeT
31ech pedb.

Kax BuaHO u3 npuBeseHubix Bbime copmys (7.22) —(7.26),
pacueT BuIGOPOUHBIX NPAMBIX pPerpeccui CBsidaH ¢ GoJbUIMM KO-
JHYECTBOM NPHOGIMIKEHHLIX BHIYMCAEHHH ¢ MHOTO3HAYHBLIMH YHCIaMH
(¥;—X) u (y;—y). Otu Bbiuucaenus, kak u B § 21, mowuo
CYLLECTBEHHO YMPOCTHTb C [IOMOLLbIO NpPEeNBAPHTENLHOrO MHHEH-
HOro 1peoGpa30BaHysi BETHYHH X H Y, TO €CTb C MOMOIUBLID Bbi-
60pa ymo6HOro Havajsa oTcueTa M noAxoadulero macuitaba. 3ae
MEHHSI X W Y BeIHYHHAMH

X%,

4= v:y—%&' (B, >0, h,>0),
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MBI monyyum caeayouine dopmynn (em. § 21, crp. 123):
=X, _'I" hlu; y=yo+h:v:

Xx=ux,-+h, u(u—-z_"_'), J=y,+ho <5=Z_Lr)

n
= )/ Zui—n@, 5=, ) ez
! n—1 oo n—1
¥, HaKoHeL,
Z(hu,-—-hu)(hgz,—hv)
VI —narnV Svi—nwor
Zuiv,»—nﬁﬁ

zvzuﬁ-—n(a)zVZv?—n(O)‘.

(3mech MBI 3aMEHHIH
z(ui—a) (Ui —5) =Zu,’vi ——EZv,—ﬁz ui—}—nﬁ5=
[Tpumep pacuera. [lpousseneM pacuer auneHHoH koppe-

JSUHH MO JaHHBIM Clleayoule Tabanusl (4acToTa m; NOKasbiBaer,
CKOJIBKO Pa3 BCTPETH/IACh 1apa COOTBETCTBEHHBIX 3HAYEHHH X, V,):

X y Yactotam
23,0 0,48 2
24,0 0,50 4
24,5 0,49 3
24,5 0,50 2
25,0 0, 51 1
25,5 0,52 1
26,0 0,49 2
26,0 0,51 1
26,0 0,53 2
26,5 0,50 1
26,5 052 1
27,0 0,54 2
27,0 0,52 1
28, 0 0,83 3

n—26

BufepeM s BeMuMHH X Hayalo oTcyera x, =260, Mac-
wrabubit  kosdpdunnent h,==0,5. s Beanuns y Bubepen
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coorsercteenno  y,==0,50; h,=0,01. Taxum oOpa3om, nas
Hallero rnpumepa
_ x—20.
05

y — 0,50
0,01’

’ =

CocTaBuM pacyeTHyI0 TaG/uLy /st BHIYHC/JEHUS HYXHBIX HaMm
cyma Du, D ud, v, B v, Y uv, npuder 3aMeTHM, 4TO Kax-
IOe ClaraeMoe CJeLyeT YYMTHIBaTh CTO/MbKO pa3, CKOMbKO pa3s
OHO BCTpeuaeTcss B TaGiauue. ATO 3HAUHT, YTO COOTBETCTBYIOLIKE
caaraeMple CJAelyeT eile YMHOXHTb HA 4acToTy M.

Huwe npuBenena pacuernas Ttabinua (BO BTOPOH CTpoke
YCIOBHO YKa3aH nopsaok nefcTsuit):

x y |m|u um um v vm vim uvm
M| @ [G] @ [BGY=E)@ |[B)=@H-C) | 7) |B)=3)- (O =(")-®) |(10)=(5)-(7)
23,01 0,48/ 2]—6] —12 2 -2 —4 8 24
24,0{ 0,50 4|—4] —16 64 0 0 0 0
24,510,49|31—3| —9 27 |—1 —3 3 9
24,510,50{2|1—3] —6 18 0 0 0 0
25,0(0,51( 1}—2| —2 4 1 1 1 —2
25,5/ 0,52{ 1 ]—1 —1 1 2 2 4 —2
26,000,449/ 2| 0 0 0o -1 =2 2 0
26,000,511 1} 0 0 0 1 1 1 0
26,0/0,53/ 2| 0 0 0 3 6 18 0
26,5/0,50{ 1] 1 1 1 0 0 0 0
26,5/ 0,62 11 1 1 1 2 2 4 2
27,010,564/ 2| 2 4 8 4 8 32 16
27,010,652/ 1] 2 2 4 2 2 4 4
28,010,53|3| 4 12 48 3 9 27 36
Cymmbt [26) — | — 26 248 — 22 104 87

B nocnenneft cTpoke pacueTHOH TaGMWLbl MOACYUTAHBI CYMMBI,
HY)XHble 118 IajbHeHInx pacueTtos *):

D u=DFum=—26; Ju’=2"*u'm=248;

2 v =z*vm =292; Z v? =Z*’02m =104;

> uv= D *uvm = 87.

%
*) 3aech yepes 2 0603Ha4eHbl CYMMBI, B3Tble C YYETOM 4acTOTHI /1.
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Orcioaa nonyuaem:

i=52= 1 ¥=260405(—1)=255

5, =0,5 ]/248 26 (— 1)? — 149
=2 —0,846; y=0,50-0,01-0,846 =0,50846;

5, =0,01 l/104—26 (0,846)2 —0,0185;

W, HaKoHell, BhIGOpOuHbHl KO3(HULUMEHT KOppPEesUHH
87 — 26 (— 1) 0,846 109,0
r.o—= = =0,793
" Y2826V 104 — 186  1490.9:24

C noMoulbl0 MOJMYYEHHBIX JAHHBIX MOXHO YXe HanucaThb ypaBHeHUd
npsiMbIX perpeccuu

y— 0,508 = 0,793 010235 (x — 25,5) = 0,0098 (x — 25,5),
149
x—25,5=0,798 jpro= (v — 0,508) = 64 (y — 0,508).

Ha puc. 24 naunl npsmble perpeccuu ¥ BHIGOPOYHLIE HaHHHE
I/Ig paccMaTpHBAEMOro rnpuMepa.

9
054}
053
g52t
051k
Y
o950+
049 ¢
448

8

a3 &4 & T 2 27 28
Puc. 24.

3amMevyanne O NOBEepHTEeJNbHB X OLeHKax kKosddu-
UHEeHTa KOppeasuumu
. PaccMotpenne Bonmpoca O 0BepHTENbHBIX OlleHKax Koddduuuenra
KOPPENflMH BHIXOJMT 3a PAMKH Haulero noco6us. 3aMeTHM TOJbKO, 4TO
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A78 3THX OUEHOK He PEKOMEHAYETCS NPHMEHATb «MPaBHIO TPEX CHrMay,
TaK Kak pacrupejeleHue BeposiTHocTed BbiGOpOYHOro KodpHuHMEHTa KOp-
peasuud 1awe Aas GOJbIUMX 72 3HAUYMTENbHO OTJHYAETCs OT HOPMAIbHOrO.
Mbl orpanuuuMcs yKasauueM o pelleHud Oolee MPOCTOro BONpoca: He
MOXET JIH OKa3aTbCsl, UYTO BbIGOPOYHBIH KOIPGOUUHEHT KOppeasuuu Ciy-
YafiHo oTiMueH OT HyNs, a B AeHCTBHTEALHOCTH CyyaHHble BEJMYUHBI §
M 7 lie KOPPEeaPOBaHbI?

Pemende 3toro BOMpoca naeTcs C IOMOILBIO pacnpene]enus Bepo-
ATHOCTEH s BHIOOPOUHOTO KOI(DUUHEHTA KOppeJsLud NpU YCJOBUH, YTO
HCTHHHBIH KO3 QHILHEHT Koppeasuud r (5 7) pased HyJIO.

Huke upuBogutcst Tabiula rpaHul CJAyyaliubiX OTKJIOHEHHMH OT Hyas
npoussefenns | r,| na V' —1 npu ycrosuu 7 (& v) =0 B 3aBUCHMOCTH
OT 3alaHHOi BeposiTHOCTH P u uucia fanubiX 72 *). Ecau jas BbGopoyHoro
kos(puuMenta Koppeasuun 7, seamunia Vn—1|r,| okawercs Goabuwie
NPUBEIEHHOTO B Tabuule IPAlHYHOIO 3HAYeHHsl, TO C HalleXHOCTbIO P MBI
MOXEM YTBEPWjaTb, IO HCTHHHBIE Koddduuuent koppessunn 7 (€, n)
OTJIHYEH OT HYyJA.

Tadanua rpanuil caydyaifHbIX OTK.I0HeHHH V=1 |7,

[)

\ 0,99 | 0,999 N‘ 0,99 | 0,999

n n
10 02 | 262 | 25 | 247 | 303
1 932 | 268| 30 | 249 | 307
12 935 | 2731 35 | 250 | 310
13 037 | 277 40 |25 | 313
14 o390 | 281 45 |252 | 305
15 240 | 285 50 | 253 | 316
16 241 | 287 60 | 2536] 3184
17 - | 242|290 70 | 2541|3198
18 243 | 292 80 | 2546| 3209
19 244 | 294 90 | 2550|3219
20 945 | 296 | 100 | 2553 | 3226
w | 2576 3291

Mpumep. Jdan npumepa, paccMoTpenHoro sa crp. 149—I151,
n=2; r,=0793; Vn—1|r,|=39.

Tak kak 310 uucio (3,96) 3nauurteabno 6oJblue rpaiHibt cayyafHoro or-
Kaoueuus, kotopass coctasisier Bcero 3,03 npu HagewuoctH P=0,999,
TO Mbl MOXeM ObITb yBepeHbl B KOpPpe.sLUHOHHOM CBA3M paccMaTpuBaeMbix
BEJHMUUH.

* W npx JONONHUTENHLIIOM YCJOBUH, 4TO HCCAeyeMas Koppensiuus
MaJo OTJIHYaeTCst OT HopMaibuo#. llpusegentas 31ech TabunuLa 3aMMCTBO-
BaHa u3 kuuru: H. Apueit uw K. byx, Bseteuue B Teopuio BeposiTHO-
crefl u MareMarnueckylo cratuctuky, MJI, Mocksa, 1951.
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YnpaxHeHus

1. Halttn koadduunest koppeasunn Memxay BeJHYHHAMH A u )y, pace
CMOTpPeHHRIMH B ynpawHedun 1 x raase I (ctp. 77).

O1sBeT. 25| 24 25 \3?
M,y — M, M), 100'9—9_<T55) 1
r( ’)““——““‘“‘a,a, =TT 75  — 39"
100 * 100

2, poussectT pacuer JHHeHHOM KOppetdUMH N0 JaHHBIM CAeYIOUIHX
BRIGOPOYHBIX HabmoneHuk:

x y HacTornl
2,3 7,1 5
2,3 73 4
2,6 7,3 12
2,6 7,5 8
2,6 7.7 1
2,9 7,5 5
2,9 7,7 5
3,2 7,5 4
3,2 7,7 7
3,5 7,7 2
3,5 7,9 1
38 79 1
55

OTBeT
F=29403 (—1—9) =279, F=175+02 ( _

35
/ 89 —

7
5

=03. ]/82“ =0371;
59

=02 ‘/ =02 5——8” 0,208;

2 » 54 — ,-l ==

197

. % 5758
" Y 82,42.58,1T — 69,21

BriGopoynnie npsmble perpeccuu

0,208
y—7 47...08330371 (x —

0,371
Q503 = TAN =149 (y = 747

) =T7,475,

s,--Osl

60 —

=0,833.

2,80) == 0,467 (x — 2,80),

x— 2,80=0,833 ~



NNPHITOKEHHE
3HAYEHHS1 HHTETPAJIA BEPOSITHOCTEI!

t x3?
¢(z)=_2=Se ax, O(—t)=— D)
Von 5 -
Ta6anna I
t P (t) t @ (#) ¢ d ()
0,00 0,0000 1,00 0,6827 2,00 0,9545
399 236 51
0,05 0,0399 1,05 0,7063 2,05 0,9596
398 224 47
0,10 0,0797 1,10 0,7287 2,10 0,9643
395 212 41
0,15 0,1192 1,15 0,7499 2,15 0,9684
393 200 38
0,20 0,1585 1,20 0,7699 2,20 0,9722
389 188 34
0,25 | 0,1974 1,25 | 0,7887 2,25 09756
384 177 30
0,30 0,2358 1,30 0,8064 2,30 0,9786
379 166 26
0,35 0,2737 1,35 | 0,8230 2,35 | 09812
371 155 24
0,40 0,3108 1,40 0,8385 2,40 0,9836
365 144 21
0,45 0,3473 1,45 0,8529 2,45 0,9857
356 135 19
0,50 0,3829 1,50 0,8664 2,50 0,9876
© 348 125 16
0,55 0,4177 1,55 0,8789 2,55 0,9892
338 115 15
0,60 0,4515 1,60 0,8904 2,60 0,9907
) 328 107 13
0,65 0,4843 1,65 0,9011 2,65 0,9920
318 . 98 11
0,70 0,5161 1,70 0,9109 2,70 0,9931
306 90 9
0,756 0,5467 1,75 0,9199 2,75 0,9940
296 82 9
0,80 0,5763 1,80 0,9281 2,80 0,9949
284 76 7
0,85 0,6047 1,85 | 10,9357 - - |28 0,9956
272 : : 69 . 7
0,90 0,6319 1,90 0,9426 2,90 1- 0,9963
T 260 62 _ 5
0,95 0,6579 - 1,95 0,9488 2,95 0,9968
248 Y 5
1,00 0,6827 2,00 0,954§ 3,00 0,9973
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NPHJIOKEHHE
Ta6aunna Il
t @ (1) 11— () ¢ ® () 1—d ()
2,878 0,996 0,004
1,960 0,95 0,05 2,968 0,997 0,003
2,054 0,96 0,04 3,090 0,998 0,002
2,170 0,97 0,03 3,291 0,999 0,001
2,326 0,98 0,02 3,481 0,9995 0,0005
2,576 0,99 0,01 3,891 0,9999 0,0001
2,612 0,991 0,009
2,652 0,992 0,008 4,417 10°¢
2,697 0,993 0,007
2,748 0,994 0,006 4,892 10-¢
2,807 0,995 0,005 5,327 10-7

[MosicheHus cM. Ha c1p. 47, 53.
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